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Preface 


This book is intended p;rimarily but not exclusively for people engaged 
in management activities at all levels in the firm and students of manage- 
ment wherever they may be. Its purpose is to point the way to the in- 
oreased use of linear programming for solving certain types of manage- 
ment problems. 

Briefly, linear programming is a technique or tool for providing man- 
agement with information on which to base decisions and planning. It is 
a practical technique that, on the basis of results to date, is capable of 
providing management with better information about certain problems 
than many techniques and methods currently in use. 

Linear programming differs from the “usual” planning procedures 
found in business in at least two ways. First, the user can consider, relate, 
and weigh more information and facts about a problem or situation than 
ordinary pencil-and-paper procedures allow, and in doing so he can gain 
a clearer picture of the business as a whole, as well as the operation of 
his own particular ar^ •. This is especially useful in large, complex prob- 
lems where the proper relationships tend to be obscure. Second, an opti- 
mum or best answer is provided that the user can verify and support. 
These features— clearer relationships and supportable best answers— are 
distinguishing features which are of value to management in making 
better use of the firm’s resources. 

We believe that there is considerable use for linear programming in 
industry. We believe further that the student at the university and col- 
lege level stands to gain much from the study of linear progr ammin g 
because of the valuable and useful insight into business and management 
problems that he will obtain as a result. 

In this book we will emphasize and stress use and application rather 
than mathematics and theory. The developers— mathematicians, econ- 
omists, and researchers— have provided a valuable tool. The concepts, 
principles, and mathematics underlying the procedure have been proved 
valid and have appeared in the texts and articles mentioned in the bibli- 
ography. The job to be done now is to show how this tool can bd used 
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to increase insight into management problems and to improve managerial 
and firm performance. Our objective in writing this book is to show how 
that can be done. 

We propose to accomplish the objective by translating the principles 
and concepts into practical terms by using familiar industrial examples. 
Then by using actual industrial problems we hope to demonstrate the 
usefulness and value of the technique to management and students. 

The material has been divided into separate sections for ease of read- 
ing. The sections are “Introduction,” “Methods,” “Application,” and 
"Technical Appendixes.” Each section is self-contained so that the reader 
can select only those sections of particular interest. For example, certain 
management personnel not interested in the mechanics of the methods 
can bypass “Methods” and concentrate on the “Introduction” and “Appli- 
cation.” Those who are interested solely in the methods can concentrate 
on “Methods” to the exclusion of the other sections. 

Section I, “Introduction,” introduces linear programming generally 
from a management point of view. It discusses the origin, need for, and 
value of linear programming and dtes a number of the problems to which 
it has been applied. In general, the section attempts to state why man- 
agement should be interested in linear programming. 

Section II, “Methods,” presents the technical aspects of tHfe methods. 
This section has been written for the individual who has to understand 
linear-programming methods in order to set up the problem and see that 
the calculations are carried out. "pie principles, concepts, steps, and pro- 
cedures are developed through the use of industrial problems. 

Section III, “Application,” presents application techniques and experi- 
ences. Suggestions are given for recognizing linear-programming prob- 
lems and developing industrial applications by the use of a model. Sev- 
eral timely problems are worked out in complete detail to assist the reader 
with his own application. 

Section IV, “Technical Appendixes,” contains the mathematical discus- 
sion of the simplex method for those interested in the basic mathematics 
underlying the technique and methods. 
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SECTION ONE 


Introduction 


Linear Programming is a new and somewhat strange term to business. 
The name Linear Programming does not tell very much about what this 
technique can do or the results that it can bring. Consequently, if it is 
to gain wider acceptance by those who can profitably use it in industry, 
it needs to be defined and explained in understandable terms. 

The purpose of this introductory section, therefore, is to acquaint 
business people with linear programming fropi a management point of 
view and to stress some of its special features and results where it has 
been used. In the process, it will become apparent that linear program- 
ming is not as strange and unfamiliar as it might appear at first glance. 
The linear-programming objective— the most effective use of firm re- 
sources— is a familiar and desirable one, and calculating the most effective 
course of action that makes the objective possible is another feature of 
linear programming that will interest executives and managers at all 
levels of the firm. 

This first section provides general information and an introduction to 
the how, what, why, and where of linear programming for management 
personnel. Further, it describes some of the types of problems Imear 
programming has solved. In general, it gives a number of answers to 
the question: “Why should I be interested in linear programming?” The 
answer, based on re.sults, is: “Linear programming provides a better 
insight into many basic problems of management and assist;\nc‘c and 
information for solving them more effectively than is obtained with the 
usual paper and pencil methods.” 
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CHAPTER 1 


Linear Programming— an Aid to More Effective 
Management Decisions 


In recent years there has been a considerable increase in the recognition 
of the importance of factual information as a basis for making better 
decisions at all levels of management. As a result more and more executive 
time and eflFort are devoted to determining what facts and information 
are needed, directing their gathering and processing, and then interpret- 
ing the resulting information into a usable program. Many times reliable 
facts are difficult to obtain and frequently more difficult to interpret, to 
say nothing of the problem of deciding what facts are needed in the 
first place. 

Businessmen and students of business problems have been wrestling 
with the problem of “facts” for many years. Many men have become 
famous and wealthy by being able to make reliable decisions when there 
were few facts available. Many other men have devoted long periods 
of their life to finding better ways of handling facts and business infor- 
mation. 

Linear programming is a significant advance in the techniques for 
handling facts and providing information. It was developed by econ- 
omists and mathematicians for the purpose of determining how to use 
limited amounts of resources to best advantage. This problem is a most 
familiar one to the businessman who is constantly confronted with the 
necessity of forgoing the opportunity of making one move in order to be 
able to make another move. This forgoing of one opportunity in order 
to take advantage of another usually involves making some rather difficult 
decisions. The real difficulty in making such decisions usually lies in the 
areas of selecting, gathering, processing and interpreting facts and in- 
formation. Further, in many cases the businessman has approximations 
and indefinite statements rather than explicit facts when he is selecting 
the places to use his limited resources. This condition causes decision 
making to be even more complex and difficult than otherwise. 

An ideal decision-making situation for the businessman should have 
at least two basic types of information present: First, the businessman 
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should know how much man power, capital, floor space, equipment, 
and inventory are available. In other words, he should have an accurate 
measure cf his productive resources in terms of demand. 

Second, he should know how much profit or measurable benefit he 
could obtain from using a unit of these resources for each available 
opportunity. Existing conditions usually are far from these ideal condi- 
tions. The businessman does not have many of the facts about either his 
resOTurces or opportunities, or, if he does, he may not have the means to 
evaluate them. The information he does have may be so voluminous or 
so complex that he has difBculty in seeing how to organize and interpret 
the information into a program that will ensure his ob taining the poten- 
tial that is possible in his situation. 

Although LP was developed to help solve problems of using scarce 
resources as effectively as possible, it helps to solve the data and informa- 
tion problem of the businessman as well. In doing so, it provides a 
way of: 

1. Organizing and interpreting a large volume of data and facts. 

2. Using approximations in a mathematical processing of the data and 
facts. 

3. Evaluating the benefits or profits that should come from apportion- 
ing or allocating the available resources to different opportunities or 
combinations of opportunities. Within certain limits linear programming 
provides a better way of determining how to assign or use limited re- 
sources among different opportunities. ITius, linear programming provides 
a better way of handling the information used in making decisions. 

At this point then we are in a position to define linear programming 
in management terms on the basis of the information it provides. Our 
definition is as follows: 

Linear Programming (LP) is a technique for specifying how to use 
limited resources or capacities of a business to obtain a particular 
objective, such as least cost, highest margin, or least time, when 
those resources have alternate uses It is a technique that system- 
atizes for certain conditions the process of selecting the most desir- 
able course of action from <i number of available courses of action, 
thereby giving management information for making a more effective 
decision about the resources under its control. 

It is not important for the executive to know why or how the technique 
works, although it is important for someone in the firm to have this 
information. It is important for the executive to realize that the technique 
does identify a best solution and program under specified conditions 
that he can use in making decisions. 
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Section One: Introduction 


UNEAR PROGRAMMING AS A TECHNIQUE 

Unless you have seen what linear programming can do or know how 
it is used, the use of the word technique may not convey much meaning. 
To clarify the meaning of the word technique, therefore, let us examine 
a different but analogous system— one that is more familiar. 

One of the ways of accounting for costs is by the standard-cost tech- 
nique. When tlie term standardrcost technique or system is mentioned, 
most people in business know in general what is meant. Because the term 
is familiar, they are able to conjure a mental picture of what is involved, 
and in general they are able to follow the discussion. For example, they 
know that certain numbers and values taken from time cards, production 
records, receiving reports, various schedules of expense, and the like 
are manipulated according to certain rules. When the computations have 
been carried out successfully, the original mass of figures has been re- 
duced to a few summary figures that appear on the accounting state- 
ments for management’s consideration and planning. 

Throughout the entne computational process there is nothing tangible, 
nothing you can put your hands on. Yet the words standard-cost system 
have meaning and are at least generally understood when said or written 
by a great many people in business. Linear programming, in a broad 
sense, is much the same kind of procedure. It, too, starts with information 
expressed as numbers and, through a series of steps and computational 
ndes, reduces original information to a few summary figures for manage- 
ment’s consideration and planning. 

Strictly speaking, linear piogramming is a mathematical technique. 
In its oiiginal concept it was based on principles that lequire a knowledge 
of advanced mathematics In actual practice, however, linear program- 
ming has been simplified to a point where its routine application requires 
little more than an understanding of high school algebra. A competent 
industrial engineer or cost analyst should not have too much difficulty 
in learning how to set up and solve many linear-programming problems. 
He might, however, find it more difficult to define the problem and 
select the data that are to be processed. Usually a reasonable amount 
of instruction and guided experience, plus the exercise of some ingenuity, 
will enable such men to handle successfully many linear-programming 
problems, thereby making available useful information for the decision 
maker to use. 

As a computational technique, linear programming draws upon mathe- 
matics that are not familiar to business people. The mathematics, some 
of which is new in concept, "makes it possible to process facts and data 
more effectively than many pencil-and-paper methods, thereby provid- 
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ing better information. A comparison of high school algebra with the 
new concepts will perhaps point out why JLP is different and at the 
same time will provide a better insight into the technique itself. 

Most of us learned in high school how to solve the following problem 
by using algebra: 

What is the price per ton each of coal and limestone wlv n 4 tons of 

coal plus 6 tons of limestone cost $32 and 5 tons of coal plus 5 tons 

of limestone cost $35? 

By the use of simultaneous equations the solution to the problem can 
be calculated as follow^: 

Cost of 4 tons of coal 4 6 tons oi limestone •= $32 ( 1-1 ) 

(lost of 5 tons of coal -j- 5 tons of limestone = $35 (1-2) 

Multiplying Equation (1-1) by 5 and Equation (1-2; by 4 gives the 
following result: 

Cost of 20 tons of coal 4- 30 tons of limestone = $160 (1-3) 

Cost ol 20 tons of coal -4- 20 tons of limestone — $140 (1-4) 

Subti acting Equation (1-4) Irom Equation (1-3), we obtain the fol- 
lowing price lor each ton of limestone: 

Cost of 10 tons of limestone - $20 

Cost of 1 ton of limestone = $ 2 (1-5) 

Substituting this value in either Equation (1-1) or Equation (1-2), we 
obtain the lollowing jjrice for each ton of coal: 

Cost of 4 tons of coal 4 6 ($2) = $32 

Cost of 4 tons of coal = $20 

(^ost of 1 ton of coal ' = $ 5 (1-6) 

The solution of sets of simultaneous equations of this kind is fairly 

straightforward and has been kno'vn for a long time. Unfortunately, 
simultaneous or algebraic methods for solving equations are not practical 
for solving the large problems r'*- <ierally found in industry for a number 
of reasons. For one thing, attempting to solve industrial problems by the 
method of determinants or simultaneous equations becomes too involved 
and time-consuming. For another thing, it may not be possible to formu- 
late as many equations as there are unknowns, which is a necessary re- 
quirement for simultaneous solution. In addition, there is nothing in- 
herent in the simultaneous or algebraic methods that ensures a best solu- 
tion when the calculations ar.e completed. Finally, it is not possible to 
express most business problems as nice, neat equations. For example. 
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we are more likely to find the problem of coal and limestone to be 
along the following lines: 

The cost of 4 tons of coal plus the cost of 6 tons of limestone will be 
at least $32; the cost of 5 tons of coal plus the cost of 5 tons of lime- 
stone will be at least $35; there is $135 available for coal and lime- 
stone during the period, and we must purchase at least 2 tons of 
limestone. Find the largest number of tons of coal and limestone 
that can be purchased. 

Under these conditions we do not know how much the actual cost of 
the coal and limestone will be. Further, we do not know whether or not 
all of the available money will be used in the purchase. For example, 
there may be up to $1,99 remaining after the transaction is completed. 
The indefiniteness of the latter problem has moved it out of the realm 
of simple algebra. This indefiniteness, however, is characteristic of many 
business problems. Another characteristic of business problems is the 
large amount of data usually involved— which may or may not be well 
organized. The combined effect of these two data and informational 
characteristics is that the businessman frequently does not use the avail- 
able information to the best advantage. This failure to take full advantage 
of the available information is not due to his knowledge that the informa- 
tion contained estimates and approximations. Nor is it due to the fact 
that more information is frequently needed. Rather, the failure to use 
fully the available information is (jQe to lack of a technique for organiz- 
ing, processing, and interpreting the information. Linear programming 
provides a way of using data and facts to arrive at some decisions that 
were formerly arrived at on the basis of intuitive judgment. 

As we shall see presently, the use of linear programming involves much 
more than the knowledge of technique. It requires and develops a certain 
approach to and a way of looking at management problems. The discus- 
sion of linear programming as a technique, however, serves to introduce 
us to this new management tool. 

ORIGIN AND BACKGROUND OF LINEAR PROGRAMMING 

The origin and background of linear programming has been in the 
field of econometrics and research into economic relationships. Its roots 
go back to 1874 and the works of the mathematical economist Leon 
Walras. In his work £Uments d£conotnie Politique (“Elements of 
Political Economy”) Walras showed that the price of any number 
of commodities at a single tipie can be determined by solving simul- 
taneously the correct number of equations in terms of the number of 
unknowns for which a solution is sought At the time, the concept was 
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revolutionary, and today it is recognized as a contribution to economics. 
It was this first attempt to solve problems of scarcity by stating problem 
conditions in equation form that provides the connection between Walras 
and linear programming. The method of solving the equations for solu- 
tion by LP is completely different from that used by Walras, however. 

Linear programming, as it is known today, is descendant from the 
input-output method of analysis developed by the economist Wassily 
W. Leontief in the 1920s. The present-day development stems primarily 
from the work of George B. Dantzig, who is credited with developing 
the Simplex Method of linear programming, which is essentially a method 
of solving simultaneous equations and inequations for an optimum or 
best solution. The adaptation and application of the simplex method to 
solving industrial problems has come about in just the last few years, 
despite the fact that Dantzig announced his development in 1947. Today, 
linear programming is considered by many to be a technique or tool of 
a wider field of analysis called Operations Research. 

OPERATIONS RESEARCH AND LINEAR PROGRAMMING 

Practically speaking, Operations Research, or OR, as it is popularly 
known, is the scientific approach to and analysis of business problems 
aimed at providing executives and management with information for 
most efFective operation of the business. Within this concept, linear pro- 
gramming is a technique or tool of operations research. 

The beginnings of OR as we know it today took place during World 
War II in Britain. C <‘oups of scientists were assembled, as a last-ditch 
measure or desperation move, to provide assistance with several critical 
war problems. The two mo‘t notable of these were the German air 
blitz and the German U-boa^ menace. The assistance rendered by the 
scientists in solving these problems was invaluable. It is generally con- 
ceded that their work was a successful and substantial contribution to 
the war effort. 

As a result of their efforts, it became apparent that improvement in 
the use of existing weapons and equipment could contribute more in a 
short time than could improvement of the weapons or equipment them- 
selves. This is an important consideration from management’s point of 
view, in business especially, where immediate problems are pressing. 

Tile scientists assembled to do OR work used the tools with which 
they were most familiar— mathematics and analytical and logical methods 
developed in their own specialist fields. The results obtained with these 
tools were as surprising as they were gratifying. The concept that spe- 
cialists in physics, chemistry’ mathematics, or any other scientific field 
could operate in combination to produce effective answers to problems 
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in areas totally diflFerent from the experience of any of them was startling 
and difiBcult to accept at the time. This was especially true because, taken 
individually or separately, it was unlikely that any one of the scientists 
could have solved the problem himself; but as a group they were par- 
ticularly effective. 

These successes soon led to the extension of operations-research activi- 
ties to the military organization of the United States. Since then many 
military problems have been solved and are continuing to be solved by 
OR teams. OR groups are now an integral and accepted part of military 
organizations, and their number, although small in 1957, is increasing 
in industry. 

SOME IMPORTANT FUNDAMENTALS FOR UNDERSTANDING AND USING LP 

If you were to ask a mathematician to define linear programming you 
would probably be told that it is a method of maximizing or minimizing 
a linear function subject to linear restrictions and constraints. 

If you were to ask an economist the same question, you would probably 
hear something to the effect that linear programming is a technique for 
allocating a group of limited resources among a number of competing 
demands where all decisions are interlocking because they are made 
under a common set of fixed limits. 

As we have seen, linear programming, in the industrial sense, is a 
mathematical technique for allocating or using limited resources in such 
a way as to make best use of them in terms of a predetermined objec- 
tive, such as least cost or highest profit margin. 

Actually, all three definitions say the same thing in different words 
and when considered together help to highlight some of the underlying 
concepts as well as to indicate the different ways in which different 
people in business view the same technique. 

1. Some underlying concepts 

One of the basic concepts of linear programming is the concept of an 
activity. An activity in the business sense is a specific method for carrying 
out a task or making a product. For example, the production of a Ford 
wrap-around windshield on a specific production line at Plant A is an 
activity. The production of the identical windshield in a different plant 
having a different rate and cost of production is a different activity. 

Another basic concept of linear programming is the concept of the 
alternative. There must be alternatives of one kind or another, such as 
machines or processes, that can be employed to accomplish the desired 
objective (the products must be able to compete for use of the machines 
or processes). Then, the decision about which machines or processes 
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are to be used, and the extent to which each is to be employed in ob- 
taining the objective, is calculated by linear programming. LP deter- 
mines, for the conditions of the problem, the optimum levels at which 
the machines, space, or processes are to be used in order to obtain the 
predetermined objective. 

Still another concept, helpful in understanding linear programming, 
is the concept of linearity, or being linear. For our purposes, linearity 
means that a change in the number of departmental productive hours 
will bring a proportional change in output and profit margin. If we 
attempted to plot the relationships involved on rectangular coordinate 
axes, they would appear as straight lines somewhat similar to the lines 
that appear on the break-even chart. 

Programming means calculating for a fixed time period and set of 
conditions the solution to a set of linear equations and inequations. 

2. Requirements for setting up a problem for solution 

Certain requirements, over and above c’omputational requirements, 
need to be met to process data and facts by LP methods. The first re- 
quirement is to slate the problem in terms of an objective. Typical 
examples are as follows: 

Determine the combination of products which can be produced 
with the available resources that will earn the largest manufacturing 
margin. 

Find the least-cost program for making a list of parts on the avail- 
able equipment. 

Establish the most profitable division of available capital among 
new equipment, product development, and advertising. 

It is important that the problem be stated as explicitly as possible. 

The next requirement is to determine the information that is to be 
used in solving the problem. When LP is used it is generally possible to 
include any information that may have an effect on the answer to the 
problem. The computational routines will usually ignore any information 
that docs not affect the answer to the problem. 

The third requirement is to gather the needed information. It must 
be possible to state the data and facts of the problem in terms of units of 
measure. These need not be specific, but they must be stated in terms 
of numbers. The statement may simply be that some quantity will not be 
more than (or less than) a stated value. For example, “The sales of the 
De Luxe Model in the Buffalo territory will not exceed 30 units” is such 
a statement. It must be possible also to express the profits or benefits 
that are expected from the use of resources in specific terms. 'Dollars 
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profit per unit,* “hours saved per 100 pieces,” or “freight costs per 
piece” are typical examples. 

The fourth requirement is to put the information into the form of re- 
lated linear equations and inequations. Equations are specific statements 
in mathematical form. For example, the statement that the cost of 4 
tons of coal plus 6 tons of limestone totals $32 expressed as an equation 
is 4C -f 6L = 32. Inequations are approximations in mathematical form. 
For example, the statement that the cost of 4 tons of coal plus 6 tons of 
limestone will be at most $32 expressed as an approximation or inequa- 
tion is 4C -f 6L ^ 32. 

When all these conditions are met, linear fjrogramming can generally 
be used to organize, process, and interpret the available data and facts 
into usable information. Further, linear-programming answers can be 
used to determine how to use the available resources most effectively. 

It frequently happens that either by choice or by necessity the deci- 
sion involves selecting a combination of several opportunities from many 
opportunities and combinations thereof. LP provides a way of determin- 
ing the combination of opportunities that will use the resources to the 
best advantage. The selected combination of opportunities beeomes a 
program for the utilization of the available resourees. 

SOME MANAGEMENT AREAS IN WHICH LP HAS BEEN USED 

The following list is not a C(^plete list of LP applieations by any 
means. It is, however, an indication of the problems that have been 
solved and the results that have been obtained up to this time. 

1. Determining the most profitable product mix to be obtained from 
existing facilities 

2. Detcnnining which parts to make and which to buy to obtain maxi- 
mum profit margin 

3. Scheduling orders to maehine eenters at least cost consistent with 
delivery promises 

4. Establishing the best location of warehouses to minimize transpor- 
tation costs 

5. Selecting equipment and evaluating methods improvements that 
maximize profit margin 

6. Planning profits on a fiscal-year basis to maximize profit margin 
from net investment in plant facilities and equipment, cash on hand, and 
inventory. 

7. Supplying a fluctuating sales demand at least inventory cost con- 
sidering a fixed level of production and stabilized employment 

8. Allocating production releases among several plants so as to maxi- 
mize profits considering manufacturing and distribution costs 
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9. Determining equitable salaries and sales-incentive compensation 

10. Determining the feed mix that satisfies nutritional requirements 
and minimizes the cost of raising livestock 

11. Programming a chemical-distilling-type op^ation, including the 
processing of purchased material to obtain highest manufacturing mar- 
gin within the limits of sales demand 

12. Planning the most profitable match of sales requirements to plant 
capacity that obtains a fair share of the market 

SOME ADVANTAGES TO MANAGEMENT FROM USING IP 

Now that we have defined LP in a number of ways, examined its 
origin and background, considered some of the basic concepts, and seen 
a number of problems to which it has been applied successfully, we are 
now ready to examine its value and use critically in terms of direct 
benefits to the individual and the firm. 

Experience to date indicates that much of the importance and value 
of LP arises from its contribution to increasing the effectiveness of the 
individual executive and manager, accelerating the development of 
subordinates, and improving the operation and profit position of the 
business. Each of these contributions will be discussed in turn. 

1. Executive and managerial effectiveness 

A knowledge of linear-programming techniques improves the effec- 
tiveness of the individual executive and manager in several ways: 

1. Insight and perspective into problem situations. An executive, man- 
ager, or any user i*' compelled to organize the facts and information 
about a problem before LP methods can be applied properly. In doing 
so, a better perspective and a keener insight into the problem frequently 
results. Actually, LP forces logical organization and study of informa- 
tion in the same way that the scientific approach to a problem requires. 
This generally results in a clearer picture of the true problem, which 
frequently is as valuable and revealing as the answer itself because it 
leads more surely to dealing with causes rather than ej^ects— solutions 
rather than stop-gap expedients. 

The accumulation and comparison of quantified conditions of a prob- 
lem can strip away much false impression and fallacious reasoning and 
permit accurate and realistic appraisal. 

2. Consideration of all possible solutions to problems. Many manage- 
ment problems are so complex that diflBculty is encountered in planning 
any feasible solution, let alone an optimum solution. By using linear 
programming, the manager makes sure he considers the best solution (MT 
solutions as well as any othefs that he might want to consider. 
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3. Better and more successful decisions. With linear programming, 
the executive or manager builds into his planning a true reflection of the 
limitations and restrictions under which he must operate. He learns the 
true effect of the many variables he must consider. Furthermore, when 
it is necessary to deviate from the best program, the manager can evalu- 
ate the cost or penalty involved. He will then have an idea of what he 
forgoes if he elects to follow a course of action other than that indicated 
by LP. 

4. Guidance in giving specific orders. A linear-programming solution 
comes out in specific quantitative terms: 

How many shall we make? 

How shall we make them? 

Where shall we make them? 

How many shall we carry in inventory? 

What are the costs, profits, and the like? 

With this type of information, the manager knows what specific orders 
and instructions to issue to get the results that are possible. Further- 
more, the LP answer provides a calculated yardstick against which 
actual performance can be measured and controlled. 

5. Better tools for adjusting plans to meet changing conditions. Once 
a basic plan is arrived at through linear programming, th^ basic plan 
can be reevaluated for changing conditions. Plans can be laid for several 
sets of conditions to find out how to prepare best for possible future 
changes. If conditions change when the plan is partly carried out, 
changes can be determined so as to adjust the remainder of the plan for 
best results. 

2. Subordinate development 

Perhaps one of the most important and overlooked aspects of the new 
decision-making techniques, including linear programming, is their in- 
fluence on the development and training of management personnel. In 
1957 many executives are wrestling with the problem of how to prepare 
junior executives and middle management men for larger responsibilities, 
to say nothing of how to improve the effectiveness of management per- 
sonnel in present positions, especially when talent is in such short 
supply. 

Training and experience in applying LP Avill help with this problem. 
Today a number of authorities in the field believe that the real power 
of the OR techniques lies not so much in their more effective and 
profitable solutions to some long-standing management problems as in 
their ability to provide management people with an increasingly clear 
vision of the business as a whole or as a system. This viewpoint provides 
a better basis for an understanding by all managers of their own re- 



Linear Programming— More Effective Management Decisions 13 

sponsibilities inside and outside the divisions or departments they run. 

Another plus factor in the development of people concerns experi- 
ence. You have heard the remark made many times that there is no 
substitute for experience— experience that has taken years to accumu- 
late— as a guide to management thinking, action, and decision making. 
There is a great deal of truth to the statement, provided the firm can 
afford to wait for the individual to obtain the experience and the experi- 
ence has been of sufficient quality to have value, once acquired. Fortu- 
nately, LP makes it possible to shorten the experience and learning time 
required for successful performance in a particular position. The insight 
into problems and relationships provides know-how and perspective that 
might otherwise take years to develop in a person on the basis of experi- 
ence alone. 

Finally, LP and the other OR tools where they apply help to provide 
confidence that will encourage subordinates to make decisions. Because 
LP is a computational system and because the technique provides best 
answers and variations to best answers, subordinates have a tool and 
information that make deciding easier and pdrmit greater delegation. 

3. Business operation 

It is natural to expect that, as the effectiveness of individual executives 
is increased, as the pace of development and training is accelerated, and 
as direct applications are made, improvement in the operation of the 
business will result. And such has been the case. 

The growing number©! case histories that are appearing in manage- 
ment literature is proof of this. The next section, containing actual cases, 
spells out in considerable detail a number of actual problems solved 
through the application of LP. Discussion of the dollars-and-cents an- 
swers and other values to minagement are also covered. If we disre- 
gard for a moment the human factors, we find that improvement comes 
in several ways. One source of improvement in operation of the business 
stems from the fact that LP can indicate how to make most effective use 
of existing facilities. The word “existing” is emphasized because fre- 
quently improvement is obtained without the addition of equipment 
and people— merely by managing more effectively the facilities and re- 
sources that are available. 

Then, after those possibilities are explored, it is possible to plan for 
more profitable operation through the addition or purchase of new facili- 
ties and equipment by considering such possibilities in the calculations. 
In this way the profit-making potential of new equipment can be com- 
puted in advance— before commitment to purchase is made. 

Perhaps the best way to summarize the value and use of linear pro- 
gramming and keq> it in prop^r perspective is to quote part of an address 
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made by Robert E. Lewis, president of Argus Cameras, Ann Arbor, 
Michigan.* 

Reviewing what we believe have been our accomplishments in 
linear programming ... we feel specifically that we have reduced 
costs and increased control. In a more general sense, we are now 
making decisions objectively rather than flying by the seat of our 
pants. We also have more confidence in our ability to remain com- 
petitive because we know more about what we re doing. 

I think it might be appropriate to say at this point that the confi- 
dence engendered by use of these techniques, enables the manage- 
ment to use greater vision in planning for the growth of the com- 
pany. Decisions that historically have been made by management 
can now be made at a lower level. This gives our top people more 
time to devote to the many other problems that constantly present 
themselves. It is di£5cult to try to think in terms of growing unless 
you already have your present efforts under control. . . . 

Our embracing of these techniques has substantially aided our 
communications. Our top management team joins the next lower 
level in advancing new techniques. The top management committee 
learns the trend of thinking of the lower level groups and is able 
to steer the thinking toward the solution of problems. In other words, 
the use of these techniques provides an excellent transfer of the 
philosophy of top management. 

I* 

ACTUAL CASES OF SPECIFIC VALUES WHICH HAVE BEEN OBTAINED 

THROUGH LP 

Linear programming as a management-planning technique offers many 
advantages. In almost every application made to date, LP produced a 
plan that would accomplish management's objective better than the 
usual methods. In some cases, this advantage alone justified training 
personnel and adopting the technique for the specific problem. 

The total benefits derived from the applications, however, were far 
greater. In those companies which have applied linear programming, it 
has been demonstrated diat the application has produced or led to the 
following advantages. 

1. Profits, costs, and service 

One company believed they were faced with serious overloading in 
their automatic-screw-machine department. Their orders were behind 
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schedule, and they were planning to install additional machine capacity 
to take up the overload. Then they applied linear programming to deter- 
mine whether they were doing the best they could with their present 
machines. Loading machine centers with an LP method resulted in a 
su£Bcient reduction in machine hours to produce the same number of 
parts, on schedule, on the same machines. Not only was it possible to 
cancel the order for additional machines, but the total reduction in 
machine hours amounted to a $12,000 saving per month. Under the new 
scheduling method, work-in-process inventory is smaller, delivery prom- 
ises are being met, and the capacity of the shop is such that a consider- 
able increase in volume can be handled without overloading. 

2. Executive and managerial planning time 

Once a problem has been defined and set up for solution, the compu- 
tational procedures can be delegated to clerical personnel or programmed 
on computers. 

One company had to allocate production orders to various facilities 
located at two different plants. This required the constant attention of 
a top-level executive who had firsthand knowledge of all the operations. 
To enable him to exercise good judgment, it was necessary for him to 
spend many hours gathering, studying, and evaluating data on the 
production capacity, costs, and performance of the different production 
units. 

By using linear programming to allocate production orders, this com- 
pany makes it possible for the collection and analysis of data to be done 
by clerks. The results of the linear-programming calculations can then 
be presented to the responsible executive in the form of an optimum 
plan, together with analyses of alternative plans and sound, factual data 
on the cost of deviating froi.i the optimum plan. As a result, much of 
this executive’s time is freed for consideration of long-range-planning 
problems. 

3. Management control information 

One management group found that planning production on the basis 
of a set of policies and rules of thumb provided results almost as good as 
the optimum program calculated by linear programming (these policies 
and rules of thumb, incidentally, were developed as a result of using 
linear programming to study the problem). 

In this situation, the answers calculated by linear programming are 
not used for regular week-to-week scheduling. Instead, the general poli- 
cies and rules of thumb guide production planning, and the plans are 
checked occasionally by lineM-programming calculations to be sure that 
the approximations are still valid. 
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4. New information 

Problems which are very large and complex and which involve many 
different combinations of factors are almost impossible to analy 2 e with- 
out a mathematical method such as linear programming. For example, 
one company produced a product line on several different production 
facilities at each of two plants. The products were shipped to customers 
in many locations. 

Production costs varied between production facilities. Freight costs 
depended upon which plant an order was shipped from. Considerations 
of profitability were further complicated by the fact that one plant con- 
sistently ran at a 5 per cent larger variance fltom standard cost than the 
other. With this large number of factors to take into account, it is not 
surprising that production schedules arrived at on the basis of experience 
and judgment did not consider the effects of the various factors in their 
proper proportions. 

When linear programming was applied to this problem, it was possible 
to show that undue weight was being given to freight costs in planning 
the production program. In addition, it was possible to show that a 
special agreement on pricing and freight absorption which had been 
reached with one customer was extremely unprofitable to the supplier 
and failed to provide large savings to the customer. 

5. Information for planning future action 

When planning for changes w^ch involve investments— for example, 
the acquisition of new machine capacity— it is essential that management 
be aware of what the now equipment will do. It is also essential that com- 
parisons of equipment are made on the basis of effective utilization of 
both the old and the new equipment. 

In the application mentioned earlier, the company was prepared to 
add additional screw-machine capacity because they thought they were 
doing the best they could with the existing machinery. As was mentioned, 
linear programming showed that this reasoning was unsound. 

Another company, in a similar situation, was making up for lack of 
capacity by purchasing certain items. When linear programming was 
applied to the planning of a maximum-profit production schedule, this 
company found that they could operate certain machine sizes much 
more profitably than others. On the basis of this factual, quantified in- 
formation, they were able to plan the disposition of some machines of 
one size and their replacement with machines of another size and show 
definitely that this exchange would result in savings. 
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6. Scheduling previously unscheduled operations 

In at least one instance, in a chemical-processing industry, linear pro- 
gramming has made it possible to plan how much time a process should 
run under certain sets of conditions. In this case, the process produced 
a different combination of products under each possible set of operating 
conditions. The linear-programming solution considered the profitability, 
the demand, and the waste of each one of these products to arrive at a 
most profitable program. This was in contrast to the earlier scheduling 
ihethod, which consisted of running that condition which produced the 
most of the products for which there was the largest demand. 

These advantages actually have been obtained by the companies who 
have applied linear programming. They are in addition to substantial 
savings made in each case as a result of the optimizing procedure itself. 
Applications similar to those which developed these advantages for the 
companies who used them are explained in detail in Section Three, 
“Application.” 


SUMMARY 

Primarily, the value of linear programming rests in providing execu- 
tives and managers with information— better, quicker, more factual, and 
more accurate— so that the extcutive or manager is in a better position 
to make decisions about the operations under his control than he would 
without such information. 

It is important to make clear at this point that linear programming 
does not change the uasic character of the decision making that execu- 
tives and managers have to do. Rather, it permits a clearer definition of 
the problems that he faces, h'cilitates the determination and selection 
of as good a solution as is possible for him to consider, and adds explicit- 
ness and certainty to the terms in which he makes his decisions. It will 
still be necessary for the executive to make the decisions— tools and 
techniques will not make them for him The tools will provide him with 
quantitative information to which he can add his assessment of such 
qualitative information as moral" and philosophy of customer service in 
arriving at a solution to his problem. 

It is also apparent to date that the use of tlie new decision-making 
tools of which LP is one provides the executive with the following: 

1. More time to manage, by providing him with information quicker 
and permitting more delegation 

2. Less pressure to get things done, because he can do more accurate 
planning and avoid pitfalls tha^t create crisis situations 
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8. Better-qualified personnel, because the techniques provide insight 
into management problems and decision making that formerly would 
have required years of experience and practice to obtain 
Each and all of these factors will add to the ability of the manager 
to manage better, which, in turn, will reflect in increased profitability 
for the firm. 
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Methods 


The concepts, principles, and computational steps of a number of linear- 
programming methods are described in this section. The basic mathe- 
matical theory and derivation is contained in Section Four, "Technical 
Appendix.” 

Five methods are explained in detail, and industrial problems are 
used to demonstrate the important points and concepts of each method. 
The methods that will be discussed in orders of presentation are the 
Transportation, Modi, Simplex, Ratio Analysis, and Index. Actually all 
methods are derived or have evolved from the simplex method, which 
is considered to be the basic linear-programming method. 

Despite their common origin, each method requires its own particular 
arrangement of problem data so that its particular computational process 
may be used for solving a given problem. The word method, therefore, 
refers to a particular arrangement of problem information and data, 
together with the special computational steps used in solving the prob- 
lem under that arrang ment. When we refer to five methods, we mean 
that there are five different arrangements of problem information and five 
different computational proces.''9s for solving linear-programming-type 
problems. For example, the use of the simplex method requires a certain 
arrangement of data to which the special computational process of the 
simplex method is applied in calculating the solution to the problem. 
The use of the modi method, on the other hand, demands a different 
arrangement of problem information, expressed in different form and 
units, and involves its own particular computational process for solving 
the problem. The nature of the problem itself generally establishes the 
computational method to be used. The more complex problems usually 
require solution by the simplex method. The specialized and less complex 
types of problems are more likely to be solved by the other more special- 
ized and less time-consuming methods, such as the transportation and 
index methods. 

In Section One, LP was defined as a technique for allocating or using 
limited resources (such as plaht capacity, storage space, and material) 
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to achieve a specific objective (such as least cost, highest profit margin 
and greatest quantity), where the limited resources have alternate uses 
and where a change in the amount of resources brings a corresponding 
or proportional change in result. 

In general, limited resources indicate to the executive what he “cannot 
do' —the point beyond which he cannot go. Under these circumstances, 
then, the executive wants to know what “can be done" to use most effec- 
tively the resources that he does have. Each of the five methods through 
its computational process provides information for converting the “cannot 
do" restrictions and limitations into a “can do” program. Each method, 
where it applies, permits calculation of the most desirable “can do" pro- 
gram within the “cannot do” restrictions according to profit, cost, or 
other measure of desirability. 

Reduced to essentials, each method involves a formalized trial-and- 
error process in arriving at a best answer. The general process for solving 
a problem is to start with a first solution, which evolves from the ar- 
rangement of problem information, and calculate improvement in in- 
cremental steps— one step at a time— until the method indicates that 
there is no further improvement to be gained. The formalized trial-and- 
error part of the process occurs at each incremental step when a decision 
has to be made regarding the next increment, or step. Of Course, each 
method provides an indicator or guide regarding the next step, but a 
selection has to be made before the process can continue. Each method 
indicates through its computatjDnal process when the best answer has 
been determined and that consideration of additional increments or 
further calculations will result in either a less desirable or at best an 
equally desirable answer to the one already computed. 

The basic steps involved in solving a linear-programming-type prob- 
lem irrespective of the method used are as follows: 

1. Collect problem information and data 

The first step is to collect information and data relative to the problem. 
Accurate facts and figures are needed plus estimates where accurate 
values are not available. The specific information required will vary 
with the objective and the problem to be solved. Under all circumstances 
a convenient unit of measure should be established for expressing prob- 
lem data and information. 


2. Arrange problem information in an orderly manner 

The arrangement of information and data in an orderly manner facili- 
tates understanding and sqlving the problem. Arranging information is 
a two-step procedure. The first stej^^g^^^ up information in table 
form in order to clarify the relati^E^pF^S^IQnditions involved. This 
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step enables the problem to be “seen” and frequently reveals informa* 
tion that is as valuable as the solution itself. The second step is to set 
up the prepared information in an array of rows and columns for solu- 
tion by one of the programming methods. 

3. Begin with a first solution 

Each linear-programming method specifies procedures which, if fol- 
lowed, provide a first solution to the problem as a place to start and 
the steps for improving it. 

4. Test the program 

Linear-programming methods provide procedures for testing each pro- 
gram to determine whether or not a given program or solution can be 
improved. 

5. Improve the program until the best or optimum has been calculated 

When the test indicates that a program car; be improved, program- 
ming methods provide procedures and steps for revising each program 
which assure that each icvision is at least equal to an improvement to 
the preceding program. Succeeding revisions are made until the test 
indicates no further improvement is possible— that an optimum or best 
solution has been reached. A “can do” program has been calculated from 
the “cannot do” restriction. 

6. Interpret the final program 

The final program provides specific answers and the steps to be taken 
to obtain the results that the best answer indicates are possible. 

Because each of these basic steps involves a routine that is reducible 
to simple procedure and rules, it is possible to delegate the computation. 
In other words, the routine permits delegation of the computations and 
responsibility for results because rules and procedures are provided to 
guide action. 

The Simplex Method is the classical and fundamental method. As a 
method it provides a way of using approximations in business com- 
putations. For example, the simplex method will compute the most 
desirable program and course of action involving such conditions as the 
following: 

“We cannot buy more than 1,800 tons of sheet steel in the second 
quarter.” 

"We must make at least 800 of the economy model this month.” 

“The weaving department has available 2,900 loom weeks for produc- 
tion in the next period.” 

Generally, the simplex is the most reliable of the methods. It is, how- 
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ever, time-consuming and prone to error except when solved by an 
electronic computer. 

Hie Transportation Method, sometimes referred to as the Distribu- 
tion Method, is a specialized adaptation or modification of the simplex 
method. It was conceived and developed to solve transportation-t)rpe 
problems involving the distribution of a single product from several 
sources to meet requirements at a number of destinations at least trans- 
portation cost. The transportation method requires the expression of 
all problem information in comparable units and an equality between 
the amount demanded or required at various destinations and the amount 
that can be supplied from the various sources. As a specialized method, 
the transportation method makes it possible to work out the answers 
to a certain type of problem more simply and effectively than the simplex 
allows. 

Experience gained in application has produced refinements and modi- 
fications to the transportation, or distribution, method and has widened 
its area of use. As a matter of fact, the transportation method and the 
modifications to it can be used to solve certain kinds of problems which 
are in no way related to transportation and distribution. The refinements 
and modifications have been grouped together and named the Modified 
Distribution Method, or Modi Method, which has become so highly 
developed that it is replacing the transportation method. 

The Ratio Analysis Method, a recently developed method, shows that 
the basic process of solving a 'problem by linear programming is done 
by selecting and solving the heart or core of the over-all problem The 
ratio analysis method also provides a way of decreasing the number of 
computations necessary for solving some kinds of linear-programming 
problems. As such it is helpful in understanding the simplex method and 
is useful in and of itself as a problem-solving method. 

There are times when the problem is too large or too time-consuming 
to solve by one of the precise methods. Then the objective is to find a way 
of approximating the best solution. The Index Method has proved par- 
ticularly effective in this type of situation. The program developed may 
not be the mathematically best program, but experience has shown that 
it will be close to it. Because certain problems can be worked out in a 
fraction of the time and/or cost that would be required otherwise, the 
index method has proved extremely useful in practice. 

As a matter of presentation, we believe it desirable to present the 
concepts and computational steps separately from the mathematical 
theory. We believe it is possible to understand and use linear program- 
ming without going through the mathematical derivation and underlying 
theories, in the same sense that a slide rule can be used without knowl- 
edge of logarithms. For this reason and for ease of understanding by 
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people in business who have long since forgotten their mathematics, we 
have elected to separate the concepts and procedural steps from the 
theory. This in no way prevents readers from obtaining both in this text. 
The theory is contained in the appendix. Section Two of the book there* 
fore presents the underlying principles and computational steps of the 
various methods from the point of view of their application. 



CHAPTER 2 


The Transportation or Distribution Method 


In this section we shall begin the presentation of the various linear- 
programming methods. The computational method to be discussed in 
this section is called the Transportation or Distribution Method. This 
section will include the following: 

1. The background and origin of the transportation method 

2. A transportation or distribution-type problem 

3. The six basic linear-programming steps applied to the transporta- 
tion problem 

4. The procedures and rules for using the distribution or transporta- 
tion method ^ 

5. The solution to the problem, including an alternate best program 

BACKGROUND AND ORIGIt^ OF THE TRANSPORTATION METHOD 

The transportation method— which is a special form of the simplex 
method— was originally developed to solve and provide planning in- 
foimation about transportation-type problems. The general problem was 
to determine the lowest transportation cost or distribution cost and pro- 
gram for shipping material between origins and destinations. 

One of the first applications of this method was made in the oil in- 
dustry. The problem was to distribute the output from a number of 
refineries to a larger number of supply points at least transportation cost. 
By using the distribution method it was possible to allocate a given 
amount of output to distribution centers at minimum cost and at con- 
siderable savings over former programs. 

Although one of the first applications was to the distribution of re- 
finery products, the general transportation-type problem solved resembles 
problems found in a variety of industrial situations, so that the method 
of solution has wide application to a number of industries and a number 
of problems that are not transportation problems. Both the transportation 
mediod and the modi metfiod, which will be discussed in the next chap- 
ter, can be used to assign a given input, such as customers’ orders, to a 
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given amount of facilities, such as machines or furnaces, in a way that 
will maximize profit margins or minimize costs. 

A TRANSPORTATION OR DISTRIBUTION PROBLEM: THE COALCO 

CORPORATION 

The quickest and simplest way to learn the transportation method is 
to solve a problem applying its special procedure within the framework 
of the six general steps for solving linear-programming problems as out- 
lined in the introductory comments to this method. 

1. Collect problem information 

The problem to be solved and the required problem information is as 
follows: 

The Coalco Corporation 
Least Transportation or Distribution Costs 

PROBLEM: To distribute coal from mine (ori^n) to customer (destina- 
tion) at the least transportation cost that will meet delivery promises. 

given: 1. Three mines, located at Pittsburgh, Charleston, and Weirton, 
which provide 60, 35, and 40 tons, respectively, per week. 

2. Five customers. A, B, C, D, and E, who require 22, 45, 20, 18, and 
30 tons, respectively, during the week. 

3. A schedule of transportation costs in dollars per ton by truck from 
each mine to each customer is shown in Table 2-1. 


Table 2-l. Cost Table— Trucking Costs per Ton 
(In dollars) 



The information that has to be collected in order to solve the problem 
for least transportation cost is customer demand, available supplies for 
meeting demand, and the trfmsportation costs per ton. They are con- 
sidered fixed for the time period. 
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2. Arrange problem information in speciai tabie form 

The second step in solving this problem by the transportation method 
is to arrange or array the amounts available and requirements data as 
shown in Table 2-2. This arrangement of supply-and-demand informa- 


Table 2-2. Requirements Table 



tion is required for solution by the transportation method. ^Destinations 
and mines are arranged in the same order in which they are listed in 
Table 2-1. 

Table 2-2 lists the amounts /equired at each destination in order to 
meet delivery promises to customers for the time period. As you can 
see, the Tons Required equals the Tons Available. This condition must 
always be present for the transportation method to apply. When it does 
not, procedures are available for getting around this requirement. They 
will be discussed, however, in the section dealing with the modi method. 
For the time being, we shall assume that this is a necessary condition 
that has to be met— at least in principle. 

The intersection of each row and column represents a possible routing. 
An entry number at the intersection of Column A and the Pittsburgh 
Row represents the amount that would be shipped from Pittsburgh to 
Customer A. Similarly, the intersection of other rows and columns have 
the same meaning. 

Table 2-1 shows the costs per ton in dollars incurred when each of 
the destinations or customers are supplied from each of the mines. One 
important point to be observed here is that there are alternative mines 
from which each customer can be supplied. The cost per ton in each 
case is shown at the intersection of the row and column involved. The 
unit costs in the table are preceded by a minus sign to indicate “costs.” 
In other words, minus or negative values are to be thought of as costs. 
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Positive values would be thought of as profits if this were a greatest- 
profit solution. This interpretation is practical if it is assumed that costs 
“take away” while profits “add to” any position. 

3. Develop a starting or first solution: the Northwest Corner Rule 

Now that the data have been set up in table form, the next step is to 
find some solution to the problem as a place to start and then work to a 
better one. 

Under the transportation method a systematic and logical procedure 
called the Northwest Comer Rule has been established for setting up 
the first solution. It is not absolutely essential to use this rule except that 
it does have the advantagl* of being systematic rather than rule of thumb 
or trial and error and does enable the method to be used much more 
effectively and permits the computations to be delegated to clerical 
personnel. 

The general steps of the mle are as follows: 

1. Start in the northwest or upper-left-hand corner of Table 2-2 and 
compare the amount available in a row with the amount required by 
the column. 

2. Place the smaller of these two values in the column. If the value 
fills the customer requirement, then move to the right out of the north- 
west corner to the next column in the same row. The procedure is to 
exhaust the amount available at one supply point before electing to 
assign the amount available at the next supply point. 

3. Compare the customer requirements with the amount available 
again and select the ‘^maller of the two amounts. If the smaller amount 
represents the remainder ol the amount available in a row, then that 
value is entered in the column and the remainder of the column require- 
ment obtained by dropping down to the next row. 

4. Repeat the same procedure outlined in steps 2 and 3, exhausting 
the amount available in each row before moving vertically to the next 
one and satisfying the column requirements before moving horizontally 
to the right to the next column. 

With respect to the problem being solved, the NWC Rule involves 
assigning customers’ orders to ames by starting in the upper-left-hand 
comer or northwest corner of Table 2-2 and working outward to the 
right and downward, in stair-step fashion, exhausting the amount avail- 
able at each mine before supplying the next customer. Under these con- 
ditions then, the entries in each customer column must add up to the 
customer requirement shown in the bottom, or Requirements Row, in 
Table 2-2 if the customer is to be satisfied. Likewise, the entries in each 
row must add up to Tons Available at each mine since we cannot ship 
more than the mine can produce. 
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The NWC Rule provides us with a procedure for obtaining a first 
program and is used in computing better programs as well. 


Table 2-3. First-program Table 


N^Destinatioxi 

Mine 

A 

B 

c 

D 

E 

Tons 

available 

Pittsburgh 






jBCfjHro 

Charleston 




(D 



Weirton 





m 

>CfX0 

Tons required 

jiar 

0 

0 

0 

X 

0 

0 

\ 185 

135 


In applying the NWC Rule to develop Table 2-3, we must perform the 
following steps: 

1. Start ill the upper-left-hand comer and compare the amount avail- 
able at Pittsburgh with the amount required by Customer A. There are 
60 tons available at PittsburglS^ while Customer A requires 22 tons. 

2. Select the smaller of these two amounts— in this case 22 tons— and 
place it in the square formed by the intersection of the Pittsburgh Row 
and the Customer A Column. Circle the 22 and deduct it from the 
amount available at Pittsburgh, leaving 38 tons. Customer assignments 
are circled to prevent them from being confused with other numbers to 
be added to the table later. 

3. Move to the right to the next column and determine the amount 
that Customer B requires. In this case it is 45 tons. Compare it with the 
amount available at Pittsburgh, which is 38 tons. 

4. Select the smaller of the two amounts and place it at the intersec- 
tion of the Pittsburgh Row and the Customer B Column. In this case it 
is the amount available at Pittsburgh, which leaves a deficit of 7 tons 
due Customer B that has to be obtained from another mine. 

5. Obtain the 7 tons required to satisfy Customer B from the Charles- 
ton mine and deduct it from the amount available at the mine, leaving 
28 tons available. Circle the value 7 and adjust the amount to zero at 
the bottom of the Customer B Column. 

6. Move to the Customer C Column and again compare the amount 
required by the customer— 20 tons— with the amount available at the 
mine— 28 tons. 
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7. Select the smaller of the two amounts— in this case 20— and insert 
it in the square corresponding to the intersection of the Customer C 
Column and the Mine Row. Adjust values before proceeding. 

8. Proceed in the same manner until all customer requirements have 
been satisfied and the amounts available at each mine are exhausted. 
When completed, the First Program should contain a series of stepping- 
stones or assignments starting in the upper-left-hand corner and pro- 
ceeding in stair-step fashion downward and out to the lower-right-hand 
corner until all requirements have been met and all supplies used up. 

It is advisable after the table is drawn up to make sure that the values 
total up horizontally and vertically. This gives a check on meeting cus- 
tomer requirements and using amounts available at mines. 

After the check, the next step is to cost this program, since it is a 
program that will work— that is, customer requirements have been met 
and capacities of the mines have not been exceeded. Th<' transportation 
or shipping cost of the First Program can be determined by referring to 
the original Cost Table (Table 2-1) and selecting the proper rate where 
orders have been assigned. If the applicable costs were checked they 
would form the same stair-step pattern as the circled values shown in 
the Requirements Table. 

The co.st of the program is determined by multiplying the tons as- 
signed, indicated by a circled value in the First-program Table (Table 
2-3), by the associated cost in Table 2-1. The sum of the multiplication 
gives the program cost. This is shown in the following calculations: 


Cost nf Shipments 
(In dollars) 


Pittsbuigh Mine 

Charleston Mine 

Weirton Mine 

22 X -4 = 

-88 

7 X -3 = - 21 

10 X “4 = -40 

38 X -1 = 

-38 

20 X -2 = -40 

8 X -2 = -16 

30 X -4 = -120 

Total 

-126 

-77 

-160 


-«363 


The First Program meets the general linear-programming conditions 
of starting with some program. The circled values provide a first feasible 
solution and also provide a basis or foundation upon which subsequent 
programs can be computed. 

It is not always tliis simple, however, because there is a requirement 
of the transportation method which states that there must be a certain 
number of circled values in each program in order for the procedure to 
work. The certain number of ’circled values is established by a matrix 
algebra formula. Reduced to nCnmathematical terms, this formula simply 
states that where there are m number of rows and n number of columns 
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in a matrix or table the number of entries or circled values have to add 
up to at least m + n — 1 entries. In the problem that we are solving 
there are three rows and five columns. This means that m = 3 and n — 5. 
The minimum number of entries needed to make the procedure work 
can be determined by substitution in the formula. Since m = 3 and 
n = 5, then the minimum number of circled values required is m + n — 1 
= 3 + 5 — 1 = 7. Seven circled values are required to make the proce- 
dure work. Inspection of the first program shows that the requirement 
has been met. 

As the computations progress there may be times when the total num- 
ber of circled values will be fewer than m + n — 1. It happens some- 
times during the computations that several of the values being manipu- 
lated are the same and “drop out” of the computations, and as a result 
the number of circled values becomes less than m + n — 1. The proce- 
dure in this case is to leave in the program one of the circles with a zero 
value in it and treat it as if it were a positive number. Eventually, it will 
adjust itself or drop out as the computations proceed. 

4. Test the first program for improvement: rules for testing programs 

At this point we want to know whether the First Program is the best, 
or least-cost, solution. This is the first point at which the true linear- 
programming steps become different from usual pcncil-and-paper meth- 
ods. This can be determined by examining each unfilled square in the 
table to see whether it is more^'^desirable to move an assignment into one 
of them. The purpose of the examination is to see if a better combination 
of sources and destinations (mines and customers) can be developed. 
A better combination, if there is one, is developed by calculating a 
value with which to evaluate each vacant square relative to the existing 
program. Calculated values will provide the basis for determining if 
further improvement is possible or not (if there is a better combination 
of circled values than the one set up or not). 

The rules for testing programs by evaluating vacant squares for pos- 
sible improvement are as follows: 

1. Select a vacant square to be evaluated. The important point to 
remember in evaluating vacant squares is that each square in the table 
represents a possible combination of source and destination. Further, 
any transfer of assignments from one source to another must be bal- 
anced by an offsetting transfer at another source. 

2. Trace a path through the existing program. The evaluation process 
requires tracing a path through the existing program of circled values. 
The general rule for tracing a path is to start horizontally from the 
vaeant square and using cireled values as stepping stones, work back 
to thd same vacant square using a series of vertical and horizontal 
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moves. Always Select circled values that permit changing path direction; 
otherwise it will not be possible to \yDrk back to the vacant square being 
evaluated. Always follow the most direct route possible. Jumping over 
circled values is permitted. 

3. Trace the same path in Table 2-1, setting out the costs or rates that 
correspond to the circled values. Attach a plus sign to the first circled 
value and then alternate minus and plus signs, stopping a^ the circled 
value in the column containing the square being evaluated. 

4. Total the plus and minus cost values thus obtained and then sub- 
tract from this total the cost value of the square being evaluated. 

5. Repeat this process until all vacant squares contain a value. If all 
noncircled values are positive, the best answer has been obtained. If 
any of tlie values are negative, it means that a better solution ic possible. 

Now that we have the rules for testing a program, the next step is to 
test the First Program for transporting coal by computing values for the 
vacant squares of Table 2-3. Using the rules as a guide and taking them 
in order, we obtain the following results: 

1. Select the empty square at the intersection of the Pittsburgh Row 
and the Customer C Column as a place to start. The square is designated 
in the table by a check mark. It makes no difference which vacant square 
is used as a starting point. Choose a circled value in the same (Pitts- 
burgh) row which will allow a vertical, or 90-degree, change-of-direction 
move to another circled value. The circled value in the same row that 
will allow a vertical move is (||) , which will allow a next move to (^. 

2. Move to another circled value in the same row so as to return to 
the column containing the empty square being evaluated. The next value 
then in the same row as is ^ , and in this case it is in the same 
column as the square being evaluated. So the path traced out in Table 
2-2 is as shown in the following diagram: 
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3. Trace the same path in Table 2-1. Reference to Table 2-1 shows 
that the path that corresponds will take in —1, —3, and —2. 



To these values attach plus and minus signs, starting with a plus and 
alternating plus and minus signs as indicated. 

4. Subtract from their total, which is -f(— 1) — (— 3)-|- (—2) =0, 
the cost value of the square fbeing evaluated. This result is 0 — ( — 3) 
= 3, and the figure 3 is placed in the square at the Pittsburgh-Customer 
C intersection. 

5. Repeat the process until all vacant squares are filled. When this 
has been done the First Program is as shown in Table 2-4. 

Essentially, the evaluation process is carried out to determine the 
desirability of moving one of the circled values to a new position. When- 
ever any of the noncircled values are negative, a better answer can be 
obtained by moving one of the circled values from its present position 
to the square occupied by a noncircled value. If more than one negative 
value occurs, the most negative value designates the square to which a 
circled value should be moved. 

Once it is determined that negative values exist, the next problem is 
to determine which circled value should be moved in order to obtain 
the best answer possible at that point. This is determined by letracing 
the path in both tables that was followed in establishing the square in 
which the most negative value appeared, selecting those circled values 
which were assigned a plus sign, and selecting the smallest value and 
using it as the point to start a new program. 
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Table 2-4. First Program 


>sDestiiiation 

Mine 

A 

B 

c 

D 

E 

Tons 

available 

Pittsburgh 

® 

® 

v/ 

3 

4 

4 

60 

Charleston 

-4 

© 

® 

© 

1 

35 

Weirton 

-5 

0 

-2 

® 

® 

40 

Tons required 

22 

45 

20 

18 

1 

80 

1 

135 

1 


Total transportatiou costs: $363 


The presence of negative values in the unasagned or vacant squares indicates that 
improvement is possible. 


5. Improve the program until the best program has been calculated: 
steps for improving programs 

The detailed stejji foi improving the solution until the least-cost solu- 
tion has been calculated are as follows: 

1. Retrace the path in bo h tables that was followed in establishing 
the square with the most negative value. 

2. Select those circled values which were assigned a plus sign. 

3. Select the smallest of those values and form a new table, placing 
that value in the square corresponding to the most-negative-number 
square. 

4. Enter all other circles the new table at tlieir previous position 
but without any values. 

5. Proceed to recalculate the next table, using the NWC Rule to de- 
termine the values to be inserted in the circles in the new table. Repeat 
the testing and evaluating procedure. Successive tables are calculated 
until all noncircled values are positive. 

The steps for determining the circled value to move to improve the 
First Program start with the most negative number. This number is —5. 
Retracing the path in the program or matrix used to obtain that value 
involves the following circled values: 
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The corresponding path in Table 2*1 witii alternate plus and minus 
signs added is as follows: 

+ ®“® + ©“@) + @ 

+(-4) - (-2) + (-3) - (-1) + (-4) 

The smallest circled value preceded by a plus sign is (^. This value 
is placed in the Second Progra^ Table (Table 2-5) in the square cor- 
responding to the one occupied by the —5. 

Next, all circles with the exception of are placed in the Second 
Program Table (Table 2-5) in the same positions they occupied in the 
First Program Table (Table 2-3) without any values being shown in 
them. Then, the assignment process is begun all over again, requirements 
being matched with supplies and the entire process repeated until one 
program has all positive values in the empty squares. 

The program of least transportation costs is obtained on the Sixth 
Program. The fact that all the values in the vacant or unassigned squares 
are positive indicates that the best program has been reached. 

Each Program, including the First through the Fifth, is a feasible 
program that meets customer requirements and does not exceed avail- 
able capacity. Each successive program shows a decrease in transporta- 
tion costs from the $363 of the First Program to the $290 minimum cost 
of the Sixth Piogram. Successive Programs from the Second to the Sixth 
are given in Table 2-5. 
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6. Interpret the final program 

In problems as small as this one, it is frequently possible to obtain the 
best answer by inspection. But in larger problems it is difficult if not 
impossible to see the answer, so that methods or procedures of this kind 
are extremely valuable not only for obtaining the answer but also for 
knowing when it has been reached. 

Even in a problem of this size the split of the orders among the mines 
to satisfy customer requirements is not always obvious. Another inter- 
esting point about the final program is that some customers are provided 
coal from mines that are not the cheapest transportation source for that 
particular customer. Customers A and E, for example, are not supplied 
from the mine having the cheapest transportation cost to them. Over all, 
however, the least-cost program has been obtained in terms of the de- 
livery promises because the additional cost incurred by supplying Cus- 
tomeis A and E in this fashion has been more than offset by economies 
in supplying the other customers. 

ALTERNATE BEST PROGRAMS 

Alternate best programs are possible whenever the best program com 
tains a zero in an unassigned or noncircled square. Profits will not be 
increased by using an alternate mstead of the best program originally 
calculated. The alternate progiam, however, provides an additional plan 
for obtaining the same best result, thus enabling management to be more 
flexible because there are more best choices at its disposal. 

In this case the Sixth, or Best, Program contains a zero value in the 
square at the intersection of the Charleston Row and Customer E 
Column. The zero means that nothing is gained or lost by changing the 
program at that point. In othei words, the net change obtained by mov- 
ing a value into the square will be zero. The “cost margin” is zero, but 
additional flexibility is obtained. 

The procedure for obtaining an alternate best program is to treat the 
zero as if it were a negative number and go through the same steps that 
are followed for computing a better program. When this has been done, 
the Alternate Best Program— tin Seventh Program— is as given in Table 
2-5. 

The cost of the Seventh Program turns out to be $290, which is the 
same as the cost of the Sixth Program. 

SUMMARY 

In summary, the transportation or distribution method involves the 
following procedure: 



Table 2-5. Successive and Best Programs 
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Total cost of program = —$315 
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87 



TnHirjifjkji misf. 
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1. Allocate a limited amount of resources (mined coal) among the 
factors (customers) competing for their use according to some best 
criteria (least cost) 

2. Use a matrix or special table arrangement for setting up the prob- 
lem to be solved. 

3. Provide a solution to start with. 

4. Proceed in an orderly way through the computation of successive 
programs until a best answer is obtained. 

5. Calculate margins or weights which are used to develop successive 
programs and determine when the best progiam has been reached. 

6. Present a specific program which if followed will result in the best 
answer being obtained 

7. Allow alternatives to be explored. 

Next we shall take up the modified distribution, or modi, method, which 
is a simpler and newer version or adaptation of the transportation or dis- 
tnbution method and consequently is replacing it in practice. The trans- 
portation method, however, serves as a good introduction to the pro- 
gramming process and to the modi method. 



CHAPTER 3 


The Modi Method 


The Modi Method has proved to be one of the most practical methods 
in application. In this section we shall discuss the modi as a method and 
explain the programming procedure and rules to be followed. 

This section will include the following: 

1. The background and development of the modi method 

2. The requirements for using the method v 

3. The general procedure and rules for using the modi method 

4. The application of the modi method to other types of solutions 

5. The advantages of the modi method to management and the limita- 
tions of the method 

BACKGROUND AND DEVELOPMENT OF THE MODI METHOD 

The Modi— or Modified Distribution— Method is the direct result of an 
effort to make linear 'rogiamming methods more practical for use by 
people in industry. It is an addition and refinement to the Stepping Stone 
Method,^ developed by A. Chaines and W. W. Cooper, and to the Trans- 
portation-problem Procedure,* developed by A. Henderson and R. 
Schlaifer. 

The modi method was developed in an actual business situation. The 
management of a certain company needed a rapid, uncomplicated, and 
easily understood and applied method for providing information. The 
nature of the problem, the freqr 3ncy with which it had to be solved, and 
the limitations imposed by equipment and personnel were such that the 
techniques then available were not completely satisfactory. 

The problem was a planning problem caused by the fact that the sales 
department sold more than the mill could produce. Since future plans 
called for increases in mill capacity, management wished to continue 
soliciting orders and expanding their market. With the mill oversold 
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most of the time, it was necessary for the company to purchase certain 
items from other producers of the same product in order to satisfy their 
customers. The handling, storing, and shipping charges involved in this 
purchasing and reselling usually consumed whatever margin there was, 
so that it was not profitable business. 

To provide a reasonable basis for planning, management adopted a 
general practice of filling customers’ orders according to location. Orders 
from local customers were scheduled to the mill first. Then orders from 
customers in ever widening circles from the mill were scheduled until 
the capacity for the period had been assigned. Customers farthest from 
the mill were then supplied by purchases in distant markets. 

While this method of planning seemed reasonable, it did not take into 
account many important factors which determined the profitability of 
the operation. The modi method was developed for the specific purpose 
of planning this production and purchase program in such a way that 
maximum profit could be realized. 

Linear programming revealed that it was actually far more profitable 
to produce and ship from the home mill certain items demanded in dis- 
tant markets— and absorb the freight involved— than to purchase these 
items. The rate of profit of the mill for making certain items more than 
offset the additional freight or handling involved in sending them to a 
distant market. The program calculated by the modi method showed 
that a substantial increase in profit could be obtained by using this new 
technique as a basis for planning. 

In addition to providing management with most profitable programs 
of “make” and “buy” as a guide for planning, the modi method offered 
opportunities for examining the profitability of other courses of action. 
Programs were calculated for highest utilization of equipment and larg- 
est quantity of production for purposes of comparison. The results of 
these comparisons provided an interesting illustration of the importance 
of proper selection of objectives. Both the most-profit and the largest- 
quantity programs required maximum utilization of equipment. The 
profit from the largest-quantity program, however, was approximately 
20 per cent less than the profit from the most-profit program. 

BASIC CONCEPTS AND IDEAS UNDERLYING THE METHOD 

We said earlier that there are two so-called “classical methods” of 
linear programming. They are the simplex and the transportation or dis- 
tribution ® methods. Actually, the transportation or distribution method 
was developed from the simplex as a special, simplified method. The 
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modi is a “transportation-type method” that has been made more versa- 
tile by refinements and additions developed through application. 

There are a number of basic conditions that data must satisfy before 
the modi method can be used. The most important is the necessity for 
a common or standard unit of measure. All information to be used in a 
modi solution, such as profits, capacities, ratio of production, sales de- 
mand, and the like, must be expressed in terms of identical units, such 
as standard machine hours. In technical language this condition is termed 
homogeneity. Expressing all data in standard units establishes relation- 
ships among the various items of problem information so that direct 
comparisons can be made. This permits the use of the modi method in 
place of the more tedious manipulations of the simplex method. 

A standard unit is a numerical mea.sure or common denominator that 
relates problem information and data in terms of the solution desired. 
The standard unit of measure may have many forms and is frequently 
difficult to establish. For example, it may take the form of dollars per 
cubic foot of storage space per month, or' it may be manufacturing 
margin per standard furnace hour, or the like. It usually takes time and 
effoit to decide on the proper unit and express all information in its 
terms. Once it has been done, however, the savings in computational 
time more than offset the “make-ready” time taken to prepare the data 
for solution. 

The key to establishing the standard unit for the modi is to find one 
lesource, such as a machine group, a furnace, an assembly line, one 
period of time, or the like, to which all other groups, furnaces, lines, or 
time periods can be ^ ^mpared or measured. Then by use of the selected 
factor, all problem information is expressed m relation to it. 

Another lequirement of the modi method is that the demand or re- 
quirements must equal the avoilable resources. Input must equal output, 
the machine hours required must equal the machine hours available, the 
tons required must equal the tons available, and the like. This condition 
is rarely found in a practical problem, but that tact will not prevent use 
of the method. There are simple devices, such as dummy products or 
machines, that are used to create the equality and satisfy the technical 
requirements of the method. 

Like all linear-programming methods, the modi method is a technique 
for manipulating numbers. All data and problem information must there- 
fore be expressed numerically. In some cases it may be necessary to use 
estimates or approximations— especially when one is dealing with in- 
tangibles. For example, a condition like the desirability of avoiding over- 
time must be expressed as a number which represents the penalty con- 
nected with overtime. This mdy not be definable exactly and may have 
to be estimated but must be expressed to be considered. 
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The modi method employs a device that has been used by management 
for many years— that of^putting up the data and problem information 
in one table where they can be studied and evaluated. Quite frequently, 
this step alone leads to considerable improvement because relationships 
and alternate possibilities are more easily seen. In the case of the modi, 
computations are simplified and speeded up by placing all information 
in one place where it can be seen and worked with. 

In summary, the basic general concepts and requirements of the modi 
method are as follows: 

1. It is a transportation- or distribution-type method that has been 
refined and developed through actual application to the point that it is 
versatile and understandable. 

2. The key to the use of the method is establishing a standard unit 
of measure. This is often done by using one factor as a standard to which 
all other factors of the problem are to be compared. This is a requirement 
for using the modi method. 

3. Demands and requirements for use of resources must equal the re- 
sources that are available— even if fictitious demands or resources must 
be added in order to make them equal. 

4. Problems that involve ranges of values and sequencing c'onditions 
tend to limit the versatility of the method unless other step? are taken 
to overcome or offset them first. 

5. All data and problem information must be expressed in numbers 
so that they can be set up in a sinigle tabular array or tableau for manipu- 
lation. 


GENERAL PROCEDURE AND RULES FOR SOLVING PROBLEMS** 

An example problem will aid in understanding the procedures and 
rules of the modi method. In the pages to follow, a model problem is 
developed and solved by the modi method. 

The place to begin any programming problem is to establish that it 
is a programming problem. This is done by referring to the list of basic 
requirements and conditions to be satisfied. This list is as follows: 

1. Objective: What optimum solution is required? Most profit, least 
time, least cost, or the like. The objective must be clearly indicated. 

2. Restrictions: What resources limit or restrict attainment of the 
objective? 

3. Alternatives: Are there choices or alternative ways of using the 
limited amount of resources? Linear-programming methods select the 
best choice— but only where alternatives exist. 

4. Interrelationships: Does a change in one variable affect the objec- 
tive or some other variable? 
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5. Numerical expression: Can all facts and conditions be stated or 
expressed numerically in the form of linear or straight-line equations or 
inequations? 

The modi method, like all programming methods, conforms to the 
steps of the programming procedure, which are as follows: 

1 . Collect problem information 

2 . Arrange information in an orderly manner 

3. Begin with a first solution 

4. Test the program 

5. Improve the program until the optimum is reached 

6 . Interpret the final program 

The problem selected to demonstrate the modi method has been kept 
small purposely so as not to obscure the presentation and development 
of the rules and procedures by details and computations. Actual prob- 
lems of considerable size are included in Section Three, “Application,” to 
provide opportunity to solve real problems of industry. 

Keeping in mind the identifying characteristics and steps in the pro- 
gramming technique, assume that we have a small machine shop, called 
the ASM Company, with foui similar but not identical machines. 

The problem is to assign six orders to four machines to make the 
largest amount of profit in the period being considered. Because of tool- 
ing, one of the orders runs on only one machine The other five orders 
can be run on several machines. If each order is run on the machine best 
suited for it (the ideal machine), some machines will stand idle during 
the period and deliveries will not be made in time to meet promises to 
customers. 

Information relating to the problem and necessary for its solution is 
given in Tables 3-1 to 3-7. 

At this point, then, we are ready to begin. 

Steps for identifying a programming problem 

We must first establish that a programming problem exists. This is 
done by going through the list of requirements and conditions for use 
of programming methods. 

OBJECTIVE 

To assign Orders A, B, C, D, E, and F to Machines I, II, III, and IV 
so as to maximize profits. 

This is a statement of the objective that management wants. Other 
objectives might be least cost or least time. 
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Table 3*1. Sales, Production, and Accounting Information 


Sales 

demand 


Production rates 
(in pieces per hour) 



Accounting costs 
(in dollars per piece) 


Selling price 
(in dollars 








1 



Order 

In 

pieces 

Machine 

I 

Machine 

II 

Machine 

III 

Machine 

IV 

Machine 

I 

Machine 

11 

Machine 

III 

Machine 

IV 

per piece) 

A 

200 

n 

20 


16 

2.50 

2.00 

4.00 

3.00 

5.10 

B 

150 

WSM 

50 



1.20 

1.00 


1.50 

2.00 

C 

400 

0 

10 


8 

.65 

.60 

.70 

.80 

1.50 

D 


27 

30 

15 

— 

4 00 

3 00 

4.50 

— 

6.80 

E 

420 

9 

10 


8 

3.00 

2.60 

3 20 

3 40 

4.00 

F 

150 

— 

75 

H 

— 

— 

1.80 

— 

— 

3.00 



.90 

1.00 

.50 

80 







T 


Standard 

machine 


Table 3-2. Available Capacity 
(In standard machine hours) 



Maximum 

Per cent 

Effective 


Standard 

Machine 

hours 

iltili- 

available 

Index 

machine 


available 

zation 

hours 


hour.s 

I 

40 

j 

.95 

38.0 

.90 

34.20 

II 

40 

.97 

38.8 

1.00 

38.80 

III * 

80 

.80 

04.0 

.50 

32.00 

IV 

40 

.87 

34.8 

.80 

27.84 

1 

Total 





132. SI 


* Operates two shifts 


BESTRICnONS OR UMITATIONS 

There are two types of restrictions in this problem. One type is the 
capacity restrictions— there are only a limited number of machine hours 
available, and it is impossible to schedule all orders on the best machine. 
Machine II, and make delivery on the scheduled date. The other type of 
restriction is the demand— the number of pieces on each order is to be 
met exactly. 
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Table 3-3. Profit per Standard Machine Hour 
(In dollars) 


Order 

Machine 

Profit 

A 

I 

2.G0 X 20 - 52.00 


II 

3.10 X 20 = 62.00 


III 

1.10 X 20 = 22.00 


IV 

2.10 X 20 = 42.00 

B 

I 

.80 X 50 = 40.00 


II 1 

1.00 X 50 =- 50.00 


III 

.30 X 50 = 15.00 


IV 

.50 X 50 = 25.00 

c 

1 

.85 X 10 = 8.50 


II 

00 X 10 - 9.00 


III 

.80 X 10 = ^ 8.00 


IV 

70 X 10 = 7.00 

IJ 

I 

2.80 X 30 = 84.00 


II 

3.80 X 30 = 114.00 


III 

2.30 X 30 = 69.00 

E 

I 

1.00 X 10 = 10.00 


II 

1.40 X 10 = 14.00 


III 

.80 X 10 == 8.00 


IV 

.60 X 10 = 6.00 

F 

II 

1.20 X 75 = 90.00 


Table t»-4. Demand 

(In standard machine hours) 



Standard 


Order 

machine 



•iours 


A 

10.0 


B 

3.0 


C 

40.0 


D 

20.0 


E 

42.0 


F 

2.0 


Total 1 

117.0 
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Table 3-5. Hours per Order by Machine Group 


Order 

Pieces 

1 required 

Hours per order 

Machine I 

Machine II 

Machine III 

Machine IV 

A 

200 

iiH 

10 

20 

12% 

B 

150 

3H 

3 

6 

3% 

C 

400 


40 

80 

50 

D 

600 

22H 

20 

40 

— 

E 

420 

46% 

42 

84 

52% 

F 

150 


2 


- 


ALTERNATIVES 

There are alternate machines on which the orders can be produced. 
All but one order, Order F, has several alternative assignments, and most 
of the orders can be produced on all four machines at varying rates of 
production. 

INTERDEPENDENCE OR INTERRELATIONSHIPS 

With the exception of Order F, which can be preassigned to Machine 
II, the orders compete with each other for machine time. A transfer of 
any one order from one machine to another will have an effect on other 
orders that can be run on that machine, on the total production of the 
machines, and on the profit that results. 

LINEARITY 

The objective, relationships, and conditions of the problem can be 
expressed as a series of related equations containing first-degree powers 
only. The controlling elements in the problem— the machine capacity 
and the profit margin per unit— are linear. An increase in available hours 
brings a proportional increase in output and profit. 

Looking at the problem, then, we see a group of orders (demands) 
competing for a limited amount of machine time (resources). To meet 
delivery promises it is necessary to run some orders on alternatives to 
the best machine on which they can be run. 

The problem, then, is to select from all the possible assignments of 
orders to machines the combination that maximizes profit under the 
conditions of capacity and sales. As a basis for planning, we want to 
know the most profitable choice or program of all available choices or 
programs. 
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STEPS FOR SEniNG UP AND SOLVING A MACHINE-LOADING PROBLEM: 

THE ASM COMPANY 

Having established that the problem is a programming problem, one 
that can be solved by linear-programming methods, we are then ready 
to proceed through the steps for solving the problem. 

1. Collect problem information 

This step has been done. The tables of information that have been 
compiled indicate the nature and land of information that have to be 
collected to solve this type of problem. 

2. Arrange problem information in special table form 

This is an important step in the solution of any problem. Even if we 
were not using a programming technique, it would be useful to make an 
orderly or tabular arrangement of data. The fact that we know there are 
a number of possible answers and that it is difficult to select the best 
answer— especially where the problems are large— indicates that an or- 
derly arrangement of information will be helpful in the analysis of the 
conditions and limitations of the problem. 

1. One step, putting up the information in tables, has been done. 
There are a number of additional steps that have to be taken, however, 
to convert the information to usable form for solution by the modi 
method. 

The next step is to stablish a standard unit that expresses the rela- 
tionship among all variables and conditions of the problem. There is no 
easy rule for establishing the s* indard unit. A trial-and-error process is 
necessary, and practice and experience arc extremely helpful. In general, 
the unit will involve time, money, space, material, or the like and may 
be a compound unit, such as dollars per square foot per month. 

Experience has indicated that a standard machine hour is usually a 
satisfactory unit for production planning. Other examples are demon- 
strated in later chapters. Once vc have decided on standard machine 
hours as the unit of measure for tliis problem, the next step is to select 
one machine as a standard to which the remaining machines can be 
compared. In this problem. Machine II is selected as the standard ma- 
chine and given an index number of 1.00. Any machine could have been 
selected, but Machine II is convenient because it is the most efficient 
and all orders can be run on it. Each machine is compared to Machine 
II and given a number that expresses the relative speed of the machine 
in terms of the standard machine. 

Sometimes the relative speeds of machines are not the same for all 
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products. Then double comparisons, weighting, and the like are necessary 
to establish a usable relationship. If an incorrect index is used, it will 
show up when the final answer is converted to a machine load for each 
machine. It will then be necessary to adjust the indexes until they are 
correct and yield a proper solution. After a number of solutions have 
been worked out, experience will indicate the values that will be correct 
under the conditions of the problem. Changes in product mix generally 
require a new solution of the problem. The next step is to convert the 
information to standard machine hours. Available machine hours are 
multiplied by the index to convert them to standard hoius. Demand is 
converted from number of pieces to standard machine hours by dividing 
by the production rate on the standard machine. Profit per standard 
machine hour for each order is determined for each possible machine 
assignment. It is calculated by subtracting the production cost per 
piece from the product selling price and multiplying by the rate of 
production for the standard machine. 

In establishing costs of production, fixed costs incurred whether the 
machine is running or not need not be included. The accounting costs 
charged to each order consist of the direct labor, material, and expenses 
that can be allocated to the machine on which the order is run. 

2. The second step in arranging the information, now fhat it is in 
usable form, is to set it up in a grid or table (see Table 3-6). To reduce 
the number of calculations and establish a rule that can be followed, 
machines are assigned rows inr^order of decreasing profit from top to 
bottom in the matrix, and orders are arranged in order of decreasing 
profit from left to right. This arrangement decreases the number of cal- 
culations required to solve the problem. 

A formal mathematical requirement of the method is that capacity 
must equal demand, so a dummy product column is added to take up 
the slack or idle time. This product has zero profit and will not enter 
the solution. If there were insuflBcient capacity to meet the demand, a 
purchase row could be added to represent a vendor. Profit values for this 
row could be determined by subtracting the comparable cost of the 
purchased item from the selling price. Valuable information often comes 
from the use of dummy demand or vendors in the calculations. The 
value of additional sales or additional capacity can be determined in 
this way as a basis for management planning. 

A small subsquare, or box, is placed in the square formed by the inter- 
section of each order column and machine row. The profit per standard 
machine hour for running the order on the machine is placed in the 
appropriate subsquare. 
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3. Develop a first solution 

At this point, the table or matrix is ready for loading, or assignment. 
Starting at the upper-left-hand, or northwest, comer, we assign the 
orders to the machines, completely using the capacity of one machine 
before passing on to the next. For example. Order D requires 20 hours, 
and there are 36.8 hours available on Machine II. Therefore, Square 
DII is loaded with 20 hours, leaving 16.8 hours of capacity to be assigned. 
Moving horizontally across the top of the table, we next assign Order A, 
which takes 10 hours of the remaining 16.8 hours. Square All receives 
a circled entry of 10 hour's. Of the remaining 6.8 hours on Machine II, 
3 hours are assigned to Order B and 3.8 hours to Order E, which has to 
be completed on Machine I. The process is repeated until all orders ture 
assigned and all capacity allocated. The remaining capacity of 15.84 
hours is then assigned to Dummy Product. The result is a staircase of 
loaded squares that extends diagonally from the northwest to the south- 
east corner. The loaded values are circled to disliinguish them from other 
numbers used in the calculations. The result of this process, shown in 
Table 3-6, is a feasible program from which a profit of $3,855.36 is pos- 
sible. This profit can be quickly calculated by multiplying each circled 
value by the profit associated with its square and then summarizing. 

We are now at the point where we want to test Program A-1 to deter- 
mine whether it is the best and, if not, how we can do better. Again, 
there is a procedure for determining this. 

4. Test the program: c-mpute row and column values 

The first step in testing the program is to compute row’ and column 
values and place them in their appropriate squares as indicated in the 
table. Row and column values are used to evaluate the desirability (in 
this problem, profitability) of moving an order or part of an order into 
a vacant square (running it on an alternative machine), thus impioving 
the program and increasing profit. 

There are two basic rules to remember in computing row and column 
values: 

1. The sum of the row and column values for loaded squares must 
equal the value in the box of the square formed by their intersection. 

2. A value for one row or column must be assumed as a place to start. 
A convenient place to start to compute row and column values is the 
first row value to the left and top of the matrix, assigning to it a value 
of zero. This is a simple rule that clerical personnel can follow. 

Actually the selection of the starting rows and column makes no dif- 
ference in the final answer. It also makes no difference what value is 
assumed as the starting value. The entire process is a comparative one. 
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We are only interested in knowing whether there is a difFerence when 
we compare figures, not in the figures that provide the difference. By 
starting with a zero, we are in effect setting the profit of the existing 
program at zero and allowing the row- and column-value calculations to 
tell us whether the profit can be increased. 

Starting in the upper-left-hand comer, we assign the row for Machine 

II a value of zero. We must remember to use loaded squares only, and 
die Row and Column values must add up to the value shown in the 
small box or subsquare. The Column value for Order D is 114, obtained 
as follows: 

Let R be the Row value. In this case the value has been arbitrarily 
set at 0. 

Let C be die Column value. 

Let S or ^s] be the Square value. 

Referring to Table 3-6, we find that Order D on Machine II earns 
$114 per machine hour. So S, or this Square value, is $114. 

Then R + C = | 

and S = $114 

Therefore R -f C = $114 

But R has been arbitrarily givfo a value of 0 (zero). 

Substituting 

0 -f- C = $114 or 
C = $114 

In the same way, the Column value for Order A is 62, the Column 

value for Order B is 50, and the Column value for Order E is 14. Because 

Order E has a Column value of 14 and Square El has a Profit value of 10, 
the Row value for Machine I is R -f 14 = 10, R = —4. With Row 
value of —8 and a Profit value of 7 shown in Square CIV, the Coltimn 
value for Order C is 15. Similarly, we find that Row value for Machine 

III is —7, and the Column value for the Dummy is 7. 

By following this general procedure, all Row and Column values can 
be computed. If they cannot be computed it means that the squares 
have not been loaded according to the rules or there are not enough 
loaded squares. The mathematical term used to describe the latter kind 
of breakdown in the calculations is called degeneracy. In other words, 
the process of working to a solution has degenerated to the point where 
it is impossible to go on with the computations. 



Table 8-6. ftogram A-1 

(One operator for each machine) 


B E 


Machine 


I \ 

Row\ 


114 62 50 


J62^ Iso 14 

. @ ® 15 



Dummy 

Stod«d 

machine 

hours 

y available 



standard machine 
hours required 


55 


e 

20 10 

Changes in Load 

C h^.mmy 
product 


32.00 

130.84 

iso.sXv 


* 2 hours deducted for Order P. 
t V Indicates improvement is possible. 

Profit Program A-1 



20 X 114 = 

52,280.00 

10 X 

62 - 

620.00 

3 X 

50 « 

150.00 

3.8 X 

14 » 

53.20 

34.2 X 

10 « 

342.00 

4 X 

6 « 

24.00 

23.84 X 

7 = 

166.88 

16.16 X 

8» 

129.28 

15.84 X 

0 - 

0.00 


$3,765.36 
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Again there is a rule to serve as a guide in this situation. It states that 
for a matrix of H Rows and C Columns there must be H + C — 1 entries 
or circled values. 

In a modi solution, if there are not sufiBdent circled values, the step 
to overcome degeneracy is to add a circle— generally where one existed 
in the preceding solution— and place a zero in its center. With all Row 
and Column values calculated, we are then ready to determine whether 
a better assignment can be made by testing the value of using a vacant or 
unloaded square. 

Again, this can be reduced to rules. The procedure is to compare the 
sum of the Row and Column values to the value in the subsquare or box 
of each vacant square. The basic purpose is to determine whether im- 
provement or increase in profit can be obtained by moving an entry into 
a vacant square. 

The first rule is as follows: 

If the sum of the Row and Column values is larger than the Profit 
value, it signifies that a greater profit is obtained by leaving that square 
vacant. If, on the other hand, the Row and Column values total less than 
the Profit value of the square, it means that profits can be increased by 
transferring an order to the vacant square (machine in the row of the 
square). 

The second rule is as follows: 

Start at the upper-left-hand comer and evaluate the vacant squares 
working outward and dowiiwajd. At this point there are two options. 
You can stop at the first square in which the calculations indicate an 
improvement is possible. Or you can evaluate all vacant squares. 

In Program A-1, the sums of Row and Column values are shown in 
the vacant squares. The evaluation is made by comparing these figures 
with the Profit values. Comparison shows that shifting orders into the 
squares formed by Dummy IV ( 0 is larger than — 1 ) or EIII ( 8 is larger 
than 7) will increase profits. This means that it is possible to do better 
and increase profits by changing assignments of orders to machines. The 
squares involved indicate the point at which improvement can be made. 

Profit will be increased by transferring work to either of the squares. 
The amount by which the Profit value in the square exceeds the sum of 
the Row and Column values is equal to the amount of additional profit 
that will be made by transferring 1 hour of work to the square. 

5. Improve the program until the best program has been calculated 

The program is improved by transferring work to the selected square. 
For this problem we shall select the Dummy III Square because it pro- 
vides an opportunity to show how the Dummy can be helpful. The first 
rule for improving the program is as follows: 
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Starting in Square Dummy III, move left or right to a circled value 
from which a vertical move can be made. Then move up or down to a 
circled value from which a horizontal move can be made. Continue this 
pattern, alternating horizontal and vertical moves until the path is re- 
traced back to the starting square. In this problem the path is the 
rectangle indicated by the arrows. In some cases the path will be more 
complicated. In every case the first move should be a horizontal one, and 
the aim should be to trace a path back to the starting square in the short- 
est number of steps, jumping over circled values when encountered. 

The second rule is as follows: 

Label the starting box with a minus ( — ) sign and the others along 
the path alternately plus (-)-) and minus ( — ). From the squares hav- 
ing a plus ( + ) sign, select the one with the smallest circled value. In 
this problem the value is 15.84 shown in Square Dummy III. Add this 
value to each of the squares having a minus sign and subtract it from 
each square having a plus sign. This always unloads or empties one 
square. It may happen that the smallest circled value may appear in 
several squares that have been given a plus sign. In this case, subtracting 
the value from the plus squares will empty several squares. As a result 
it will not be possible to compute Row and Column values because 
there are no longer fl + C — 1 entries or circled values. To overcome 
this, select one of the plus squares to be emptied and leave it empty. 
In the remaining emptied squares, place a circle with a zero in it. The 
circled zero will serve as an entry for computations but will not affect 
the balance because it is zero and does not take machine hours or help 
to fill an order. 

The new loading shown in Table 3-7. The profit is now $3,871.20 
—an improvement of $15.84. This proves that the move has improved the 
profit position. The improver «ent can also be shown by taking the dif- 
ference between the profit in Lhe subsqnare and the sum of the Row and 
Column values [0 — (—1) = 1] and multiplying it by the number of 
hours shifted; 15.84 =: $15.84. 

At this point we do not know whether the best or most profitable 
program has been obtained. Therefore, new Row and Column values 
must be computed and used ’o test the vacant squares for possible im- 
provement. If improvement is indicated, then the load is shifted by 
tracing a path, selecting a value to be transferred, and balancing hours 
available with hours required. If no improvement is indicated, then the 
best answer has been reached in the calculations. 

Applying this general process to Program A-1, we find that further 
improvement is possible. The new Row and Column values indicate that 
profit margin can be increased by transferring part of Order E to Ma- 
chine III. The steps and results of the transfer are shown in Table 3-7. 
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Table 3-7. Frogram A>2 



Changes in Load 



Profit Program A-2 

20 X 114 o 92,280.00 

10 X 62 =■ 620.00 

3 X 30» 150.00 

3.8 X 14 = 53.20 

34.2 X 10 - 342.00 

4 X 6 - 24.00 

8 X 7 - 56.00 

15.84 X 0 = 0.00 

32 X 8 - 256.00 

83,781.20 
Order P 90.00 

Total 83,871.20 

An improvement of $15.84 


42 


40 
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Table 3-8. Program A-3: The Most-profit Program 




D 

D 

B 

E 

C 

Dummy 

product 

Standard 

machine 

hours 

available 

Machine 

\col. 

Row\ 


L4 

■ 

62 

50 

14 

14 

6 



B 

114 

■ 

Wi 

■a 

H 



9 


0 

* 

11 

0 


■ 

m 

■ 




14 


6 


36.80 

1 

-4 

i 

no 

84 

58 

52 

40 
46 ' 



1 

10 

S') 

2 

0 

34.20 


■I 

■ 

fS 

■] 

42 

11 

mm 


7 


B 


IV 

Bi 

1 

■ 

55 


m 

H 

■ 

@ 



a 

27.84 

III 

1 

-6 

1 

■ 

n 

56 

22 

15 

44 

©' 


® 

8 

0 

E 

32.00 

Standard machine 
hours required 

20 

10 

3 

42 

40 

15 84 

130.84 


* 2 hours deducted for Order F. 


Profit Program A-2 


20 

X 114 = 

$2,280.00 

10 

X 

62 - 

620 00 

3 

X 

50 = 

150.00 

3.8 

X 

14 B 

53.20 

34.2 

X 

10 - 

342.00 

4 

X 

8 = 

3200 

12 

X 

« 

84.00 

28 

X 

8 - 

224.00 

15.8x V 

0 - 

0.00 


$3,785.20 
Order F 90.00 

'Total $3,875.20 

An improvement of $4.00 










































56 Section Two; Methods 

The same process is repeated to arrive at Table 3-8. Program A-3 is the 
most-profit program because none of the vacant squares has a Profit value 
higher than the sum of its Row and Column values. This indicates that 
the most-profit program has been calculated. Frequently there are alter- 
nate best solutions. These occur when the sum of the Row and Column 
values exactly equals the value shown in the subsquare of the vacant 
square. By treating the condition as if it were one that could be im- 
proved, an alternative program for obtaining the same result will be 
provided. The profit will not be increased, but management will have 
increased flexibility for planning because it has another program for 
obtaining the maximum profit. 

6. Interpret the final program 

Now that the best program has been computed, the last step is to 
convert from standard units to original units and set up a machine load. 
The conversion steps arc shown in Table 3-9. 


Table 3-9. Conveision .ind Comparison of f'omputed Program to Original 

Problem Reqiiiiemcnts 


Order 

Machine 

No 

htandaid 

hours 

Index 

1 00 

1 1 

No 

actual 

machine 

hours 1 

1 

Pieces 

per 

1 hour 

1 

1 

Pieces 

scheduled 

Pieces 

required 

A 

II 

10 

10 00 

20 

200 

200 

B 

II 

3 

100 

30 

50 

150 

150 

c 

III 

28 

50 

5C0 

5 

280 


IV 

12 

.80 

15 0 

8 

120 

400 

D 

II 

20 

1 00 

20 0 

30 

600 

600 

-_1 

I 

34 2 

90 

38 0 

9 

342 


E 

II 

38 

1.00 

3.8 

10 

38 

420 


III 

40 

.50 

8.0 

5 

40 


F 

n 

2 

1 00 

20 

75 

150 

150 


The sales requirements are met by this program. Orders C and E are 
split and run on several machines as indicated in the table. 

The machine load in actual hours is shown in Table 3-10. 

All machines except Machine IV are fully loaded. Machine IV has 
19.8 hours available. 
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Table 3-10. Madiine Load 
(In hours) 


N^achine 

Order 

I 

II 

III 

IV 

A 


10 



B 


3 



C 



56 

15 

D 


20 



E 

38 

3.8 

8 


F 


2 

j 

» 


Total 

38 

38.8 

64 

15 

Hours available ! 

38 

38.8 

64 

34.8 


At this point, then, we have progicsscd through the basic steps of the 
programming approach, demonstrated the conditions and requirements 
that have to be satisfied to use a linear-programming method to solve a 
problem, and worked through the steps in the modi method, including 
the interpretation of the results. Tlie steps for solving a problem by 
the modi method of linear programming are summarized below. 


SUMMARY OF STEPS FOR APPLYING THE MODI METHOD 

1. Express the problem and objective accurately. 

2. Collect and analyze problem information. 

3. Express the problem information and data numerically in common 
units. 

4. Rearrange the data in a matrix or table so that the Northwest 
Corner Rule can be used to make assignments. 

5. Begin with a first solution by making the basic assignment of 
circled values to squares using the Northwest Comer Rule. Evaluate the 
program as set up. 

6. Compute row and column values, starting with zero in the first row 
in the upper-left-hand corner. 

7. Test the program for improvement by evaluating the open squares 
to determine whether a better assignment can be made. 
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8. Transfer an assignment or part of an assignment to a more beneficial 
or profitable vacant or open square found in step 6. 

9. Compute new row and column values. 

10. Continue to improve programs by using the same basic procedure 
until further improvement cannot be obtained. At this point the value 
of each vacant square is equal to or less than the sum of its row and 
column values. 

11. Interpret the final program. 

ALTERNATIVE SOLUTIONS BY THE MODI METHOD 

The problem just considered illustrates the use of a dummy column 
to dispose of excess resources. Insufficient resources or excess demands 
can be handled in the same way by using a dummy row. 

1. Insufficient resources or excess demand 

Suppose the sales demand for Order F in the period had increased to 
1,800 pieces. Order F runs on Machine II only (index 1.00). At a pro- 
duction rate of 75 pieces per hour it would now require 24 hours to 
complete the order. This additional production requirement raises the 
demand for standard machine hours to 139, which exceeds the 132 84 
standard machine hours available. To accommodate this condition and 
meet the technical requirements of the method the Dummy Machine 
Row is added. . 

The problem as set up in tableau or matrix form appears in Table 
3-11. 

Determining the values in the subsquares presents a new problem. 
The subsquare values for Dummy Machine must represent the profit 
from not making the item, which will usually be some negative value. For 
example, if we decided that some items must be made, the profit from 
not making them would be called — M. (— M is a prohibitive penalty in 
such cases. ) M is an indefinitely large number. It is not assigned a value 
but otherwise acts as if it were a number. It is treated as if it were a 
number whenever it enters the calculations. Actually it is a convenient 
mathematical device which has considerable use in programming proce- 
dure, as we shall see later in application. 

In general, the — M is used to prevent a certain event from happen- 
ing in the calculations. In other words, the penalty or cost attached to 
the event is so large that the computations exclude the possibility of 
ever including the event in the final solution and program. It may help 
to think that — M means “must not occur.” 

In the present problem, the method uses the — M to make sure that 
all existing capacity is used in the most profitable way possible. Since 
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D 

A 

B 

E 

C 

Standard 

machine 

hours 

available 

Machine 

\col. 

Row\ 

114 

82 

70 

40 

41 

II 


■1 

114 


1 62 


1 50 

n 

14 



14.80* 


82 


70 


40 

41 


I 

-30 

1 

84 

■■ 

52 

i 

11 

■■ 

119 


85 

34.20 



1 


11 


IV 

-34 



48 

42 

36 

25 

PI 

I 

(Ts? 

7 

27.84 

. 

III 

-33 

81 

1 69 

49 

22 

37 ^ 

15 

■ ..A 


8 

pmi 

K^HH 

1 

1 

1 

32 00 

Dummy 

machine 

B 


BE 

-ilf 

_ 

-Af 

-Af 

M 

-M 

6.16 



-M-t-20 

-Af-1 


Standard machine 
hours required 

20 

10 

3 

42 

40 

\ 115 

iisX 


* 20 hours deducted for Older F, V Indicates improvement is possible. 


Change in Load 


E 

C 



14 

9 

10 

(16^ ■ 

8.5 

6 

7 


8 


-ilf 


. 

42 

40 


Profit Program B-1 


14.8 

X 114 « 

$1,687.20 

5.2 

X 

84 « 

43C.80 

10 

X 

52 = 

520.00 

3 

X 

40 = 

120.00 

16 

X 

10 = 

160.00 

26 

X 

6 = 

156.00 

1.8f X 

7 = 

12.88 

32 

X 

8 « 

256.00 

Total 



83,348.88 
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Table 3-12. Ingram 8-2 




D 

A 

B 

E 

C 

Standard 

machine 

hours 

available 

Machine 

\col. 

Row\ 

114 

82 

70 

40 

40 

II 

1 

0 


114 


1 62 


50 


14 



• 

14.80 


82 



i 





I 

■ 

■ 

84 

■ 

52 


m 


lio 

n 

8.5 

34.20 



1 42 


1 

0^ 

10 

IV 

-33 


m 

49 

37 

_26. 

7 


■■ 

1 

27.84 

III 

-32 

i 

82 

69 

50 

1 22 

38 



i 

^^5 


32.00 

Dummy 

machine 

-ilf 

-40 

L 

-M 


-M 

l-Af 

l-ilf 


6.16 

-M+74 

-M+42 

-Jlf+30 

-M 


Standard machine 
hours required 

20 

10 

3 

42 

1 

40 

\ 115 

iisX 


Profit Program B-2 

14.80 X 114 » $1,687.20 

5.20 X 84 =1 436.80 

10.00 X 52 - 520.00 

3.00 X 40 - 120.00 

16.00 X 10 - 160.00 

27.84 X 7 - 194.88 

26.00 X 8 - 208.00 

6 X 8 - 48.00 


Total $3,374.88 

An improvement of $26.00 
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the Dummy Machine does not exist except in the calculations, we want 
to be sure that all of the real capacity is used. The — M forces the orders, 
taken as a group, to their most profitable machines. The fact that there 
is no place for the least profitable work to go is the reason the excess 
demand ends up on the Dummy Machine. The work scheduled on the 
Dummy Machine is held over until the next period or subcontracted. 
The most-profit program under problem conditions is shown in Table 
3-12, The most profit is $3,37488. Comparing this total with the most- 
profit program— Table 3-8 in the previous problem— wc see that selling 
the additional amount of Order F has reduced profits and caused a par- 
tial rather than a complete delivery on Order C. This is summarized in 
Table 3-13. With this kind of information, management is in a position 


Table 3-13 Effect of Changing Order F 


Program 

Most profit 

Number pieces 

(in dollars) 

Order produced 

A-3 

3,875 20 

400 

B-2 

3,374 88 

338 

DilTerenrp 

500 32 

62 


to evaluate the profi’^ability of orders and take action on promises to 
customers. 

2. Multiple machine assignment^ 

In the original problem presented in this section, suppose that Ma- 
chines I and IV are run by the same operator and that the operator can 
run only one at a time. Fuithermorc, let us assume that eithei machine 
can run the equivalent of 35 standard hours but that the operator can 
run a total of 50 standard hours only. One of the machines, theiefore, 
will be idle for at least 20 standi* rd hours. Handling this type of situation 
is fairly simple for the modi method, provided it is expressed correctly 
in the problem. The conditions that have to be included in the problem 
are as follows: 

1. Schedule Machine I and Machine IV 35 hours each. 

2. Produce 20 hours of Dummy Product on either machine and no 
other. 
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Table 3-14. Program C-1 




1 

D 

B 

B 

£ 


Dummy 

product 

Balancmg 

dummy 

Standard 

machme 

hours 

available 

Machine 

\g)1. 

Row\ 

114 

62 

50 

14 

15 

■ 

-Af + 7 

11 

■ 

H 

n 

■ 

1 

1 

■ 

1 

1 

m 


B 

i 

15 

£ 

1 

B 

■ 

-M + 7 


36 80* 

1 

■ 

1 no 

[s; 

n 

58 

52 

1 

146 

40 

* 

1 

■ 

1 

m 

m 

1 

3 

£ 

Qm 

-M + 3 

35 00 

IV 

-8 


M: 

1 

42 

1 


■ 

6 


□ 


D 

- \/ 
^-jir - 1 

IB 

35 00 



54 

1 

■ 


■ 



B! 

1 


III 

B 

107 

1 69 

1 

55 

22 

n 

43 

£ 

7 

£ 


B 

■ 

1 

m 

1 

Rjjjl 


3200 

Standard machine 
hours required 

20 

10 

3 

42 

40 

38 

20 

13880 


*2 hours deducted for Order F. 
y/ Indicates impro\ ement is possible. 


Change m Load 

; C 


C 

Dummy 

product 

Balancing 

dummy 

Li 


£ 


zi£ 

ki 

1 

1 ^ 



^ L- 


[I 



_ 8 
^2) 

© 

ll 

L 

-JIf 

40 

38 

20 


Frofit Program C-1 


20 X 114 - $2,280.00 

10 X 

62 - 62000 

3 X 

50 - 150.00 

38X 

14 - 63.20 

35 X 

10 - 35000 

32X 

6 - 19.20 

31 8 X 

7 - 222.60 

82X 

8- 6560 

38X 

0 - 0 


$3,760.60 

Order F 

90 00 

Total 

$3,850.60 
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D 

H 

B 

E 

c 

Dummy 

product 

Bal- 

ancing 

dummy 

i 

Standard 

machine 

hours 

available 

Ma- 

chine 

\col. 

Row\ 

114 

62 

50 

14 

15 

7 

8 

II 

0 

■II 

114 

I 

62 

I 






m 


-M 

36.80 


1 

■ 

■ 


15 


7 


8 


I 




1 

58 

152 

46 

\jL 


m 

m 

11 ^ 

85 

3 

0 

4 ' 

0 

35.00 

IV 

-8 

j 


1 

54 

42 

1 

42 

25 

1 ^ 



Ll 

-1 ^ 

I 

0 

@ 

0 

3500 








III 

-7 


169 

n 

22 

n 

15 

m 

1 




ID 


-M 

Z2M 

107 


55 


43 



■ 

1 


Standard ma- 
chine hours 
required 

20 

10 

3 

42 

40 

3.8 

20 

138.80 


>/ indicates improvement is possible 

Change in Load 


£ 

C 

@ 

14 




10 


[ 8.5 

1 

6 


L? 

@ 

8 


Ci 

42. 

40 
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Table 3-16. Program C-3 



40 


3.8 
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Table 3-17. Program C-4 




D 

B 

B 

E 

C 

Dummy 

product 

Bal- 

ancing 

dummy 

Standard 

machine 

hours 

available 

Ma- 

chine 

\col. 

Row\ 

114 

62 

50 

14 

1 

14 

1 

7 

7 

II 

0 


114 

■ 

n 


m 


1 


9 

7 ^ 

H 


-M 

36.80* 


1 

m 

m 


14 




7 


I 

-4 

n 

no 

84 

1 

58 

lil 

1 

46 


(§) 

ii 

1j 

10 

S.5 

n 

3 

k 

0 

3 

35.00 

IV 

-7 

1 


m 

19 

■ 

1 

m 

■ 

■ 

B 

ft 

7 

1 


B 

■ 

0 

@ 1 

35.00 

III 

-6 



1 

56 

22 

4^ 

*^1 



- |8_ 


8 

1 

0 

1 

-M 

32.00 

Standard ma- 
chine hours 
lequired 

20 

10 

3 

42 

40 

38 

20 

i 

138 80 


* 2 hours deducted for C* 'er F. 


Profit Program C-4 


20 X 

114 = 

$2,280.00 

10 X 

62 - 

620.00 

3 X 

50 = 

150.00 

3.8 X 

14 = 

53 20 

35 X 

10 * 

350.00 

3.2 X 

8 = 

25.60 

11.2 X 

7 = 

78.40 

28.8 X 

- 

230.40 

3.8 X 

0- 

0 

20 X 

0 - 

0 



13,787.60 

Order F 


90.00 


Total 18,877.60 


An improvement of ^.00 
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To make sore that the method considers these conditions in the prob- 
lem, there are several steps that must be taken: 

1. Establish a second dummy column labeled Balancing Dummy to 
use up the 20 hours that tibe operator does not run. 

2. Use —Ms as profit values for the Balancing Dummy on Machines 
U and nZ, The — M means that the idle time of the operator of Ma- 
ddoes 1 and IV must not appear in the calculations on Machines 11 and 

m. 

The initial program as it would be set up for computation is shown 
in Table 3-14. The Best Program, which is the Fourth Program calcu- 
lated, is also given in Table 3-17. The programs in between are shown 
in Tables 3-15 and 3-16. The best program shows the following: 

Machine IV is idle 20 hours. 

Operator runs Machine I for 35 hours and Machine IV for 15 hours, 
a total of 50 hours. 

The program meets the additional restrictions imposed by one operator 
running two machines. 

The profit from this program is $3,877.60. 

3. Least cost 

In each of the problems solved using the modi method, inost profit 
was the objective for which a program or schedule was sought. As we 
have indicated a number of times, programming methods can be used 
to solve for a number of different objectives, and then the different re- 
sults and programs can be compared as a basis for management plan- 
ning. 

If we were to sohe the original problem in this section for minimum 
or least cost we would have to convert to cost per standard machine 
hour. The information about tlie selling price is not necessary for load- 
ing machine centers. We shall assume that all the work can be scheduled 
since capacity exceeds demand and that, therefore, the income from sales 
is fixed. 

The arrangement of data follows the Northwest Comer Rule with the 
least costly orders, and the machines on which they run appearing in the 
upper-left-hand corner. Cost values go into the subsquarcs instead of 
the Profit values. The assignment of orders follows the staircase pattern. 

There are two ways of treating the cost per standard machine hour; 

1. One way is to leave all cost information positive, using the rule 
that improvement is obtained by looking for vacant squares that have a 
lower cost value than the sum of the row and column values. This time, 
instead of the zero profits that were assigned to the Dummy Machine, 
an M— a very large cost— is used instead. We cannot use zeros because 
that indicates no cost or the cheapest cost which would load the Dummy 
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Machine fiirt. Instead we use M to make sure that there is no unsched- 
uled work as long as there is capacity available. The arrangement of 
problem information in this way is shown in Table 3-18. 


Table 3-18. Program I>-1 




c 

E 

A 

B 

D 

Dtbuny 

product 

Standard 

machine 

hours 

available 

Ma- 

chine 

\col. 

Row\ 

6.0 

29.5 

55.3 

703 

130.S 

JIf - 4.7 

II 

0 


Wm 

29 5 

26 0 

55 3 

40 0 

■ 

50 0 


i 90 oJ 

J 


• 

36 80 

Km 

130 3 

u 

I 

5 

I 

6 5 


300 

1 

55 8 

50 0 


06 0 



M 

L 

34.20 




70 8 

M-4 2 1 

IV 

47 


80 


1342 

J 

600 

1 

& 

75 0 

1 


M 

27 84 

10 7 



QOO) 






III 

47 

10 7 

70 

34 2 

320 

1 


800 

75 

85 0 


135 0 


liL 

32 00 

60 0 

0 

(^0 

) 

(mp 

Standard ma- 
cluiie hours 
required 

40 

42 

1 

10 

3 

20 

15 84 

130 84 


*2 hours deducted for Order F. 


The least-cost program is shown in Table 3-19. 

2. The second way to look at the cost information involves the mathe- 
matical concept that minimization is a maximization process m whic 
the key information has been multiplied by -1. Under this arrange- 
ment, the problem information .s ^hown in Table 3-20. 

The leasticost program is shown in Table 3-21. As you can see, there 
is no difference between the two least-cost answers. 

ADVANTAGES AND IIMITATIONS OF THE MODI METHOD TO MANAGEMENT 

The modi method is a practical, easy-to-work procedure that can be 
reduced to rules and taught to clerical personnel once the basic problem 

has been set up and routines eslablished. «. mi« 

The modi method is self-correcting m the event that arithmetical mis- 
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Tidde 3-19. Program D-2 




C 

E 

A 

f 

B 

D 

Dummy 

product 

Standard 

machine 

hours 

available 

Ma- 

chine 

\col 

Row\ 

1 

26 

40 

50 

90 

M -7 

II 

0 


6.0 




400 

I 

H 


90 0 



* 

36.80 

1 








M- 

7 

I 

■ 


6.5 

■ 

300 

1 1 

1 

50 0 

1 

60 0 


1200 

n 

I M 

34.20 

5 



44 


54 


94 

M- 

3 

IV 

■ 




34 2 


600 


75 0 

■ 

m 

■ 


27.84 



33 


47 


57 


■ 

■ 


m 

6 

1 

7.0 

mm 

n 

800 


85 0 


135 0 


M 

32.00 

m 



46 


56 



M- 

1 

Standard mar 
chine hours 
required 

40 

42 

10 

3 

20 

15 84 

130 84 


takes are made during the calculations. By balancing or adding up the 
assigned demands and assigned resources and comparing them to le- 
quired demands and available resources, arithmetical errors can be 
corrected. 

Pci haps the best advantages of the modi method are the savings in 
computation time and a i eduction in the number of calculations. Both 
of these advantages stem from more efficient organization of problem 
information and greater simplification in the methods of calculating 
programs. These advantages represent real savings in time and money 
when problems and programs are required to be solved and calculated 
frequently. Also large problems can be worked out manually in a com- 
paratively short time. These advantages make it possible to solve for 
several best answers— profit, cost, time— in a relatively short time so that 
management can consider a number of possibilities before making a com- 
mitment. In addition, alternatives can be explored and their effect as- 
sessed before the fact. In short, the manager has information that im- 
proves his decisions and effectiveness 

These advantages tend to be offset in part by the fact that the modi 
is a specialized method and can be used only when problem data are set 
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Table 3-20. Program E-1 
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in ^ ittme unib. First applications indicate that it is not too diffi* 
cult to do this, although it may take additional time. Once done, how- 
ever, the reduction in computing time far offsets the extra time required 
to put the data into the same units. * 

Another limitation of the method is that it cannot accommodate sev- 
eral stages of a problem or situation simultaneously. For example, we 
cannot solve a production planning problem considering separately a 
sequence of operations, such as engine lathe, grinder, and assembly. 
They can only be handled separately or as a unit. 

In some problems it may be desirable to work with ranges of numbers 
rather than with a definite specific number. The modi method cannot 
accommodate such situations. 

Another condition which may limit the use of the modi, unless it is 
overcome by devices, is the inability to handle a number of problem 
restrictions and conditions at the same time. It is possible, for example, 
to handle certain sales and capacity restrictions at one time; but it is 
not possible to introduce sales, capacity, storage, space, material, and 
yield conditions into one matrix or problem setup at one time. There 
have not been many cases where this has been necessary, because with 
experience it is possible to work with the data so that once in the matrix 
it reflects the desired condition. 

Possible areas of application for the modi method are many. The list is 
growing. The modi typifies and is leading and pointing the way to bet- 
ter, more practical applications ^f mathematics to business problems. 

We shall return to the modi method in Section IV, “Application.” 



CHAPTER 4 


The Simplex Method: Fart 1 


Tlie Simplex Method is the l^asic linear-programming method from which 
the other known methods have been derived Basically, it is a technique 
for obtaining an optimum solution to a set of related linear equations 
and inequations. The method selects from all possible solutions the 
unique solution (oi solutions) which makes a certain function (cost, 
quantity, profit, or other requirement) a maximum or minimum. 

The simplex method is the universal method, Tjoing adaptable to the 
solution of a wider range of problems than any one of the other meth- 
ods. Since it is fundamental to the field of linear programming, it will 
be treated in detail in this and the succeeding chapter. 

The purpose of these chapters is to show how 1o use the simplex 
method, and they will therefore present the method as a practical tech- 
nique for solving many industiial problems. The derivation and proof of 
the mathematics underlying the method are omitted from this section. 
They are, however, stated in Section IV, ‘Technical Appendix,” under 
the title “Mathematical Discussion of the Simplex Method.” Other refer- 
ences are contained in the Bibliography. 

BACKGROUND AND INTRODUCTION TO THE SIMPLEX METHOD 

In the previous section on the modi method, the method was intro- 
duced by describing the actual industrial problem that gave rise to its 
development. The steps and rules of the method were explained in terms 
of this actual problem. This type of explanation is convenient for illus- 
trating key points. It also has the advantage of providing the reader with 
a specific reference when problems of application are encountered in 
practice. 

The origin of the simplex method, however, was mathematical rather 
than industrial. As mentioned earlier, the development and background 
of the simplex has been primarily in the field of mathematical economics, 
and it is based on the work of Dantzig, Orden, Chames, and their cob 
leagues. There is, therefore, no “original industrial problem.” But to 
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follow the practice of using industrial problems to explain and develop 
the essential steps of each method, a small but realistic hypothetical 
problem will be used in place of an actual one. 

A SIMPLEX PROBLEM: THE BI-PRODUCT COMPANY 

To solve a problem by the simplex method requires stating the desired 
objective as an equation in terms of the unknowns for which a solution 
is sought, expressing the conditions and restrictions as equalities and 
equivalent equalities, arranging the coe£Bci<j:nts of the unknowns in a 
table or grid (matrix), and so constructing a first feasible solution that 
the first answer is zero. The first solution is then replaced by another 
feasible solution in which the answer is as large as or larger than the 
previous one. This replacement process continues in incremental, or step- 
by-step, fashion until the method indicates that further increases are not 
possible, thus indicating the attainment of an optimum solution. 

Each replacement of a solution by a new solution is called an iteration. 
Each new solution is developed by selecting that activity (shown by a 
matrix column) which shows the largest unit margin or possibility for 
improvement and then bringing it into solution by replacing an activity 
which is less desirable. The final solution, obtained after a series of 
iterations, represents the best possible program under the specified re- 
strictions and conditions. With this introduction to the steps of the 
method, we now turn to tlic prcjblcm. 

The problem to be used to demonstrate the simplex method is a 
product-mi.v-type problem. A product-mix problem is perhaps the best 
problem for demonstrating the simplex procedure because it can be 
expressed simply and completely with few conditions and restrictions. 
This makes it possible to stress certain features of the method without 
complicating the picture unduly. 

The statement of the problem and the information needed to solve 
it follow. 

Bi-Product Company 
Most Profitable Product Mix 

problem: To determine the most profitable mix of two products— 
Product A and Product B. The problem assumes that all products made 
can be sold. 

given; Three machine centers, the hours available on each during a 
1-weck period, the time per piece expressed as hours per piece, and the 
profit margin per piece. The profit margin per piece is provided by the 
Accounting Department and for purposes of the problem is essentially 
the difiFerence between selling price and variable costs. Profit margin per 
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piece is considered to be firm for the period being considered. Fixed 
costs are considered separately and are not reflected in the data. 

Products A and B have to be processed through all three machines in 
order to manufacture a completed piece. 

Only complete pieces will be accepted. 

The detailed information and conditions of the problem are sum- 
marized in Table 4-1. 


Fable 4-1. Production and Profit Information 


Mat hine 

Uoui!, r 
< I Vt d 

»er piece 

Hours 
' Available 

contcT 

Produ(*t A 

V. >441 

Piodijct B 

I 

2 

4 

Up to 48 

II 

4 

2 

^ Up to (K) 

III 

3 

0 

Up to 3r> 

Profit margin 
p<'r piece 
(in dollans) 

G 

4 



This problem, because of its charade ‘li.slics and .small size, can be solved 
graphically and algebraically, as well as b) tlie simplex method. It can 
be solved by inspection as a few moments’ study will show. Larger prob- 
lems, typified by many products, machine centers, operations, rates of 
production and the like, cannot be shown graphically and are difficult to 
solve algebraically. Trying to solve them effectively by inspection re- 
quires either a crystal ball or more than a lair share of good luck. This 
point can be demonstrated easily by enlarging the given problem so 
as to include several more products and machine centers and then 
attempting to find a “best,” or optimum solution. Such a solution is 
nearly impossible by the usual methods employed in most of industry 

The problem used to demonstrate the simplex method is made simple 
to facilitate understanding of basic concepts, principles, and computa- 
tional steps. Because of its small size, it is possible to see what is going 
on as the calculations are carried forward to the final answer. It can also 
be compared to a geometric solution in order to provide a clearer pio- 
ture of what takes place. Then, if there is a question about what is hap- 
pening in larger problems when* they are encountered in practice, refer- 
ence to the geometrical solution of the problem will be helpful. 
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GEOMETRIC OR GRAPHIC REPRESENTATION AND SOLUTION 

As long as linear-programming problems are small they can be plotted 
geometrically. But when they are larger— beyond three dimensions (in- 
volving three products, for example)— they cannot be shown geometri- 
cally because there is no way of showing multidimensional space. Al- 
though no one has seen multidimensional space, or “n-dimensional 
space,” as it is referred to technically, it is assumed that for simplex pur- 
poses a problem can be formulated and an $mswer obtained similar to 
that obtained for three-dimensional problems. 

In the March, issue of Mechanical Engineering, R. M. Morse had 
an interesting explanation of this, as follows: 

The linear programming problem can be visualized most simply in 
geometrical terms. The n variables define n dimensional space; a 
point of this space corresponds to a hyperplane in this space, re- 
stricting the allowed solutions to one side of the hyperplane. By the 
time we have finished specifying all the restrictions (negative pro- 
duction not allowed, maximum limits on storage capacity, limits on 
production, and so on) we find that we have surrounded the region 
of possible solution by hypersurfaces, so that the allowed region is 
the interior of a convex polyhedron in the hypersurface. If the 
function to be optimized is a jjnear function of the variables, then 
the requirement that this function have some constant value also 
corresponds to a hyperplane which may or may not cut through the 
polyhedron; if it does, then it corresponds to an operationally j)os- 
sible value of the function to be optimized. By changing the value of 
the constant, we can generate a family of hyperplanes parallel to 
each other, their distance from the origin being proportional to the 
value of the function to be optimized. 

Some of the hyperplanes in this family cut through the polyhedron 
containing the region of solution; some do not. There are two limit- 
ing hyperplanes, one corresponding to the largest value of the func- 
tion for which the hyperplane just touches the polyhedron, and one 
corresponding to the smallest value which just touches. Considera- 
tion of the geometry shows that for most orientation of the family 
of planes, the limiting planes just touch a vertex of the bounding 
polyhedron and thus contain just one possible solution compatible 
with aU the boundary conditions. The outermost limiting point is 
die optimum solution if the function is to be maximized. Once the 
geometry is clear in one’s mind, it is easy to visualize the solution. 
But, aj; present, it is not easy actually to compute the optimum vertex 
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when there are several dozen variables and about a hundred bound- 
* ary faces of the polyhedron. 

The problem chosen to illustrate the simplex method is two-dimen- 
sional. It can be plotted on rectangular coordinates with each product 
shown on a separate axis. 

Geometrically, the solution to the problem must fall within the shaded 



Fig. 4-1 Geometric Representation ai» Solution Most Profitable Product Mix for 
Bi-Prodiict Company 


area bounded by the three capacity lines. This means that the number 
of completed products cannot exceed the amount of capacity common 
to all machines. To be realistic the answer must be positive (real pieces) 
so that the solution must also lie in the first quadrant bounded by the 
X and Y axis, the only quadrant ui which both X and Y are positive. 
Since capacity is expressed as an equation or hne, the solution to the 
problem will occur at an intersection of the capacity lines shown in 
Figure 4-1. 

The profit equation expressed as a line must be added to the geometric 
figure to obtain a profit answer. In this problem, the profit expression can 
be shown as a series of parallel lines moving outward from the origin. 
In larger problems, the profit expression becomes a plane which acts 
the same way to indicate most profit 
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The most profitable answer to the problem is indicated geometrically 
at the point at which one of the profit lines toudies the outermost part 
of the shaded area. At diis point all of die shaded area lies between 
the profit line and the origin. Line(^on the diagram is the line of most 
profit because all of the shaded area— the area common to all three ma- 
chines— lies between the line and the origin. Line(^on the other hand, 
although desirable and feasible, shows that there is capacity available 
whidi can be used for further production and profit. 

ALGEBRAIC SOLUTION 

The values and relationships expressed by the capacity equations of 
this problem have been selected with care in order to demonstrate that 
a solution to the problem is possible algebraically. The solution, how- 
ever, is unique to the conditions of the problem. Very seldom does it 

happen that algebraic methods can be used to find an optimum point 

for this type of industrial problem— especially when the problem in- 
volves many unknowns. 

An algebraic solution to the problem can be obtained by considering 
the equations of machine capacity, which are as follows: 

Capacity Machine Center I: 48 = 2X -f 4Y (4-1) 

Capacity Machine Center II: 60 = 4X -j- 2Y (4-2) 

Capacity Machine Center III: 36 = 3X (4-3) 

where X = amount of Product A 
Y = amount of Product B 

Equation (4-3) shows that X = 12, and by substitution in either Equa- 
tion (4-1) or Equation (4-2) Y = 6. Therefore, the algebraic solution to 
the problem is X = 12, Y — 6, the same solution as obtained graphically. 
These values check out in Equations (4-1) and (4-2). 

The algebraic solution was worked out to call attention to and demon- 
strate a number of features of the simplex method. First, to solve a prob- 
lem by the rules for solving simultaneous equations requires at least as 
many equations as there are unknowns. For example, if there are 20 
unknowns, it is necessary to have 20 equations to obtain the answer. 
In industry, many problems, such as machine-loading problems, involve 
hundreds of products and many machine centers. This would make the 
solution by simultaneous equations impractical because of the sheer 
size of the problem— even if it were possible to have as many equations 
as unknowns. The simplex* method does not require as many equations 
as unknowns in order to calculate an answer which makes it more useful 
for industry. 
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Second, there is nothing implicit in an algebraic solution that provides 
an optimum or best answer. This can be illustrated by use of simultaneous 
equations. Suppose that the expressions of machine capacity are 6X + 2Y 
= 420 and 5X + 5Y = 420 and that the profit expression is Z = 8X + 9Y. 
The solution by simultaneous equations is X = 63 and Y = 21, which 
gives a profit of $693. The most profitable answer by simplex or geo- 
metrical solution occurs at X = 0, Y = 84, which gives a profit of $756. 

STEPS AND REQUIREMENTS FOR SETTING UP A PROBLEM FOR SOLUTION 

To solve a problem by thp simplex method requires arranging problem 
information in a special way and following (‘ertain procedures and rules 
in calculating a solution. The general process for solving a problem by 
the simplex, once it has been identified, involves setting it up for solu- 
tion, using the “mechanical” loutines. These steps will be demonstrated 
using the product-mix problem of the Bi-Product Company. 

To solve a problem using the simplex method demands that certain 
requirements are met and that certain conditions exist. These conditions 
are very important when it comes to setting up the problem, since cor- 
rectly setting up the problem is essential to the success of the result. 
Tlie mechanical techniques involved from there on are fairly simple 
and routine. 

In order to set up the problem correctly the following conditions must 
be met: 

1. There must be a known, definable objective, such as maximizing 
profit or output or miniioizing time or costs (objectives such as these 
are also termed criteria). The mix that gives the highest profit margin 
is the objective sought in the pi* blem under study. 

2. There must be known, defii able restrictions or limitations on the 
amount or extent of the attainment of the objective. Such limitations 
might be machine capacity, material restrictions, sales commitments, 
and storage limitations. The 48 hours available on Machine Center I 
is a t5q)ical capacity icstriction that limitj production and consequently 
profit for the period being consid'*iM. 

3. The objective must be expressed in algebraic form in terms of un- 
knowns (terms whose value is to be determined) with explicit coefiS- 
cients. For example, highest profit margin = 6X -j- 4Y, where X and Y 
represent unknowns, the most profitable amounts of which are to be 
determined when the profit margin per unit is $6 and $4, respectively. 

4. The restrictions or limitations on the attainment of the objective 
must be expressed algebraically and contain the unknowns expressed in 
the objective. These may be stated as equations or inequations. For 
example, the amount of Product A — denoted by X— and the amount of 
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Product B— denoted by Y— that can be produced are limited by the 
amount of time available on Machine IL Algebraically, this capacity' 
restriction may be stated as 4X -j- 2Y^ 60. This kind of expression is 
known as an inequation. This inequation stated in words says simply 
that the amounts of products to be run may or may not take all of the 
time available. This is an option that management wants to exercise in 
running the machine anyway and is therefore highly practical. In order 
to make the method and solution recognize the condition, it must be 
built into the problem as it is set up for solution. The inequation is the 
mathematical way to do it. To put it another way, if the expression read 
4X + 2Y = 60, it would mean to the method that all the 60 hours must 
be used to produce the two products, and the answer would come out 
accordingly. The answer, depending on which expression is used, may 
be quite different and serves to highlight the care that must be observed 
in formulating a problem for solution. 

Another example of a restriction is illustrated by sales commitments 
for delivery of 20 pieces of Product B during the production period In 
other words, the required amount of Product B— denoted by Y— to he 
produeed must equal 20 pieces (Y = 20). This rcstiiction is an equation. 
Each of the expressions contains the variables or unknowiis X and Y 
that are found in the objective. 

In addition to these general conditions, there are a number of other 
requirements which must be met before the simplex method will apply. 
These basic requirements are as*^follows: 

1. The various activities involved must be identified 

The activities of a given problem refer to the various “actions” in which 
it is possible to engage. For example, an activity might be the manu- 
facture of a product, the shipping of a product, the storage of material, 
and the like. When different products, such as Product A and Product B, 
are to be manufactured, each product represents a different activity. 
When the same product can be manufactured on alternate machines, 
each alternate method is an activity. The manufacture of a product on 
regular shifts is a different activity from the manufacture of the same 
product on overtime. 

Generally, an activity is represented by a column when the problem 
information is set up in tabular or matrix form for solution. 

2. The level of activity must be specific and measurable 

For example, the Boston warehouse can store up to 500 packages, 
Machine I can be run up to 48 hours per week. Machine II can be run up 
to 60 hours, and the like. 
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3. The unknowns must be linear 

This means that changing the level of the activity must change the 
effect of the activity proportionately. For example, the amount of profit 
and pieces produced in the sample problem must go up or down evenly 
with the level of production or number of available machine hours. This 
relationship when plotted in break-even-chart style will appear as a 
straight line. Stated another way, linearity means that a change in the 
time allotted to a product causes a proportional change in the amount 
of profit and product. 

4. The various activities iriust be interdependent 

Activities are interdependent when they must share limited amounts 
of resources which they use in common, when one activity produces a 
commodity which another uses, or when several activities each produce 
a commodity used by another activity. 

The first type of interdependency exists wheif various products com- 
pete for available machine time so that the amount of each product 
produced depends on the time assigned to the others. The more of Prod- 
uct A that is manufactured, foi example, the smaller the amount of 
Product B that can be made. This type ot interdependency is the result 
of a restriction on machine capacity. 

Another type of interdependency would occur if Product A required 
Product B in its manufacture. The amount of Product A that can be 
made is dependent upon the amount of Product B that is available. 

5. The direct restrictions on the level of the activities must be stated 
in numerical terms 

For example, a direct restrictioi is that at most 200 pieces of Product 
A can be sold this peiiod, or the operating level of the Kansas City plant 
must be maintained at least at 60 per cent of rated capacity. 

6. The objective or criterion must be a function of the level of each 
of the activities engaged in and must also be linear 

For example, if the objective is to maximize profits, then the amount 
of profit depends upon the total amount ot each product that is to be 
produced and the profit per piece of each. Further, an increase in the 
amount produced brings a corresponding or proportional increase in 
profit. 

A summary of the conditions and requirements that must be met to 
use the simplex method is as follows: 

1. The various activities must be identified. 

2. The level of activity must be specific and measurable. 
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3. Tile unknowns must be linear. 

4. The various activities must be interdependent. 

5. The direct restrictions on the level of the activities must be stated 
in numerical terms. 

6. The objective or criterion must be a function of the level of each 
of the activities engaged in and must be linear. 


DESCRIPTION AND PARTS OF A MATRIX 

A Matrix, or Tableau, is a form in which problem information is put 
up for computation. Before we go into the specific steps for setting up 
and solving a matrix, it will be helpful to describe a matrix and to 
identify the parts and function of each. Figure 4-3 shows the required 
orderly arrangement of numbers in rows and columns. These numbers 
are the constants and coefficients of the unknowns, collected and re- 
arranged to facilitate computation. 

The objective and conditions of the pioblem expiessed as equations 
and inequations are as follows: 

Objective: Most profit Z = 6X -j- 4Y 

where Z = the maximum answer 

X = no. of pieces Product A 
Y = no. of pieces Produ<^ B 
that provide the maximum Z. 

Capacity 

restrictions 

on profit: Machine I: 48 ^ 2X -f- 4Y 

Machine II: 60 ^ 4X -f 2Y 
Machine III : 36 ^ 3X 

These inequations state that the products that make up the most profit- 
able mix can use all or part of ( ^ ) the capacity of the machine centers. 

When this information has been converted, collected, and rearranged 
in proper form, the result is the simplex matrix, or tableau, shown in 
Table 4-3. 

There are two important points that must be taken into consideration 
before one sets up a simplex matrix. 

1. All the equations and inequations mttst relate to the same problem. 

2. Inequations (expressions of machine capacity in the example) must 
be converted to equivalent equations by the addition of idle, or “slack,” 
variables which are also unknown variables. The satisfaction of these 
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requirements wiU be demonstrated in the following description of the 
matrix and its parts. 

1 . Ports of a matrix 

The four principal parts of a matrix are the Column Caps, Stub Body 
and Base Row. These main parts together with their subparls ae showiJ 
in Figure 4-2. 



Fig. 4-2. Parts of a Simplex Matrix or Tableau 


1. The Column Caps consist of the objective factors and column desig- 
nators. 

2. The Stub consists ol the columns to the left of the constant or P© 
column. 

3. The Body consists of the columns to the right of the stub and lying 
between the column caps and the base. 

4. The Base Row is the bottom row of the matrix. It serves as an indi- 
cator that tells which product to add to the program and when the most 
profitable program has been reached. 

1. Column caps: Each column or a matrix consists of all the coeffi- 
cients of one unknown. For example, X represents an unknown in the 
sample problem. The unknown is usually a number of pieces, pounds, 
yards, or some other unit which we are trying to determine. The cap 
of the column contains the unit profit or objective coefficient of the un- 
known. 

The equation containing all these caps is called the Objective Equation. 
(In certain literature on programming these terms are called C s. The C 
for any column / is referred to as a Cj.) The column cap is made up of 



Section Two: Methods 


C, 


Po 

0 

Pi 

0 

Pi 

0 

Ph 

6 

Pi 

4 

Po 

Column 

Caps 

Body 

'Base Row 

0 

Pi 

48 

1 

0 

0 

2 

4 

0 

Pi 

60 

0 

1 

0 

4 

2 

0 

Pf, 

36 

0 

0 

1 

3 

0 

z,-c, 






1 

J 


< » » I I I 


Stub Identity Trunk 

Fig. 4-3. Simplex Matrix 

two parts— the Objective Factors, or CoefiBcients, and the Column Desig- 
nators. 

a. Objective factors: The Objective Factors are the coefficients of the 
column designators, or unknown variables in the objective equation. For 
example, the number 6 is the objective factor for the column designator 
Pi. The objective factors arc expressed as profits per unit, cost per unit, 
time per unit, and the like. 

b. Column designators: Th^ Column Designators are the designating 
symbols or letters at the head of each ctrlumn in the body of the matrix— 
the unknowns or variables. These symbols or letters arc letters of the 
alphabet, such as X, Y, and the like, or they may be one letter with num- 
bered subscripts such as Pq, Pi, P 2 , Pa, and the like. The letter P will be 
used in the ensuing discussion. 

2. Stub: The Stub of the matrix is a part of the column caps of the 
matrix placed in columns at the left-hand side of the matrix. The stub 
in the first matrix consists of the column caps of the identity. They are 
arranged in the same vertical sequence as the horizontal sequence to the 
right in the identity. One entry in the stub changes with each iteration 
of the matrix. 

3. Body: The Body of the matrix consists of the constants of the equa- 
tions and the coefficients of the unknowns that set up the restrictions or 
conditions that limit the maximization or minimization. The body con- 
sists of three sections, the Constant Column, designated by the letter Po, 
the Trunk, and the Identity. 

a. Constant column: The Constant Column contains the constants for 
each equation. It is next to the stub. In some cases it is referred to as the 
0 (zero) Column. In technical literature it is referred to as the Po Column. 
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b. Identity: The Identity consists of the coe£5cients (ones) of the un- 
knowns that are added to the inequations to make them equations. The 
identity consists of a one and a number of zeros for each equation in 
the first matrix. There are three inequations in the illustrative product- 
mix problem one for each machine center— so that the identity consists 
of three ones arranged in diagonal stair-step fashion as shown in the 
simplex matrix. The ones are arranged in a diagonal row running from 
the upper-left-hand comer to the lower-right-hand comer of the identity. 
The identity must always be a square. That is, there must be as many 
rows as there are columns shown in the identity in order to be certain 
that the computations will. work. Tliis is a m.-ithematical requirement, 
but it is obviously true if all unknowns in the identity are in the stub. 
The zero profit values of the identity provide the first zero profit program. 

c. Tmnk: The Tmnk of the matrix consists of the original coefficients 
of the unknosvns when the equations were m the form of inequations. 

4. Base row: The Base Row of the matrix is the “lowest” row of figuies 
in the matrix. The base row is sometimes callotl the Index Row. This 
row contains the “margins” that indicate when improvement can be 
made and when the best answei has been reached. 

ARRANGEMENT OF THE FIRST MATRIX 

Before problem iniomiation can be put up in a matrix, several steps 
have to be taken to express the data and infoimation in usable form. 
These steps include establishing comparable units of measure, convert- 
ing inequations to equn ions, and rearranging the equation terms. 

1. Establishing comparable units of measure 

In an earlier section, it was si own that the modi method requires a 
standard or common unit of measure into which all data and Information 
are converted. In the simplex method the unit of measure requirements 
are not as rigid, but they are just as important to the success of the solu- 
tion. The simplex method requires that units are used that will permit a 
logical relationship of problem -nformation and answers. These units 
need not be identical for all terms, but they must be comparable. For 
example, in the equation of machine capacity 2X -f 4Y -f- Pg = 48, the 
sum of the hours per piece times pieces for each product adds up to 
hours— the unit on the other side of the equation. On the other hand, 
if the production time were expressed as pieces per hour, the units on 
one side would not be logical in terms of the other. The simplex 
method permits including several types of restrictions provided that in 
the computational process the units are comparable. For example, both 
sales and capacity restrictions can be included in the same matrix when 
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sales restrictions are expressed in pieces and capacity in hours. In the 
computational process the capacity will be used to produce pieces, which 
compares to the pieces sold. 

2. Converting inequations to equations 

An inequation is an expression that states certain terms are equal to 
or less than ( ^ ) or equal to or greater than ( ^ ) some value. In order 
to carry out the simplex calculations, it is necessary to convert all in- 
equalities to equivalent equalities. This is done by adding another 
term (or terms) to the inequality, thereby ipaking it a usable equality. 
For example, the expression of the hours available on Machine Center II 
is 2X -f- 4Y ^ 48. This expression states the time allocated to X and Y 
on the machine center can be equal to or less than the 48 hours available. 
This also expresses the way capacity would be regarded in industry. 
The simplex, however, requires the capacity to be expressed as an equa- 
tion. This is accomplished simply by adding another term to the expres- 
sion which has a rate of production of one and a profit of zero. The term 
can be regarded as if it were another product (an artificial product) 
which will have a zero value when all capacity is used to produce X and 
Y or represent idle time when some capacity is not used. The capacity 
equation with these changes becomes 2X -)- 4Y -I- IP = 48. llie concept 
of idle time, or slack, is important industrially and mathematically. In- 
dustrially, idle time does occur, and it is usually desirable to minimize 
the effect of it where possible. The mathematics of LP not only provide 
a way of dealing with slack but also require it to be introduced into 
the problem in order to use the computational methods. Another rule 
that apphes to converting inequations to equations concerns the direction 
of the inequality sign. The inequality signs are equal to or greater than 
( ^ ) and equal to or less than ( ^ ) . The rule is that all inequalities must 
be pointed in the same direction before they are converted to equations. 
The direction of an ineq uality can he changed bv multip lying or dividing 
both sides by minus one ( — 1). 

3. Rearranging equation terms 

The formation of the first matrix is preceded by a rearrangement of 
equation terms. The rearrangement is carried out as follows: 

1. The constant for each equation is written on the left-hand side of 
the equation. We take the equation 2X + 4Y + IP = 48. In Table 4-2 
the number 48 is the constant and is placed on the left. The unknowns 
and their coefiBcients are then on the right, except that the idle-time, or 
slack, variables used to change the inequations to equivalent equations 
are listed before the other variables and their coefficients. This sequence 
is the revtprse of the way in which equations are usually written, but it 
does not change the value or relationship. Any unknown that occurs in 
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one equation must appear in all equations. The unknowns that have no 
influence on an equation are written in with a zero coe£Bcient as indi- 
cated. Tlie equation when rearranged is as follows: 48 = IPs + OP 4 -f- 
OPs -t- 2Pi -r 4 P 2 . This is identical in value and relationship to the equa- 
tion 2X-f 4Y-I- 1/3 = 48. 

All equations are rearranged in this fashion and the coefiicients of 
like terms placed in the same column. 

Now that the arrangement of equations has been completed and the 
coeflScients and constants placed in the first matrix, the next steps include 
adding the coeflBcients of the objective equation and completing the 
stub and base row. 

2. The objective has been established as highest profit (most profit- 
able product mix). In order to maximize profits, a profit per piece is 
required. The profit per piece for X is $6, for Y $4. By use of these values 
the profit express on, or objective equation, then becomes 

Maximize. Z — 6X + 4Y . 

The coefficients of this expression are written as the caps to their ap- 
propriate columns in the matrix. When filled in completely, the cap 
appears as shown in Figuie 4-4. 
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There are no profits on the “idU time” or slack terms, so Pb, P 4 , and Pb 
are assigned a value of zcio 

3. The stub is the next part oi the matrix to be filled in. Stub values are 
obtained from column-cap values. The objective factors and column 
designators of the identity columns are listed in rows in the stub. These 
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values are placed vertically downward in the stub in the same order 
that they are listed from left to right in the cap. 

When the stub is filled in the matrix for the most profitable product 
mix, it is as shown in Figure 4*5. 

4. The base, or index, row is all that remains to be filled in to com- 
plete the first matrix. The base is filled in by calculating a value for each 
column in the base, or index, row to the right of the stub, using the other 
values in the matrix, which is a computational routine. 

COMPUTATIONAL ROUTINE OF THE SIMPLEX METHOD 

The computational routine starts by calculating values for the base 
row of the first matrix. 

1. Calculating the base row 

Each base- or index-row value is the difference computed by taking 
the sum of the products formed by multiplying each entry in each col- 
umn by the corresponding value in the stub, minus the objective, or 
column cap, for each column in the first matrix. The procedure for cal- 
culating the base-row values to complete the first matrix is as follows: 


Procedure 

1. ScJect any column to the right of the 
Stub. Start with Column Pq. 


2. Multiply each entry in the Pq Column 
by its corresponding entry in the c 
(profit per piece) Column and total. 
This is the profit, or Z, for the pro- 
gram. 

3. Subtract the Cap (C) value for the col- 
umn and place the difference in the 
Base Row in the Fq Column. This is 
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2 0 X 48 = 0 
0 X 60 =» 0 
0 X 36 = 0 


Total » 0 
-0 

Difference s 0 
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The remaining values in the base row are calculated by the same pro- 
cedure and are as follows: 
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Difference 0 Difference 0 Difference 0 Difference —6 Difference —4 


Although it is not essential, it will simplify and standardize notation 
if at this point Pi is substituted for X and P 2 for Y. When all values have 
been properly entered, the completed Matrix 1 is as given in Fig. 4-6. 
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Fig. 4-G. Matrix 1 (Tableau 1) 


This is the same matrix as the Matrix 1 (Iteration 1) of Table 4-2. 
The profit of the First Program is zero— indicated by the zero in the 
Pq Column. The products that are contained in the Matrix 1, or Tableau 
1, are listed in the Program Products Column. These are the idle-time, 
or slack, products. Each of these has a profit of zero, which of course 
makes the total program profit zero. The presence_of negatiye yalues in 
the Base Row indicates that improvement is possible. Negative six 
( -6) means that $6 can be added tQ the- profit -of the program for 
each unit of Product A brought into the program. The addition of each 
ihiit of Product B will add $4 to profits. In summary, then, the first 
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matrix in a series of matrices is an orderly arrangement of the coeffi- 
cients of the unknowns and the constants in a family of equations (the 
other matrices in a series are developed by performing specific computa- 
tions on the components of the preceding matrix). The parts of a matrix 
are the objective factors, column designators, stub, body identity, identity 
diagonal, body trunk, base row, and Pq column. 

The family of inequations and equations used to build up a matrix 
must have certain qualifications. They consist of an objective and a 
series of restrictions or limitations on the amount of the objective that 
can be attained. It must be possible to express the objective and the 
limitations or restrictions algebraically in linear, or first-degree, equa- 
tions. All the unknowns that occur in one inequation or equation must 
be present in all equations. This may mean that many coefficients of 
the unknowns will be zero. In most cases there are numerous solutions 
to a system of inequations and equations. The problem is to find the 
most advantageous feasible solution. By starting with a solution (first 
solution), the simplex technique for manipulating matrices arrives at a 
best solution by proceeding through successive matrices, using a repeti- 
tive or iterative procedure until the most advantageous feasible solutfoh 
is obtained. 

2. Computing successive matrices: the Iterative Process 

The solution procedure, starting with a completed first matrix, is to 
manipulate the values in the first matrix according to an iterative proc- 
ess so that a second matrix is obt^ned. An iterative process is an arith- 
metic process that repeats itself over and over again, following a stand- 
ard pattern. Successive matrices are developed according to a pattern 
until the best solution and program is reached in the last matrix. The 
complete solution, involving three iterations, is shown in Table 4-2. The 
number of matrices required to solve a problem will vary with the type 
and size of problem being solved. 

The logical first step to take to obtain a more profitable solution is to 
determine which product will add the most to the profit per unit and 
then include it in the next matrix. In this problem that product is A 
—with a unit profit margin of $6. 

Whenever a product is brought into the solution, two conditions have 
to be considered in order to make sure that a more profitable solution 
will be obtained. They are: 

1. The amount of profit per unit that will be added to the profit total 
by including the new product in the program 

2. The effect of using the time required to produce that product, since 
manufacturing capacity will be taken away from other products which 
can add to profits also 
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Table 4-2. Most Profitable Product Mix* 


Profit 
margin 
per piece 
(in dol- 
lars) 

Pro- 

gram 

Po 

0 

Pi 

0 

Pt 

0 

Pi 

6 

Pt 

4 

P% 

Ratios 

0 

Pi 

48 

1 

0 

0 

2 

4 

49^-24 

6% «15 

Iteration 1 

- 12>/ 

-6 

Iteration 2 

Iterations' 

0 

Pt 

60 

0 

1 

0 

4 

2 

«- 0 

-Ps 

36 

0 

0 

1 


0 



0 

0 

0 

0 

-6 


<— 0 

Pi 

24 

1 

0 

-H 

0 

® 

0 

Pi 

12 

0 

0 


0 

2 

6 


12 

0 

0 

H 

1 

0 



72 

0 

0 

2 

0 

-4 

4 

Pi 

6 

H 

0 

-H 

0 

1 ' 

1 

0 

P* 

0 

-H 

1 


0 

0 

6 

Pi 

12 

0 

0 

H 

1 

0 

Highest profit 
margin (in 
dollars) — > 

96 

0 

2 


0 

0 


Most Pro*’ tabic Product Mix * 

12 pieces of Product A at $6 per piece ■■ $72 
6 pieces of Product B at $4 per piece ■■ 24 


Total $96 

Use of Machine Time 
A ^ B 

Maclune 

Center I 2houisperinece X 12piece8 -1- 4hounper piece X Sineces ■■ 48 hours 
Machine 

Center II 4 X12 -|-2 X6 -eOhouis 

Machine 

Center III 3 X 12 

* Mix that yields the highest manufacturing mar|^ 


«86 hours 
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This can be seen more clearly by considering what happens when 
one piece of Product A is brought into the solution. It will add its unit 
profit of $6. But adding one piece of Product A will require production 
time, and that production time must be taken away from the time that 
could be allocated to other products, since there is only a limited amount 
of production time available. Based on the first solution, producing one 
piece of Product A (Pi) will require 2 hours on Machine I, which will 
take away productive capacity or time for the production of other prod- 
ucts on that machine— including idle time (P3) and Product B (P2). 

3. Manipulating matrix values 

Successive matrices are computed from values in the preceding matrix. 
The procedure for developing a new matrix requires first the selection of 
a key column ( other than the Po Column ) and a key row in the current 
matrix. By definition a Key Column is that column which has the largest 
or most negative number in the base or index row. It is the column whose 
product will add the most profit per unit. 

Looking at Matrix 1 which has been computed, we find that the 
largest negative number in the Base, or Index, Row (aside from the 
Po Column) is —6. This designates the Pi Column as the Key Column. 
Generally, the key column is “boxed” so as to set it off for ease of calcu- 
lation. The key column is usually a different column in successive 
matrices. The final matrix does not require a key column because it is 
not necessary to develop another matrix. 

The key row is also found for eai^h matrix except the last one. The key 
row is always located in the body of the matrix. It is selected by divid- 
ing each positive number in the key column into a positive number or 
zero in the same row in the constant column andTelecting die row" with 
the smallest ratio. This smallest ratio represents the bottleneck or factor 
which limits the' amount of profit. Referring to Matrix 1, we take the 
positive values in the Key Column, which are 2, 4, and 3, and divide them 
into the corresponding Row values in the Po Column, which are 48, 60, 
and 36. The smallest ratio— = 12— is obtained by using the third row. 
This is the Key Row. It is boxed to make subsequent calculations easier 
to follow and to indicate that it is the first row that is to be placed in 
the matrix being developed. 

In some cases, two ratios may turn out to have the same value, in 
which case a tie exists. For example, the ratios might be 24 -r 4 and 12 2, 

which are the same in value. When this occurs, the row which has the 
larger value in the key column, in this case row 4, is selected as the key 
row. Another case where breaking a tie is necessary before a key row 
can be selected frequently occurs when there are zeros (0’s) appearing 
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in the Po, or constant, columns. For example, we might find that 3 and 
4 are the only positive values in the Icey column and that the values in 
the Po, or constant, column into which they are to be divided are both 
zero (0). The ratio of 0/3 and 0/4 are both zero so that a tie exists 
between the two rows that are to be replaced. In this situation, the tie is 
broken by dividing the numbers in the key column for the two rows into 
each value in their respective rows starting at the constant column and 
moving to the right and comparing at each column. When one ratio 
becomes smaller than the other, the tie is considered broken and the 
row containing the smaller value is designated as the key row. When 
the key row has been selected, it is used to form the Initial Row in the 
next matrix. The initial row assumes the same rote position in the new 
matrix that the key row has in the current matrix. The initial row is so 
named because it is the 'first row calculated and entered in the new 
matrix. 

The number in the location at the intersection of the key column and 
key row is called the Key Number. In Matrix 1, the Key Number is 3 
and for ease of reference is circled or boxed. The Initial Row, or first 
row, of the next matrix is formed by dividing^ each number in the Key 
Row (of the current matrix) by the Key Number and placing each 
value thus obtained in the initial row and the appropriate column of the 
new matrix, starting with the Constant Column. The values in the initial 
row of Matrix 2 are 12, 0, 0, 1-, and 0. The initial-row entries in the 

stub are made up of the product selected to come in (in this case Pi 
replaced P5) and the profit per piece of that product (in this case 6 
replaces 0). Then the remainder of the stub is copied directly from the 
preceding matrix. 

The other entries of the body and base row of the new matrix have 
to be calculated in order to obtain a solution. When this solution is 
completed, it will indicate a better program than the previous solution 
and indicate whether the best jirogram has been calculated or not. 

The procedure for completing the matrix is as follows: 

1. Select a square in the new matrix to be filled in. 

2. Refer to the value occupying the corresponding square in the pre- 
ceding matrix. 

3. Subtract from that value the product formed by the ratio of the 
number at the intersection of tlie column containing the value and the 
key row and the key number and by the number found in the same 
row as the original value selected but in the key column. 

4. Place the result of these computations in the square in the new 
matrix. 

5. Perform the same type of calculations for all remaining squares, 
including those in the base row, until all squares have been filled in. 
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By using these rules, the value to be inserted in the square in Matrix 
2 at PsPs is computed as follows: 

1. Refer to the value occupying the same square in the preceding 
matrix. This value is 1. 

2. Subtract from that value the product formed by the ratio of the 
number at the intersection of the column containing the value and the 
Key Row (0) and the Key Number, which is 3 (the ratio is 0/3 = 0), 
and multiply that ratio by the number found in the same row as the orig- 
inal value but in the Key Column. This value is 2. The result of steps 
1 and 2 is 

1 - (0/3) (2) = 1 

3. Place the result in the appropriate square of the new matrix. 

The steps for determining the values to be filled in the squares of suc- 
cessive matrices can be expressed in the form of equations as follows: 


1. Initial row 

2. All other 
new entries 


key row 


key number 

( number in 
old matrix 


corresponding ^ corresponding key-\ 
key-row number ^ column number j 


key number 


7 


By using this procedure, the most profitable solution is obtained in 
three matrices (all values in the base row are positive), as indicated 
in Iteration 3 of Table 4-2. 

The most profitable mix and profit can be read directly from the Po 
Column of the last matrix. The mix consists of 12 pieces of Product A 
(Pi) and 6 pieces of Product B (P 2 ), which gives a profit of $96. There 
is no other program that will yield a higher profit for the conditions 
being considered than the one calculated. 

Frequently it happens that there are alternative best programs— that 
is, different combinations of products that provide the same profit. These 
are indicated by a zero entry in the base row of the final matrix in a 
column for a product or activity not appearing in the final solution. In 
the sample problem just shown, there is no alternate best program for 
the most profitable product mix. The two zero entries in the Base Row 
of Matrix 3 are in columns whose entries appear in the final solution. 


SUMMARY 


The rules for computing successive matrices and short cuts for devel- 
oping a new matrix are summarized as follows. 
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1. Rules for computing successive matrices 

1. Select a key column, key row, and key number. 

2. Divide the key number into each value in the key row to the right 
of the stub and place the ratios in the initial row in the next matrix. 
The initial row occupies the same row position in the new matrix as the 
key row occupied in the previous matrix. 

3. Form the stub for the initial row. Complete the stub for the new 
matrix by copying all other entries from the stub of the preceding matrix 
into their corresponding position in the new matrix. 

4. Compute the values for all empty squares that remain in the new 
matrix by using the formula (start by evaluating the base row): 


New values = 


( number in 
old matrix 


corresponding ^ corresponding key- 
key-row number column number 


key number 


) 


5. Co no further when all numbers in the base row become positive. 
The best solution has been reached. 

There arc a number of short cuts and checks^that are helpful in devel- 
oping a new matrix. These are given below. 


2. Short cuts and checks for developing a new matrix 

1. The base row of each successive matrix can be computed by the 
formula and by the method used in obtaining values for the base row 
of the first matrix. 

2. The column of numbers under an objective that also appears in the 
stub is always a number of zeros and a single one. 

3. If a zero appear in the key column, all the numbers in this row 
are the same in the next matrix. 

4. Similarly, if a zero appe. rs in the initial row of the new matrix, 
all the numbers in this column ire the same in the next matrix. 

5. The base row should be figured next after the initial row of the 
present matrix. If this is the last matrix in the scries, there will not be 
any negative numbers in the base. Then it will only be neeessary to 
figure the Pq Column in the present matrix to complete the solution. 

It is important to examine the significance of some of the calculations 
and the values to see more clearly what is done in the simplex method. 

As was stated earlier, the simplex is a method of solving a set of 
linear equations and inequations in such a way as to maximize or mini- 
mize the value of a linear objective containing the same variables found 
in the equations and inequations. The final solution will contain values 
for the variables or unknowns which, when substituted in the objective 
equation, maximize the amount of the objective. 
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The first matrix, which is an orderly arrangement of the problem 
information in rows and columns, represents a solution. In other words, 
the simplex method provides a solution to start with which is a zero 
profit but feasible solution. This is comparable to the zero point in the 
geometric solution of the problem. By following an iterative procedure 
successively better solutions are obtained until the best solution is 
reached. 

The constant, or Po, column will always contain a program and the 
result (or profit) to be obtained by following that program. The column 
will therefore contain values which, when substituted in the objective 
equation, will give the value shown in the square at the base of the col- 
umn in the base row. In Matrix 1 of Table 4-^ all the time is idle time 
(Pa, Pi, and Po are by definition idle time). Nothing is manufactured, 
and the profit is zero. The first three columns to the right of the Po 
Column list the slack or idle-time variable and the next two columns 
list the real products that can be made. These columns represent the 
technological framework within which the problem is to be solved— 
that is, they contain values that represent the productive-process time. 
The rows below the Cap in Matrix 1 other than the Base Row contain 
the constants and coefficients of the restrictive equations that limit what 
can be produced. The top row shows the unit profit that is possible. The 
Base Row shows the product profit margins that are available by bring- 
ing their respective profits into solution. The simplex calculations pro- 
ceed to use up the slack, or idle time to produce something at a profit. 
As long as there are negative values in the base row, profits can be 
increased. 

The row selected to be replaced represents a bottleneck. It is selected 
on the basis of the smallest ratio, because it represents the largest num- 
ber of complete items that can be produced at that point in the computa- 
tions. 

In Matrix 2, the values in the Po Column are significant. The values 
appearing in the Initial Row represent the number of pieces of the prod- 
uct that can be produced at the bottleneck. All other values represent the 
remaining hours that are available for production of other products. The 
figure at the base of the Po Column is the profit that the program will 
give. To refer again to the geometric solution, the computations of 
Matrix 2 show that the solution has moved from zero (0, 0) to X =. 12, 
Y = 0 (12, 0) and a profit of $72. The row to be replaced in the next 
matrix is again a bottleneck row. The Base Row in Matrix 2 contains a 
negative value, which indicates that a better program is possible. 

In Matrix 3, Column Po again contains the program to be followed to 
obtain the results that the computations indicate are possible. This can 
also be seen in the geometric solution at X = 12, Y = 6. In this case. 
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Matrix 3 is the final matrix so that the Po Column contains the best pro- 
gram. The most profit is obtained by manufacturing 12 pieces of A and 
6 pieces of B. The figure at the base of the column is the maximum profit 
possible under the conditions of the problem. The Base Row contains 
only positive values, which indicate that the best solution has been 
reached. If an item having a positive value is added to the program in a 
greater quantity than at present, a decrease in profit will result, 

In summary, the simplex method provides: 

1. A precise way of approaching or stating a problem whore a num- 
ber of solutions are possible 

2. A method which analyzes the problem data and information until 
a best solution has been obtained 

3. A plan or program for obtaining the best program or any of the 
less profitable programs 

4. A basis for management decision based on the program and alter- 
nates provided 

5. A method for reevaluating the plan or program as conditions and 
information change 
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The Simplex Method: Part 2 


VARIOUS TYPES OF BEST SOLUTIONS USING THE SIMPLEX METHOD 

The simplex method is not confined solely to solving problems of most 
profitable product mix. It can be used to provide a number of different 
best answers and the programs associated with each. For example, dif- 
ferent objectives, such as least cost, least time, least distance moved, 
and the like, can be solved for and information provided management 
relative to the particular objective being considered. 

In addition to solving for different objectives, the simplex can be used 
to explore the desirability of following a variation from a particular ob- 
jective. For example, management may want to know the most profitable 
program for each of several different levels of sales commitments, high- 
est material turnover, and the like. 

Since the basic computational steps are the same irrespective of the 
objective, it is necessary to set up^e problem in such a way that the 
method will provide the desired answer. This generally involves includ- 
ing a particular condition or restriction which can be taken into account 
as the calculations proceed. The method will not provide an answer that 
reflects a given condition, unless provisions are made or steps taken to 
include the conditions or restrictions when one is formulating and setting 
up the problem. 

The principal purpose of this chapter is to demonstrate the reasoning 
and steps involved in solving for various objectives and answers— par- 
ticularly from the standpoint of the method itself. In many cases it has 
been helpful to ask the question: "What does the method have to do to 
take account of this particular condition when it is imposed on the prob- 
lem and what will it do about it as the calculations proceed?” 

Another important but secondary purpose is to evaluate the answers 
and their significance. The answer is the final test of how well the prob- 
lem was formulated in the first place. The final answer and program 
also provide valuable information for management consideration. 

To demonstrate the usefulness and versatility of die simplex method 

‘ 96 
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a number of problems will be discussed and solved. These are grouped 
into two general classes for piirposes of presentation. One group involves 
solving for objectives di£Ferent from most profit, for example, objectives 
that involve minimizing time or cost. The second class involves solving 
for most profit considering a number of variations and conditions. The 
computational process is the same in both cases, but there are differences 
in the formulation of the problems which must be considered in detaiL 

SOLVING FOR VARIATIONS OF HIGHEST FRONT MARGIN: 

THE DRAWROD COMPANY 

The various steps involved in evaluating variations to a particular ob- 
jective from the standpoint of method and result can best be demon- 
strated by an actual problem. For this purpose, information is provided 
about the Drawrod Company, whose management wants to investigate 
the gross-profit margin under different conditions of operation. 

The Dbawbod Company 

The Drawrod Company, a hypothetical manufacturing firm, manufac- 
tures drill rod from coils of wire. The drill rod is supplied to customers, 
who in turn use it to make drills and parts for power tools, dowel pins, 
and similar metal parts. 

The rod is made from mill wire, which is purchased in coils of one 
standard size and weight from a nearby basic producer. The coils as 
they come from the mill have a wire diameter, or outside diameter (OD), 
of .5313 (^% 2 ) inch and weigh approximately 160 pounds. Manufac- 
turing methods and material-handling equipment have been set up to 
handle and convert the standard coil to rods 12 feet long. Rods are pro- 
duced in .5000 OD, .3750 OD, and .2500 OD. 

A block diagram of the manu: acturing process used to reduce the mill 
size to customer size is given in Figure 5-1. 

1. Steps in the manufacturing process 

The first step in the process is to anneal the coils when they are re- 
ceived from the mill. The coils are placed on edge in rows in the anneal- 
ing furnaces. After Anneal, the coils are pickled to remove the scale prior 
to drawing. 

The second step is to reduce the wire diameter to desired size by 
means of draw blocks. The draw blocks consist of a spindle on which 
the coiled wire is loaded and a spindle on which tbe drawn wire is coiled 
as it is drawn through the die block. There are limitations to the amount 
of reduction that can be made in cross section at each draw because of 
the stresses that are set up in the material by the drawing process. The 
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Manufacturing 
step 1 


Manufacturing 
step 2 


Manufacturing 
step 3 



Cut, Straighten, 
and 
Box 


Each ^in. reduction in 
cross section during 
Draw requires 
additional Anneal 
and Pickle 


Ship 


Fig. 5-1. General Manufactnnng Process 
The Drawrod Company 


general rule that is followed is that each Vs-inch reduction in cross sec- 
tion requires an Anneal to relieve the stresses. This means that for smaller 
diameters there will be a number of annealing and pickling operations 
before a finished size is obtained. As the coil is reduced in diameter, it 
elongates so that for some sizes the coil is cut in half for ease of handling. 
Otherwise, it becomes too bulky to handle. 

The third step in the process is to Cut to Length, Straighten, and Box. 
After the coil is drawn to finished size on the draw blocks, it is then sent 
to a cutter and straightener, which straightens the wire and cuts it into 
rods 12 feet long. The runout table is set up so that the shipping boxes 
can be loaded automatically by tilting a section of the runout table. The 
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boxes are dien placed on four-wheel wagons (or buggies) for move- 
ment to the Shipping Department. 

Specific production and capacity information relating to finished size, 
margins, operations, utilization, and available hours is given in Table 
5-1. 


Tahle 5-1. 

A. Production and Margin Information 






Manufacturing 

Finished size 
(in inches) 

Operation 

No. 

Hours per 
100 lb 

Margin per 

100 lb ♦ 

(in dollars) 


Anneal and Pickle 

■ 

.10 


.5000 

Draw 

Cut, Straighten, 

■ 

.05 

2.10 


and Box 

D 

.07 



Anneal and Pickle 

2 



.3750 

Draw 

Cut, Straighten, 

2 


4.80 


and Box 

1 




Anneal and Pickle 

3 

! .20 


.2500 

Draw 

Cut, Straighten, 

3 

.22 

6.00 


and Box 

1 

.11 



B. Departmental Capacities 


Operation 

No, 

ma- 

chines 

Shifts 

per 

week 

Hours 

of 

operation 

Per cent 
utiliza- 
tion t 

Available 
hours per 
wciek 

Anneal 

5 

20 

800 

.875 

700 

Draw 

8 

10 

640 

.859 

550 

Cut, Straighten, 
and Box 

6 

10 

480 

.937 

450 


* Obtained from Accounting Department. Does not include fixed costs. Does include 
labor and burden where it can be assigned. 

t Adjusted for down time, including \naintenance, breakdowns, and absenteeism. 
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Using this information, management wants to investigate the gross* 
profit margin under different conditions as a basis for profit planning. 
They are interested in developing answers and programs for highest 
manufacturing margin— without sales restrictions, least idle time— maxi- 
mum utilization of equipment, highest material turnover— largest number 
of pounds, highest manufacturing margin— meeting exact sales require- 
ments, and highest manufacturing margin— meeting minimum sales re- 
quirements. 

2. Basic assumptions 

Linear-programming solutions and the programs assoeiated with them 
assume a fixed and specifie period of time. The solution presented for 
eaeh planning period is independent of the solution for any other period. 
For this reason, linear programming tends to be more useful as a plan- 
ning tool in the short run because some of the data assumed to be fixed 
for each problem solution may change over a long-time period and thus 
render the solution invalid. This can be overcome by computing new 
solutions for successive time periods of short duration and by computing 
new solutions as new data become available. 

In the profit-planning analysis for the Drawrod Company, each solu- 
tion assumes that the available capacity of the various departments is 
fixed and limited for the time period being considered. Rav^ materials 
and labor are available at constant prices, and the rates of production 
are assumed to remain unchanged. No allowances for changes in the 
prices of finished products arc permitted. It is also assumed that for 
short periods “going charges,” suth as taxes, insurance, and supervision, 
are fixed. 

3. Highest manufacturing margin— without sales restrictions 

The program of highest manufacturing margin— without sales restric- 
tions— provides useful information for evaluating other programs that 
production management may want to consider. The highest-margin pro- 
gram without regard to sales provides an insight into the optimum 
product mix and margin that can be obtained, considering the opera- 
tions, facilities, products, and other conditions of the problem. Although 
it may not be a realistic program in actual practice, it does provide a 
yardstick and information that management can consider in its planning 
and decision making. 

Setting up the problem 

The three products that can be produced are designated as Pi = ..5000 
OD, Ps ~ .3750 OD, and = .2500 OD. The economic choice to be 
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made is the selection of the amounts of each of the products to be pro- 
duced for the time period ( 1 week in this problem ) subject to the restric- 
tion that no more than 100 per cent of the available hours of any depart- 
ment can be used. 

Each product requires processing in each one of the three depart- 
ments in order to obtain a complete or finished product. Only finished 
products will be admitted in the final solution, and each will compete 
with the other for use of capacity. The capacity is to be used in such a 
way that the highest manufacturing margin results. This objective ex- 
pressed as an equation is 

Highest manufacturing margin = $2.10Pi + $4.80P2 + $6.00Ps 

In this expression, the values $2.10, $4.80, and $6.00 represent the re- 
spective manufacturing margins per unit lor each of the three products. 
The amounts of Pi, Po, and P 3 that maximize manufacturing margin aie 
to be determined. 

The restriction on the amount of manufacturing margin, given the 
rates of production, is the amount of capacity that is available. Anneal 
and Pickic has available for production of the three products a total of 
700 hours for the week. This restriction, expressed in terms of the prod- 
ucts that compete for the use of the available time, is 700 ^ lOPi + 2 ZP 2 
-f 26 P 3 . This expression states that the three products can use any 
amount up to and includiiig all the 700 hours available. The values 10, 
23, and 26 are the hours per unit, respectively, for each of the three 
products. Similarly, the expression of Draw capacity in terms of the 
products that compete for use of the available time is 550 ^ 5Pi -f 13Pa 
-}- 22 P 3 . Likewise, the expression of Cut, Straighten, and Box capacity 
in terms of the products is 450 ^ 7Pi + OPa + IIP 3 . Since it is not pos- 
sible to determine in advance whether it is more profitable to allow 
some of the available capacity so remain unu.sed during the week, a 
mathematical step must be introduced to permit this possibility to 
be considered in the solution. This is done by introducing disposal, 
or idlc-time, products, which permit the method to determine whether 
some of the departmental capacities should remain idle. The disposal, 
or idle-time, products (sometimes referred to as Dummy Products) are 
designated as P 4 for Anneal and j\ckle, Ps for Draw, and Pa for Cut, 
Straighten, and Box. 

By assuming an arbitrary rate of production of one hour per unit and 
a profit of zero for each dummy product, we can prepare Table 5-2, which 
collects and summarizes the forgoing information related to setting 
up the problem for solution. 

This orderly arrangement of problem information with the addition 
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TtMe 5-2. Dftta Arrangement for Solution by the Simplex Method 




Products 

Departments 

Hours 

available 

Disposal 
(idle time) 

Actual 



P 4 

Pi 

Pi 

Pi 

Pi 

P* 

Anneal 

700 

1 



10 

23 

26 

Draw 

550 


1 


5 

13 

22 

Cut, Straighten, 
and Box 

450 



1 

7 

9 

11 

Manufacturing margin (in 
dollai^f) 

0 

0 

0 

2 10 

4.80 

G 00 


of a few changes required by the method readily becomes Matrix 1 
(Tableau 1 ) of Table 5-3. 

Tableau 1 shows by the entries in the Program Column that the prod- 
ucts that make up the first program are the disposal, or idle-time, prod- 
ucts P 4 , Ps, and Fe. This means that at the starting point in planning 
production using the simplex method, all the departmental capacities are 
assumed to be unused or idle. When this is the case, the manufacturing 
margin is assumed to be zero (no profit without the production of actual 
products). From this beginning or starting point (Tableau 1), the 
simplex method makes it possible to compute successively higher margin 
programs in separate programs or tableaus until the highest margin 
program and profit is calculated. 

Tableau 2 is developed from the data provided in Tableau 1. Basically, 
the procedure of developing one tableau from another is one of selecting 
one product to bring into the program that will add the most to the 
manufacturing margin. In Tableau 1, this is Ps, which has a unit margin 
of $ 6 . This is indicated by the figvue —6.00 shown in the base row. The 
— 6.00 means that a unit margin of $6 will be forgone for each unit of P 3 
not included in the next tableau. 

Once it is decided that Pa is to be made because it o£Fers the largest 
profit opportunity, the next decision is to determine how much of it is 
to be made in the next program. This is established by dividing the time 
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TaZ>fe Hi^6st Mftnufftcturing Margin— without Sales Restrictions 

Drawrod Company 


Margin 
per unit 

Plro- 


0 

0 

0 

2.10 

4.80 

m 

(in dollarB) 

gram 

Po 

Pi 

Pi 

Pi 

Pi 

Pi 

Pt 


Ttbletnl 


0 

Pi 

700 

1 

0 

0 

10 

23 

26 

Ratios 

700/26 -26.923 

550/22 - 25.000 y 

Iteration 1 

450/n-i4a900 

- 0 

Pi 

550 

0 

1 . 

0 

5 

13 

@ 

0 

Pi 

450 

0 

0 

1 

7 

9 

11 



0 

0 

0 

0 

-2.10 

-4.80 

-6.00 


Tableau 2 


- 0 

Pi 

60.00 

1 

-1.182 

0 

4.098 


0 

50/7.634 - 6.549^ 

25/.501 » 42.301 

' IteratifiD 2 

175/2.499-70.028 

- 6.00 

Pi 

25.00 

0 

.045 

0 

.227 

.591 

1 

0 

Pi 

175.00 

0 

-.499 

1 

4.503 

2.499 

0 



150.00 

0 

.273 

0 

-.738 

-1.254 

0 


Tableau 3 


^ 4.80 

Pi 

6.549 

.131 

-.155 

0 

© 

1 

0 

0.S40/.S37«12J00.^ 

Itmtiea 3 

168.634/3.168 - 80.17$' 

6.00 

Pt 

21.130 

-.077 

.137 

0 

-.090 

0 

1 

0 

Pi 

158.634 

-.327 

-.113 

1 

3.162 

0 

0 



158.21 

.164 

.079 

[ 

0 

-0.65 

0 

0 


Tableau 4 


2.10 

Pi 

12.20 

.244 

-.288 

0 

1 

1.863 

0 

6.00 

Pi 

22.23 

-.055 

.111 

0 

0 

.168 

1 

0 

Pi 

120.06 

-1.099 

.799 

1 

0 

-5.889 

0 

HS^estproSt (in 
dollars) 

159.00 

.180 

.060 

0 

0 

.121 

0 


Iteration 4 
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Highest Manufacturing Margin and Program— without Sales Restrictions 
(Expressed in 100-pound units) 

122 unit!, or 1,220 lb Product 1 (Pi • 5000 OD) at $2 10 -$ 25 62 
0 units, or 0 ]b Product 2 (P 2 =* 3750 OD) at 4 80 « 0 

22 23 units, or 2.223 lb Product 3 (Pa - 2500 OD) at 6 00 » 133 38 


Totol $159 00 

Departnu^ntal Load Honrs 



Pi 

P 2 


JmbA hours 

Available hours 

Unused hours 

Anneal 

122 

0 

578 

700 

TOO 

0 

Draw 

61 

i 

489 

550 

550 

0 

Cut 

85 4 

1 

244 6 

m 

450 

120 


available in the three departments shown in the Po Column by the 
time per piece. The division shows that the Draw Department is 
the bottleneck because it will permit only 25 units of Pi to be made 
(550 hours available -f- 22 hours per unit — 25 units). This computation 
for all departments is shown under the Ratios Column. The fact that the 
other departments permit a larger number of units of Pa to be manu- 
factured is of no consequence at this point because only 25* complcfcd 
units can be processed through Draw, which is the limiting department. 

Successive tableaus are computed, one from the other, by the simplex 
method until the optimum program is reached in Tableau 4. The Base 
Row of Tableau 4 does not contain any negative values, which means 
that the program shown in Tableau 4 has not overlooked any margin 
possibilities for increasing profit and that the highest-margin program 
has been calculated. 

The highest manufacturing margin program without regard to sales 
restrictions consists of 12.2 units of Pi (1,220 pounds of .5000 OD), 22.23 
units of Ps (2,223 pounds of .2500 OD) and zero units of P 2 (0 pounds 
of .3750 OD). The highest margin is indicated at the base of the Po 
Column as $159.00. Any program other than this— especially one that 
attempts to employ the unused time in the Cut, Straighten, and Box De- 
partment-will result in a lower margin. 

The values in the Base Row of Tableau 4 oflFer useful by-product 
information for production-management planning. For example, the 
value .180 shown at the base of Column P 4 indicates that if 1 hours 
capacity is added to Anneal, the manufacturing margin can be increased 
by $.18. Under such a program the product mix changes to 1,244 pounds 
of Pi and 2,217 pounds of P 3 . P 2 is not included in the solution. 
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Evaluating the answer 

The most-profitable-product-mix answer indicates the production pro- 
gram that should be followed to maximize manufacturing margin— pro- 
vided the firm can sell eveiything that it produces. This may not be very 
practical because of commitments to customers, but the profit and pro- 
gram do provide a useful goal and target for production-management 
planning. The useful information that the solution provides management 
is as follows: 

1. The highest manufacturing margin potential of the plant in terms 
of the products, rates of production, capacity, and rate of profit is $159.00 
for the period. 

2. In the highest-margin program there are 120 hours of unused time 
on the cutting and straightening operation. The production bottlenecks 
are the annealing and drawing operations. 

3. Product 2 (.3750 OD) is not included in the most profitable pro- 
gram despite a unit profit of $4.80 per unit. The calculations indicate 
that the time required to produce $4.80 profit margin making Product 2 
can be more profitably used to produce other 'products, all products 
considered. 

4. A departmental load can be calculated for scheduling and manning 
purposes, and is shown in Table 5-3. 

4. Least idle time— maximum utilization of equipment 

Frequently, management plans production to make maximum use of 
equipment. Often this would seem to be a good polity for profitable 
opt'ration— particularly when management is accustomed to thinking of 
plant-earning capacity on a per machine-hour basis. For this reason, the 
fact that the most profitable program includes 120 hours of idle time on 
one machine center may appear t< be questionable. Should it not be pos- 
sible to make additional profit by uiaking some use of this idle capacity? 
Table 5-4 shows how this situation may be explored. 

Setting up the problem 

Again the capacity limitations are the same, but this time the objective 
is to maximize utilization or minini'''.' idle time. For this objective, each 
slack variable is associated with a imit penalty. In other words, each unit 
of slack represents an hour of idle time. The ones are made negative 
since the objective is to minimize. 

The product columns are all capped with zeros, since no (or zero) 
idle time is associated with their production. This also compels the 
method to consider the three to be equally desirable from the standpoint 
of machine loading. Relative pro^tability is ignored. When the problem 



Tabie S-4. Hipest Manufacturing Maigih-Least Idls Tune (Maz&num 
Utilization of Equipment) 

Drawrod Company 


Margin 



-1 

-1 

-1 

0 

0 

0 

per out 
(indollais) 

gram 

Po . 

Pi 

Ps 

Ps 

Pi 

Pt 

Ps 


Tableau 1 


-1 

P4 

TOO 

1 

0 

0 

10 

28 

id 

- -1 

Ps 

550 

0 

1 

0 

~ 

5 

13 

($ 

-1 

Ps 

450 

0 

0 

~ 

7 

9 

11 



-1700 

0 

0 


-22 

-45 

-59 


Tableau 2 


Iteiitiool 


- -1 

P4 

50.00 

1 

-1.182 

0 

4.008 


0 

0 

Ps 

25.00 

0 

.045 

0 

.227 

.591 

l" 

-1 

Ps 

175.00 

0 

-.499 

1 

4.503 

2.499 

0 



-225 

0 

2.681 

0 

-8.601 

-10.131 

0 


Tableau 3 


Iteration 2 


Ratios 

700/26 - 26.921 
650/22 - 25.000V 
450/11 - 40.909 


50/7.634 - 6.540 V 
25/.591 - 42.301 
175/2.409 - 70.028 


0 

Pi 

6.549 

.131 

-.155 

0 


1 

0 

0 

Pi 

21.130 

-.077 

.137 

0 

-.090 

0 

1 

-1 

Ps 

158.634 

-.327 

-.113 

1 

3.162 

0 

0 



-158.634 

1.327 

1.113 

0 

-3.162 

0 

0 


0 

Pi 

12.200 

.244 

-.288 

0 

1 

1.863 

0 

0 

Ps 

22.230 

-.055 

.111 

0 

0 

.168 

1 

-1 

Ps 

120.063 

-1099 

.799 

1 

0 

-5.889 

0 

Least number idle 
hours 

120.063 

2.090 

.2011 

0 

0 

5.800 

0 


Iteration 3 


ItecatioD4 


6.549/.537 - 12.200 V 
158.634/^.162 - 50.175 


Hij^est Manufacturing Margin and Program— Least Idle Time 
(Expressed in 100-pound units) 


m uaHa; tt 1.2201b Pradnet 1 (Pi - .SOOO OD) st$2.10 - $ 25.62 
0 Iiiut 8 , 0 r 0 lb Product 2 (Pa - .3750 OD) at 4.80- 0 

22.23 units, or 2,223 lb Product 3 (P| - .2500 OD) at 6.00 - $133.38 


Total 


Departmental Load Hours 


$150.00 



Pi 

Q 

D 

Load hours 

Available hours 

Unmsd hours 

Anneal 

122 


578 

TOO 

700 

0 

Draw 

Q 

VS 

Pi 

550 

550 

0 

(^t 

85.4 

w 


830 

450 

120 


106 
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is set up in this way the method is made to overlook or neglect the profit 
of each product and provide an answer that minimizes idle time. 

Evaluating the answer 

It may seem peculiar that in a program of minimum idle time there are 
still 120 hours of unused time on the Cut and Straighten equipment. 
This results primarily from the way in which the problem is set up. As 
far as the method is concerned, it was told to consider only completed 
products. Each activity or real product required three operations and 
did not permit partially completed products to enter the calculations. 
A check of Tableau 1 in Table 5-4 shows that each real-product column 
has three entries— one for each operation. It is possible to set up the 
problem to consider partially completed products if desired. A tabulation 
of the least-idlc-tiine answers for various product schedules and the in- 
formation they provide have proved useful in industry from the stand- 
point of rearranging man power and selecting new and additional equip- 
ment. The program of least idle time has the same profitability, products, 
and amount of production as the most-profitable-product-mix solution. 
The complete simplex solution to the problem is given in Table 5-4. The 
least number of idle hours is read directly from Matrix 4. 

5. Highest material turnover— largest number of pounds 

Another program of interest to management is the one which would 
result in the highest possible turnover of material (maximum tonnage). 
Such a program can be calculated readily from the information available. 

Setting up the problem 

The conditions and limitations of capacity are exactly the same as in 
the most-profitable program. Only the objective is changed. Instead of 
considering the unit profit that is made on each product, the maximum- 
material-turnover solution considers the amount of material that is con- 
tained in each product. Since 100 pounds of product contain 100 pounds 
of material, the material-turnover rate for all products is unity. 

Table 5-5 shows how the problem is set up and its solution. The 
matrix is the same as for the most-profit solution except for the Column 
Caps. The three slack variables (representing idle time) still carry a 
value of zero— no material turnover. The product columns, however, are 
capped with a value of 1— indicating 1 pound of material turnover for 
each pound of product made. 

Evaluating the answer 

The largest number of pounds are produced when capacity is used to 
manufacture Product 1 (.5000 OD). It requires only 22 hours par hun- 
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TdbUe 5^. Hipest Material Turnover— Largest Number of Founds 

Drawrod Company 


BtdH 

700/26 - 26.926 
550/22- iSm'/ 
«»/»»- «•»«* 


Tableau 2 

60/4 098 » 12.200V 
25/.227 - 110.132 

Iteration 2 

175/4.503 - 38.803 


Tableau 3 

22 23Q/.111 - 200.459 

Iteration 3 

120.061/. 799 - 150.304 V 


Tableau 4 
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Highest Manufacturing Margin and Program— Greatest Quantity 
(Expressed in 100-pound units) 

64.28 unite, or 6,428 lb Product 1 (Pt - .5000 OD) at $2.10 - $135.00 
Departmental Load Hours 



Pi 

P2 

Ps 

Load hours 

Available hours 

Unused hours 

Anneal 

642.9 

0 

0 

642.8 

700 

57.2 

Draw 

321.4 

0 

0 

321.4 

550 

228.0 

Cut 

450 

0 

0 

450 

450 

0 


dredweight, whereas both Produet 2 and Produet 3 require eonsiderably 
more hours to produee the same weight. The answer in this problem 
tends to be obvious. But in other problems, where many rates of produe- 
tion, machines, eapacities, and the like must be considered, it becomes 
a more difficult problem, and the answer is not easily seen. This is espe- 
cially true when certain operations— such as drawing— can be carried 
out on draw blocks having diflFerent rates of production. 

Experience to date indicates that highest-toiihage solutions generally 
come as a surprise to management when compared to most profitable 
programs. The amount of difference in profit obtainable from the same 
machines in the same time under the two different programs has been 
somewhat startling. The comparison of the highest margin and high- 
est material programs for the Drawrod Company gives an indication of 
this: 



Profit 

Pounds 

Unused 

hours 

Per cent 
profit 
increase 

Highest poundage 

S135 

6,428 

120.0 

■ 

Highest margin 

159 

3,443 

28.5.8 

17.8 


SOLVING FOR VARIATIONS TO HIGHEST MANUFACTURING MARGIN 

Another class of answers that is useful to management planning and 
decision making includes variations of highest manufacturing margin 
such as those introduced when sales restrictions are imposed on produc- 
tion facilities. A number of successful applications ^ indicates that infor- 
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mation regarding the effect of various sales commitments on production 
and profit provided by linear-programming methods has proved useful in 
arranging the product mix to be scheduled in a period. In addition, the 
sales department is provided with information about the profit-earning 
potential of the product lines and the status of customers’ orders. 

1. Highest manufacturing margin— meeting exact sales requirements 

In solving for the program of operation which would yield highest 
profit, it was assumed that all production could be sold and that any 
products could be passed up altogether if they did not contribute to the 
most profit. This solution is valuable because it represents the maximum 
earning capacity of the production facilities. 

In a practical situation, however, it is unlikely that management will 
find such a program commercially feasible. Usually, there are limits to 
the flexibility of the demand for products. 

Table 5-6 shows how sales restrictions can be introduced to determine 
the most profitable way of accommodating the actual demand and the 
amount of potential profit that must be forgone. 

Setting up the problem 

This variation requires that 1,000 pounds of % -inch-diameter rod must 
be produced to satisfy outstanding commitments. To introduce this con- 
dition, it is necessary to add an equation which says, in effect, “The 
amount of P 2 produced must be 1,000 pounds.” The equation shown on 
the fourth line of Tableau 1 in Table 5-6 indicates how the condition 
or restriction of producing exactly 1,000 pounds of Product 2 is put into 
the problem. This equation is in effect a sales restriction and must be set 
up in such a way that the method will provide for the production of 
exactly 1,000 pounds of P 2 — no more, no less. To ensure that this condi- 
tion is met, certain computational steps must be taken. First, the condi- 
tion must be expressed. This is done simply by the statement Pa = 1,000. 
Adding just this to Matrix 1, however, results in an incomplete diagonal 
of ones in the basis (the simplex method requires a square basis with 
a complete diagonal of positive ones). So it becomes necessary to add 
an artificial variable to complete the basis and permit the computations 
to proceed. Column P 7 represents the artificial variable in the matrix 
except that it is not permitted to appear in the final solution as the dis- 
posal (idle-time) slack variables can. To prevent its appearance in the 
final solution, a large negative value or penalty is assigned to prevent it. 
This value is termed minus M ( — M), a letter that represents a large 
unspecified value since a definite penalty is not known. — M is a com- 
putational device that behaves and is treated as if it were a number. 
It frequently helps to think of — M as meaning “Must not happen.” In 
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Table 5*6. Hipest Manufacturing Margin Meeting Exact Sales Requirements 

Drawrod Company 


Margin 

per unit 

Pro- 


0 

0 

0 

-Jf 

2.10 

4.S0 

8iW 

On doHars) 

gram 

Po 

Pi 

Pb 

Pb 

Pt 

Pi 

P* 

Pi 


0 

Pi 

700 

1 

0 

0 

0 

10 

23 

26 

Ratios 

700/23 - 80.434 

550/13 - 42.307 

Iteration 1 450/9 » 50.000 

10/1 « io.oooy 

0 

Pb 

550 

0 

1 

0 

0 

5 

13 

22 

0 

Pe 

450 

0 

0 

1 

0 

7 

0 

11 

< M 

Pt 

10 

0 

0 

0 

1 

0 

(i) 

0 



-lOAf 

0 

0 

0 * 

0 

-2.10 

-Jtf-4.80 

-6.00 


Tableau 2 


0 

Pi 

470 

1 

0 

0 

-23 

10 

0 


470/26 * 18 077 

420/22 * 19.091 

Iteration 2 360/11 « 32.727 

0 

Pb 

420 

' ' 1 

0 

1 

0 

-13 

5 

0 

22 

0 

Pb 

360 

0 1 

0 

1 

-9 

7 

0 

a 

11 

— ► 4.80 

P2 

10 

0 ' 

0 

0 

1 

0 

1 

0 



48.00 

0 

0 

0 

If + 4.80 

-2.10 

0 

-6.00 

Tableau 3 


6.00 

Pi 

18.077 

.038 

0 

0 

-.885 

.385 

0 

1 

Iteration 3 

0 

Pb 

22.306 

-.846 

1 

0 

6.461 

-3 461 

0 

0 

0 

Pfl 

161.153 

-.423 


1 

.731 

2.769 

0 

0 

4.80 

Pi 

10 

0 

0 

0 

1 

0 

1 

0 

Highest profit (in 
dollars) 

166.46 

.231 

0 

0 

M - ,*08 

.208 

0 

0 


Highest Manufacturing Margin and Program— Exact Sales 
(In 100-pound units) 

0 units, or 0 lb Ptaduct 1 (Pi « .5000 OD) at $2.10 - 0 

10.00 iinitB, or 1,000 lb FMdurt 2 (F* — J760 OD) >t 4.80 — $ 48.00 
18.07 unite, or 1,807 lb ProdOL* H .P, - .2500 OD) »t 8.00- 108.48 


Total 2,8071b 

DeiiaitineiittI land Hour 


■ 

g 


Pi 

Load hours 

Available hours 

Unused horns 

Anneal 



470 

700 

700 

0 

Draw 


130 

397.7 

827.7 

550 

22.3 

Cot 


90 

198.8 

^ 288.8 

450 

161.2 
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this particular problem, the slack variable must not appear in the solu- 
tion if exactly 1,000 pounds of Ps are to be obtained. To complete the 
matrix, the value 1,000 is entered in the Pq Column and a one (1) in- 
serted in the P 2 Column to designate that it is Product 2 requirement 
that is to be met exactly. It may be helpful in understanding why the 
1,000 can be entered in the Pq Column if it is remembered that the other 
entries in Matrix 1, or Tableau 1, are also pounds of idle products that 
have a rate of production of one (1). 

Evaluating the answer 

The setup of Matrix 1, or Tableau 1, together with the two additional 
matrices required to obtain a solution, is shown in Table 5-6. 

Useful information is obtained by comparing the programs, products, 
and profits of Table 5-6 with those of Table 5-3. The comparison shows 
the following variations; 

1. Product 1, which appeared in the highest-margin program, does not 
appear in the highest-margin program to satisfy a commitment of 1.000 
pounds of Product 2. Further, the amount of Product 3 produced is less. 

2. There are unused hours in the drawing as well as in the cutting 
operation when sales of Product 2 are met exactly. The total unused 
hours have increased from 120 to 183.5 hours. 

3. Cross margins have decreased from $159.00 to $156.46, a difference 
of $2.54. 

2. Highest manufacturing margip— meeting minimum sales 
requirements 

Frequently production programs are set up to provide capacity for 
at least a minimum number of units of particular products. For example, 
it may be necessary to produce at least 1,500 pounds of Product 1 in 
the current production period. A mo.st profitable program which specifies 
the profits and products while meeting the minimum sales restrictions 
can also be worked out by using the simplex method. 

Table 5-7 shows how this type of sales restriction can be introduced to 
accommodate the most profitable way of meeting the minimum require- 
ments that it is desired to meet. 

Setting up the method 

To make sure that the final program contains at least 1,500 pounds of 
Product 1 requires several preeomputational steps. 

Reference to the fourth row in Tableau 1 shows how this restriction 
is built into the matrix so that the method can take account of it. Again, 
a minus M ( — M ) is used to assist the method to arrive at the desired 
answer, but the reasoning that is followed is somewhat different from 
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the previous reasoning. The value of — M is still a large unspecified value 
or penalty, however. 

One of the requirements of the simplex method is that all inequality 
signs must be pointed in the same direction when one is converting in- 
equalities to equalities. The capacity equations were expressed as ^ess 
than,” whereas the sales of 1,500 pounds are expressed as “more than.” 
For example, the statement of annealing capacity as an inequality is as 
follows: 

700 hours ^ lOPi + 23P2 + 26P3 

The inequality is pointed to the right ( > ), and was converted to an 
equation by the addition of another variable, IP4. The minimum-sales 
requirement expressed as an inequality is as follows: 

Pi ^ 1,500 

The inequality is pointed to the right also but has a different meaning 
because the terms on each side have been interchanged. 

In this particular problem it requires the addition of two unknown 
variables to reverse the inequality and to make it an equivalent equality. 

Since Pi can be greater than 1,500, it can be made to equal 1,500 by 
subtracting another term or variable from it. When this is done the in- 
equality becomes the equality: 

Pi - Ps - 1,500 

Ps can be assigned a rate of production of one ( 1 ) and a unit profit of 
zero (0), the same as the other idle-time variables. However, it is still 
not possible to proceed with the solution because Ps has a coefficient of 
minus one (—1) and cannot appear in the basis or diagonal of ones 
which must be positive. Consequently, an artificial variable must be 
added in the same way as the last problem in order to complete the 
basis. The artificial variable— in this case P7— is assigned a production rate 
of one ( 1 ) and a cap value of minus M ( — M ) to make certain that it 
does not appear in the final solution. When the two variables have been 
added, the expression of minimum sales restriction as an equality for use 
in the problem is as follows: 

1,500 = IP7 - IPs + IPi 


Evaluating the answer 

The final program together with the three iterations involved is given 
in Table 5-7. TTbe information that it contains provides an interesting 
variation from the most profitable as well as some of the other programs. 
For example, the increase in Product 1 is obtained at a sacrifice of 



T(Me 5-7. Highest Manufacturing Margin Meeting Minimum Sales Requirements 

Drawiod Company 




Tableau 3 
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Anneal | 150 0 { 550 700 700 

Draw I 75 0 465.4 540.4 550 
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Product 3. Product 2 is not contained in either program. The decrease 
in profit amounts to $.58, and there is a small increase of 1.9 hours in the 
number of unused hours. 

COMPARING ALTERNATIVE PROGRAMS 

Table 5-8 shows a comparison of the various programs that have been 
computed for the consideration of the management of the Drawrod 
Company. 

In every solution— except for highest material turnover— the limiting 


Table 5-8. Comparison of Various fVograms 
Drawrod Company 


Product 

Highest 

manu- 

facturing 

margin 

Least 

idle 

time 

Highest 

material 

turnover 

Meeting 
exact 
sales re- 
quirements 

Meeting 

minimum 

sales 

1 

12 20 

12 20 

04 28 

0 

15.00 

2 

0 

0 

0 

10 00 

0 . 

3 

22.23 

22.23 

0 

18.07 

21.15 

Total pro- 
duction 

34.43 

34.43 

m 

28.07 

36.15 

Gross manu- 
facturing 
profit (in 
dollars) 

150.00 

159.00 

135.00 

156 46 

158.42 

Anneal 

— 

■■ 

642 8 

700 * 


Draw 



321 4 

527.7 


Cut 

■■ 

Wm 

450.0 * 

288.8 


Total hours 
required 

1,580 



1,516.5 

1,578.1 

Unused 

hours 

120 

120 

286 

184 

122 

Total avail- 
able hours 

1,700 

1,700 

1,700 

1,700 

1,700 


Production bottleneck. 
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or bottleneck department is Anneal. Obviously management should plan 
to increase annealing capacity. If it is assumed that the programs of 
meeting exact and minimum sales are the programs most likely to be 
followed in practice, then profits will be increased $.231 for each hour 
that is added to annealing capacity. The value is read directly from the 
P 4 Column and last row of Tableau 3 in each program. The value of $.231 
per unit will hold up to the time that unused capacity in Draw and Cut 
is utilized or until perfect balance is reached among all departments. 
It is, therefore, possible to determine directly from the calculations the 
value of increasing limiting or bottleneck capacity for the existing prod- 
uct mix. 

The amount of each product that will provide the best use of capaci- 
ties according to the selected 'objective is given in each program and is 
specific. This information can be converted in turn to departmental 
loads so that planning for operations and man power can be realistic 
in terms of requirements. 

The number of unused hours suggests that methods improvements 
that increase rates of production and new products that use the same 
facilities are worth investigation. 

Depending upon the program selected to be followed, the specific 
profit, products, and program provide management with a goal or target 
to which actual performance can be compared as a basis for control. 

SOLVING FOR VARIOUS OTHER OBJECTIVES 

In the first chapter, it was pointed out that linear-programming meth- 
ods provide a way to calculate optimum, or best, answers to certain 
kinds of problems. 

Optimum, or best, answers can be either maximum or minimum. For 
example, maximum, or most profit, is an optimum objective, and so is 
minimum, or least time. From the standpoint of the simplex method 
there is no basic difiPerence between maximizing and minimizing an ob- 
jective or functional. There are a number of relationships between the 
two that are worth noting, however. 

For example, when we are minimizing it is possible to restate the ob- 
jective or functional and solve it as a maximizing problem or to leave 
the objective unchanged and solve it as a minimizing problem. There are 
cases when it has been advantageous to do one or the other. 

The procedure for converting to a maximizing problem by restating the 
objective is straightforward. Usually a cost-minimization problem can 
be changed to a profit-maximization problem as follows: 

1. Take the highest cost for each situation as a base. Regard this as 
a no-profit program. 
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2. Set up each alternate plan as a profit program. The amount of the 
profit for that program will be the difierence obtained by comparing 
the alternate to the base. This sets up the problem as a profit-maximiza- 
tion problem. 

The simplex method also makes it possible to treat a minimum objec- 
tive as if it were a negative maximum objective. Therefore, an objective 
equation can be expressed as a minimum equation by multiplying it by 
a minus one ( — 1). 

Irrespective of whether the functional or objective equation is to be 
maximized or minimized, the computational routine is the same once the 
problem has been set up. The steps in setting up the problem are also 
the same. It is necessary to construct a first basic feasible solution from 
the equations and inequations that describe the problem conditions and 
restrictions. The first basic solution is then replaced by another basic 
feasible solution which improves the objective or functional equation. 
The improvement process is continued, iteration by iteration, by cal- 
culating the incremental change in the objective equation caused by the 
addition to the basis of an incremental amount of one of the unknowns. 
An optimum, or best, answer is reached when the next increment is 
either zero or negative for all possible incremental additions. 

In maximizing an objective equation, the calculations are carried 
forward until all values in the base row are zero or positive. In fhinimiz- 
ing, the same condition is true provided that the functional, or objective, 
equation was multiplied by a minus one ( — 1). 

There is another way of obtain^ g minimum answers by using the 
same computational procedure. It involves changing the way in which 
values are selected at each iteration for improving the functional, or 
objective, equation. The process is to select and bring into solution the 
largest positive value at each iteration and proceed until all values in 
the base row are zero or negative. This process of selection is exactly 
the reverse of that followed in maximizing. 

When this process is to be followed, it is not necessary to multiply the 
objective equation by a minus one ( — 1 ) in order to minimize. The 
process itself will minimize. The principal advantage of this procedure is 
that it is somewhat simpler because there are fewer negative signs in 
the calculations. 

SOLVING FOR LEAST TRANSPORTATION COSTS; THE DISHOMATIC COMPANY 

A number of applications have been carried out successfully in which 
the objective was to maximize. In general, there seem to be a growing 
number of these cases. This has been especially true in the “cracking- 
type" problem in which one resource has been processed or “cracked” 
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into a number of end products. Crude oil in a refinery, milk in a creamery, 
coal tar in a distilling plant, soy beans in a processing plant, and loans 
at a bank are typical examples. 

There have been a number of minimizing applications also— particu- 
larly in the areas of minimizing transportation costs, selecting livestock 
feeds that satisfy minimum nutritional requirements, and building up the 
soil on a farm to meet specified fertility requirements. 

The steps involved in minimizing an objective can be best demon- 
strated by stating and solving a problem. The particular problem selected 
ior demonstration involves minimizing transportation costs for the Dish- 
omatic Company. 


The Dishomatic Company 

The Dishomatic Company manufactures automatic dishwashers in 
three widely separated factories located on the Eastern seaboard. The 
company owns and operates six warehouses throughout Atlantic coastal 
states in order to supply the market for their product. Each warehouse 
can be supplied by one of the three plants using ^company trucks. The 
company manufactures for stock in the warehouses. At the present time, 
the manufacturing capacity of the factories exceeds the requirements 
of the warehouses. 

problem: To assign the production of the factories to the warehouses 
at least transportation costs so as to meet the stock requirements of each 
warehouse for the time being considered. 

given: The warehouse requirements for the period 

Warehouse I: 100 dishwashers 
Warehouse F- 400 dishwashers 
Warehouse III: 600 dishwashers 
Warehouse IV: 200 d'shwashers 
Warehouse V: 200 dishwashers 

Total requirement for llie period is 1,500 dishwashers. 

The factory capacity for the period 
Factory A: 1,000 dishwashers 
Factory B: 300 dishwashers 
Factory C: 700 dishwa.shers 
Total factory capacity for the period is 2,000 dishwashers. 

Setting up the problem 

The following points should be considered in setting up the problem 
for solution by the simplex method: 

1. Each warehouse can be supplied from each factory. This means 
that there are 5 X 3 = 15 activities or possibilities (P). 
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Table 5-9. Schedule of Freight Costs in Dollars per 
Dishwasher Using Company Trucks 


Fartory 

Warehouse 

I 

II 

III 

IV 

V 

A 

30 

32 

25 

50 

23 

B 

40 

10 

12 

21 

25 

C 

21 

20 

50 

18 

15 


Table 5-10. Number of Activities 




Warehouse 


Factory 

I 

II 

III 

IV 

V 

-i 

— 

— 


- 

— 

A 

Pi 

Pz 

Pi 

P 4 

Pf, 

B 

Pe 

Pi 

Ph 

Pq 

Pio 

C 

Pn 

Pvz 

Pm 

Pm 

PlB 


The possibility of supplying Warehouse I from Factory A is Pi. 

2 The objective or functional equation is as follows- 

Z = 30Pi + 32/^2 + 25 P 3 + 5 OP 4 + 23 P 5 + 40/^6 + 10/^7 + 

12Pt, + 2iP<, + 25Fio + 2 IP 1 J + 20P,2 + 50Pu + I 8 P 14 + 

15P,5 

where the constant values are the costs per unit for each activity or pos- 
sibility (P) and the Ps are the unknowns for which values are sought 
that minimize the functional or objective. 

3. Since the requirements at each warehouse are to be met exactly, 
(Warehouse I = 10, Warehouse II = 40, and the like), the problem 
must be set up so that the method will provide for that condition in the 
final answer. This is done by placing a large value or penalty designated 
as — M over the slack variables of the warehouse requirements equa- 
tions. The — M over the slack variable means that the penalty for having 
slack is so great that there will not be any and therefore that the re- 
quirements will be met exactly. 
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4. The values in the Cap over the slack variables of die resource or 
factory equations are zero. The zero indicates that the most desirable or 
least costly condition occurs when nothing or zero quantity is shipped. 

Since factory capacity is 500 units greater tiian warehouse capacity, 
there will be 500 units of slack or unused factory capacity. 

The first and successive tableaus are given in Table 5-11. 

In this particular solution, the functional equation was multiplied by a 
minus one ( -1) and the computations carried forward by selecting the 
largest negative value at each iteration. The process was continued until 
the Base Row showed all values to be positive or zero. M - 24 is a posi- 
tive value, even though —24 is contained in it. By definition M is a very 
large number. Subtracting 24 from it will leave it positive. 

This problem eould have Been solved and the same answer obtained 
by expressing the functional positively (without the minus sign) and 
selecting the largest positive value to come in at each iteration until all 
values in the Base Row became negative or zero. 

The least-cost program totals $28,900 in freight co.sts. Allocating the 
production of the factories according to the least-cost program shown in 
Table 5-11 will result in the minimum-cost value. 
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Table 5*11. Least Traoqrartation Costs 
The Dishomatic Company 
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Table 5-11. Least Transportation Costs (continued) 
The Dishomatic Company 
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Table S-11. Least Transportation Costs (contbuied) 
The Dishomatic Company 
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Table 5-11. Least Transportation Costs {continued) 
The Dishomatic Company 


125 






























































































126 


Section Two: Methods 


Tdbite 5>11. Least Tran^rtation Costs (continued) 
The Dishomatic Company 


Gortpw 
wH Ob 

dBOlIl) 

Phh 

gram 

Pb 

a 

0 

Pl7 

0 

Pl8 

-if 

Pia 

-if 

Pbo 

-if 

Pa 

-if 

P» 

-if 

Pbi 

-30 

ft 

-32 

Pa 

-26 

Pb 

0 

Pt* 

1,000 


■ 

■ 

■ 

B 


m 

B 

1 

1 

1 

-10 

Pi 

200 


■ 

B 

B 

1 


B 

1 

1 

1 


-♦ -12 

Pa 

100 

0 

1 

1 

-1 

-1 

0 

-1 

-1 

-1 

-1 

0 

-21 

j*ii 

100 


■ 


B 

fl 




1 



-20 

p» 

200 


■ 

1 

B 

B 


-1 

-1 

-1 



4- -if 

Pii 

500 


— 

-1 

-1 

1 

1 

1 

1 

1 

■B 

1 

o 

-18 

Pl4 

200 

■ 



!■ 

B 

B 


B 

m 

m 


-16 

Pl6 

200 

i 



B 

B 

B 

1 

B 

m 

■ 



■ 


1 

Af-12 

Af-22 

B 

2 

0 

1 

1 

-M+Si 

-if +34 

-Jlf+25 

0 

Pl6 

500 

1 

1 

1 

-1 

-1 

-1 

-1 

-1 



0 

-10 

Pi 

200 



-1 

1 

1 


1 

1 

1 

1 

0 

-12 

Pa 

100 


1 

1 

-1 

-1 


-1 

-1 

-1 

-!♦ 

0 

-21 

Pii 

100 


B 


1 





1 

■ 

0 

-20 

Pl2 

mm 


B 

1 

-1 



-1 

-1 

-1 

B 

0 

-25 

Pa 

500 

m 

-1 

-1 

1 

1 

1 

1 

1 

1 

1 

1 

-18 

Pl4 



■ 

1 




1 



■ 

0 

-15 

Pl6 

imiQii 


B 






1 


B 

0 

Least cost On 
dollars) 

28.400 

0 

13 

3 

af-24 

if-23 

u-a 

U-21 

Af-lS 

6 

9 

0 


Leist-ooBt IVogram 


Factory 

WarehouM 

Unused 

Total 

B 

II 

III 

IV 

fl 

A 


■ 

500 



500 

1.000 

B 



100 




KiM 

C 

100 

m 


200 

200 


TOO 

Total 

100 

400 

600 

m 

m 

B 

2,000 
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Table 5-11. Least Transportation Costs (continued) 
The Dishomatic Company 























































































CHAPTER 6 


The Ratio-analysis Method 


BACKGROUND AND INTRODUCTION TO THE RATIO-ANALYSIS METHOD 

Ratio Analysis is a new method and approach to the solution ol linear- 
programming-type problems.' Because ol its newness it has had limited 
application, and as a method it has not been explored fidly. On the basis 
of the evidence to date, however, it has shown good potential for simpli- 
fying difficult problems. It has proved potentially valuable in acquiring 
a better grasp of the simplex method. 

The modi and index methods were developed to meet specific needs— 
to solve certain problems or reduce calculation time for others— and 
their uses have since been widely extended. The ratio-analysis method, 
on the other hand, is the development ol an idea, or an approach to 
programming generally. It changes the form of the problem information 
in such a way as to make possible direct logical c-omparisons of alterna- 
tives. This greatly simplifies calculation. The method cannot be used for 
all types of problem. But— for the appropriate type— it will rapidly give 
an optimum answer or greatly reduce the number of steps in the simplex 
method. Ratio Analysis is defined as follows: 

Ratio Analysis is a procedure for allocating limited resources most 
effectively among competing demands where there are differences 
in unit profit (cost or other benefit) and in capacity required to 
satisfy a unit of demand. 

It seems that almost everyone who makes decisions is confronted with 
the type of problem referred to in the definition. For example, the fore- 
man or scheduling clerk has to decide which jobs will go on the ideal 
machines and which ones will go on the non-ideal machines. The chief 
engineer has to select or recommend the type of work to be done— the 
development of a new product, the improvement of the design of an old 


128 



The Ratio-analysis Method 129 

product, or some other problem. The president of the company may 
have to decide between building a new plant, developing a new prod- 
uct, or intensifying the advertising program. 

In many business situations the demands for resources exceed the 
amount of availal)lc rcsomrces. So it frequently becomes necessary to 
select one of several desirable courses of action. The cost of doing this is 
the loss of opportunity of doing other things. Economists call this cost an 
opportunity cost. 

Some people learn to make such selections by intuitive processes. In 
some cases making the right selection is mainly a problem of organizing 
and interpreting facts. Sometimes the problem is one of weighing and 
balancing intangibles and coming up with an integrated program— in 
these cases there is no substitute for judgment, knowledge, and experi- 
ence. It is desirable, however, to base as many of the decisions and as 
much of each decision as possible on an analysis of facts. The expansion 
of scientific management has been based on using moio facts and less 
integration of experience and knowledge. 

Much time has been spent developing ways ok collecting, organizing, 
and interpreting facts for making decisions. Linear programming has 
proved to be extremely useful for solving certain kinds of industrial 
problems, for it provides a precise way of using statements of limita- 
tions, such as “not more than” and “not less than,” in mathematical com- 
putations. Ratio analysis provides a way of solving some problems of 
this kind. 


A RATIO-ANALYSIS PROBLEM; THE MATHAND COMPANY 

This tool or technique can be an aid in a wide area of decision making. 
Its usefulness covers a broad ranee of problems. A specific problem in 
which a number of different demands compete for limited amounts of 
resources will demonstrate this. In this problem the demands can be for 
different products which earn varying amounts of profit and require vary- 
ing amounts of the available capacity of the several departments in the 
manufacturing division of the business. The objective is to meet as many 
of these demands as possible in the way most beneficial over all. 

The Mathand Company 

A company makes material-handling equipment— traveling cranes, jib 
cranes, fork lift trucks, pallet elevators, and stacking conveyors. The 
sales have exceeded the capacity of the plant, and management feels 
that the company cannot finance an expansion program at this time. The 
sales manager proposes that they concentrate their activities on the prod- 
ucts that will bring in the most pfofits from their present facilities. This 
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brings up the question of which products the company should make. 
The manufacturing division has six main departments: Foundry, Forge 
Shop, Weld Shop, Machine Shop, Finishing, and Erection Shop. Each 
of the products requires a certain amount of the capacity of each depart- 
ment. 

The problem information is listed in Table 6-1. It consists of the 
capacity of each department in man-hours per month, the number of 

Table 6-1. Problem Information 

Products and Average Profit per Unit; Departments and Capacity in Man- 
hours per Month: Man-hours Required in Each Department to 
Make One Average Unit of Each Product 


Products 

Traveling 

Jib 

Fork lift 

Pallet 

Stacking 

cranes 

cranes 

trucks 

elevators 

conveyors 

Profit per unit (in dollar's) 

0,000 

300 

750 

1,200 

300 


Capacity 






Departments 

(in man-hours 

Man-hours required per unit of product 


per month) 






Foundry 

2,000 

n 


20 


30 

Forge Shop 

1,000 

msm 


15 


20 

Weld Shop 

1,000 

300 


40 


10 

Machine Shop 

8,000 

2,400 


240 


160 

Finishing 

2,000 

400 


50 

80 

40 

Erection Shop 

6,000 

900 


240 

180 

120 


man-hours required by an average unit of each product in each depart- 
ment, and the average profit per unit of product. 


STEPS FOR SETTING UP AND SOLVING A PROBLEM 

The use of the ratio-analysis method involves a number of steps which 
follow a definite pattern. The steps in the order in which they should 
be taken are given below. 

1. Form a ratio-analysis matrix 

The first step is to arrange tUe problem data in a table or matrix to 
facilitate solution. As in the other methods, a matrix consists of the co- 
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e£Bcients of a family of related equations and inequations. With the 
information in Table 6-1, the steps for doing this are as follows: 

1. Find a common unit of measure for the resources and demands. 
The first and frequently a most important step in the use of ratio analysis 
is to find a common unit of measure for relating the demands and the re- 
sources to be used in meeting these demands. 

In this case the common unit of measure is man-hours. The available 
man-hours per month in each department are given. This is a measure 
of the available resources. The benefits are the profits that can be made 
by supplying the demand for the several products. Table 6-1 gives the 
number of hours it takes to make each of the products in each of the 
dep.uhncnts. In many cases, the problem is well on the way to being 
solved when it can be set up with a common unit ol measure, as in 
lable 6-1. 

2. Set up the unknowns 

The unknowns are the amounts of each product to be made from the 
available amount of productive capacity to maxirqizc profits. They are 
designated by the following letters. 

o = the number of traveling cranes that should be made per month 
w — the number of jib cranes to be made per month 
X — the number of fork lift trucks to be made per month 
y = the number of pallet elevators to be made per month 
z = the number of stacking conveyors to be made per month 

In ratio analysis the unknowns represent the answers that are wanted. 
They will have either a p'''.ith e or a zero value. 

3. Organize the information into a table of inequations 

The facts given in Table 6-1, wh«^n properly related, can be expressed 
in the form of inequations for use in the matrix. 

The first fact is the amount of capacity in man-hours required in each 
department to make an average unit of each product. For example, it 
takes 800 of the Foundry man-hours to make one traveling crane. 

The second fact given in the table is the amount of capacity in man- 
hours that is available in each department. For example, the Foundry 
has 2,000 man-hours available for the month. 

The third fact, related to the first two, is that the amount of products 
that can be made is limited by the capacity of one or more of the de- 
partments. If the one department were the Foundry, for example, the 
total number of each product made per month multiplied by the number 
of hours required to make one tmit of the product cannot exceed the 
available capacity in foundry maii-hours. It is not known in advance. 
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however, whether all of the Foundry capacity will be used in the most 
profitable program or not. The same statement is true of the other de- 
partments, so that the use of capacity must be determined by the method. 
To do this requires that the possible uses of the capacity of each depart- 
ment are expressed as an inequation containing the products that can be 
run. For the Foundry, this expression is as follows: 

SOOo + 20w -f 20x + 120i/ + 30z ^ 2,000 

where the letters v, to, x, y, and z represent the quantity of each of the 
products and the numbers 800, 20, 20, 120, and 30 are the man-hours 
per product, respectively. 

When the capacity of each department is similarly expressed as in- 
equations, they are then arrayed in the matrix form shown in Table 6-2. 

Table 6-2. Dep.utmcntal Capacity Inequations 


800( +- ‘20h> -f- 20 j: -I- 120i/ -I 30. < 2,000 

200( 4 lOiit 4- 15* 4- 30v 1- 20a < 1,000 

300/ I 20/</4- 40*4- 15// t- 10a < 1,000 

2, 100/ 4- iOw + 210* 4- 320// 4- lOOa < 8,000 

1(K)/ F 30/0 4- 50* 4- 80«/ -f 40a < 2,000 

000?/ 4- CO/o 4- 240* 180j/ 4- 120a g 0,000 


Eaeh column in Table 6-2 designates a product and tlx* coefficients re- 
lating to it. It is important to the success of the calculations that the 
coefficient of each unknown remains in the same position in the table 
even when its value changes as the calculations are carried forward. 

The final step in setting up the matrix is to place the profit figure for 


Table 6-3. Ralio-an.ilysis Matrix 


6,000 

300 

750 

1,200 

300 


800 

20 

20 

120 

30 

2,000 

200 

10 

15 

30 

20 

1,000 

300 

20 

40 

45 

10 

1,000 

2,400 

40 

240 

320 

160 

8,000 

400 

30 


80 

40 

2,000 

900 

60 

240 

180 

120 

6,000 
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each product at the top of its product column in the matrix and omit the 
product letter notation. 

When this step has been completed, the matrix will appear as columns 
of numbers only as shown in Table 6-3. This array of numbers is the 
Ratio-analysis matrix. It is the same as part of the matrix for the simplex 
method of linear programming. 

4. Unitize the rows of the ratio-analysis matrix 

The purpose of this step is to set up each resource as unity— that is, one 
Machine Shop, one Erection Shop, and the like. This is done by divid- 
ing the numbers in each row by their constant value at the end of the 
row. When this proc<‘ss is completed, the time to make one unit of a 
product is expressed as a fraction of the capacity for 1 month. Tliis cal- 
culation does not affect the profit per unit for each product. The calcula- 
tions, when carried out for the problem, appear in Table 6-4. 


Tabic 6-4. Unitized Matrix 


0,000 

300 

.400 

.010 

.200 

.010 

300 

020 

.300 

.005 

.200 

015 

.150 

.010 


750 

1,200 

.010 

.0(4) 

.015 

.030 

.040 

.045 

.030 

.040 

.025 

.040 

.010 

030 


300 


.015 

1.000 

.020 

1.000 

.010 

1.000 

.020 

1.000 

020 

1.000 

.020 

1.000 


These computations in no way change the validity of the inequations 
in the First Matrix. Both sides of each inequation have been divided by 
the same number. For example, in the First Matrix it takes 800 hours of 
2,000 available hours per month in the Foundry to make one traveling 
crane per month. In the Unitized Matrix it takes .4 of the Foundry 
capacity per month to make one traveling crane per month. There is no 
difference in the two statements. They state the same fact in different 
ways. 

The Unitized Matrix provides a way of comparing the requirements 
for manufacturing each product in terms of the capacity of each depart- 
ment, The Unitized Maitrk states that it takes .030 of the Machine Shop 
capacity to make a fork lift truck. It also provides similar information 
about each product in each department. Since the objective is to earn 
as much profit as possible, the profit possibilities of each product must 
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be set up and compared. The process of setting up and converting the 
information to a comparable basis is termed equalizing. 

5. Equalize the columns of the rotio-analysis matrix 

The comparisons of profit are accomplished by establishing groups of 
each product— selected so that the profit on each group is the same as 
that for a group of any other product. For example, the profit on one 
traveling crane is $6,000, and on one jib crane it is $300. Twenty jib 
cranes will also earn $6,000 profit. On the basis of profit-earning capacity, 
it will take 20 times as much plant capacity to make twenty jib cranes 
as it does to make one traveling crane. Therefore, we multiply each num- 
ber in the jib-crane column by the ratio of profits: 6,000/300, or 20. This 
changes the numbers in this column as follows: 


300 X 20 = 

6,000 

.010 X 20 = 

.200 

.010 X 20 = 

.200 

.020 X 20 = 

.400 

.005 X 20 = 

.100 

.015 X 20 = 

.300 

.010 X 20 = 

.200 


All the numbers in each column are multiplied by a number which in- 
creases to $6,000 the profit for that column. The unitized numbers for 
fork lift trucks would be multiplied by 6,000/750, or 8. 

Similarly, the respective multipliers for pallet elevators and stacking 
conveyors would be 6,000/1,200, or 5, and 6,000/300, or 20. The nu- 
merators for these fractions can be any convenient number. Tlie $6,000 
value was selected for this case because it was the least common multiple 
of the profits. $10,000, $300, or $1 could have been used with equal ac- 
cmacy. The compulations are made easier, however, by using a least 
common multiple, if the number is not too large. The processing of a 
unitized matrix in this way is called equalization, and the matrix is 
now said to be a unitized, equalized matrix. The example matrix is 
shown in unitized, equalized form in Table 6-5. This array of numbers 
is basically the same as in the first Ratio-analysis Matrix (Table 6-3). 
However, now that direct comparison is possible, facts can be found and 
comparisons made that were somewhat difficult to see in the First 
Matrix. A study of the requirements along the rows for the departments 
will demonstrate this. It can readily be seen that an equalized group of 
each product does not require an equal part of each department’s 
capacity. An equalized unit of jib cranes requires .400 of the Weld Shop’s 
capacity for a month, and .100 of the Machine Shop’s capacity for a 
month. Similarly, an equalized unit of pallet elevators requires .300 of 
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Traveling 

cranes 

Jib 

cranes 

Fork lift 
trucks 

Pallet 

elevators 

Stacking 

conveyors 


Foundry 

Forge Shop 
Weld Shop 
Machine Shop 
Finibhing 
Erection Shop 

6,000 

.200 

.300 

.300 

.200 

.l.'iO 

6,000 

.200 

.200 

.460 

.100 

.300 

.200 

6,000 

.080 

.120 

:2i& 

.200 

,320 

6,000 

(» 

JSO 

.225 

.200 

.200 

.150 

6,000 

.300 

.460 

.200 

A(S5 

.400 

1.000 

1.000 

1.000 

1.000 

1.000 

1.000 


the Foundry’s capacity per month and only .150 of the Forge Shop’s 
and Erection Shop’s capacity per month. The Unitized, Equalized Matrix 
provides a clearer picture of the profit-earning capacity of each resource 
when it is used to make the different products. Now It is possible to start 
solving the problem, which was to determine which products to manu- 
facture in order to be able to make the most profit per month. There is 
a definite procedure for doing this. First, determine which product or 
products will earn the greatesf profit if only one produet is made. Then 
determine whether it is more profitable to make a combination of prod- 
ucts rather than only one product. 

6. Find the product which shows maximum profit potential when only 
one product is manufactuit'd— find the first key number 

The next step is to determine the most profitable product when the 
company is limited to making only one product. For example, the largest 
number in the column for traveling cranes is .400 in the Foundry. This 
means that .400 of the Foundry capacity is used for one profit unit of 
production. It is possible to make only 1.000 .400, or 2.5 equalized 

groups of traveling cranes. Making this quantity of traveling cranes re- 
quires all of the Foundry capacity, even though 1.000/ .200 = 5 travel- 
ing-crane groups can be made in the korge Shop. The bottleneck in the 
Foundry limits production to 2.5 groups. Two steps are necessary to 
find the one best product to make. First, select the largest number in each 
column. They are .400, .400, .320, .300, and .400, respectively. A dot has 
been placed over each of these largest numbers in each column in 
Table 6-5. Second, select the smallest of these largest numbers-this is 
.300 in the column representing pallet elevators and in the row for the 
Foundry. This number is circled in Table 6-5. This means that more 
profit ""itQ of pallet elevators can be made than any other product and 
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that for this product the bottleneck is the Foundry capacity. Hereafter, 
this smallest of the largest numbers is called the First Key Number. This 
corresponds to the choice of the key column in the simplex method— 
the most negative number, or product which adds most profit— and to 
the 'choice of the key row as the bottleneck. The simplex key number is 
the intersection of this greatest-profit per unit column and the bottleneck 
row. There may be other key numbers in the matrix. If so they will be 
called the Second Key Number and the Third Key Number. The row and 
the column in which this number is found will be respectively called the 
First Key Row and the Fir.st Key Column. The rows and columns of the 
second and third key numbers, if any, will be called the Second and 
Third Key Rows and Key Columns, respectively. 

It is possible to make 1.000 ^ .300, or Sy^ equalized groups of pallet 
elevators. This uses all of the Foundry capacity. The profit potential is 
3% X $6,000, or $20,000 per month if only this one product is made. 
This is the most profit that can be earned in 1 month, when the company 
makes only one product. The most of any one product that can be made 
is 1.000 divided by the largest number in the column representing the 
product. The Key Number, or .300, was the smallest of the largest num- 
bers in each column. Therefore, 1.000 -r- .300 will give a larger answer 
than 1.000 divided by any other larger number. The result of ibis divi- 
sion determines the number of groups of equalized profit units that can 
be made for the chosen product. Now the next step is to determine 
whether it is possible to increase th^profit potential of the plant by mak- 
ing a combination of two or more products. 

7. Determine whether the potential profit can be increased by 
manufacturing a combination of two or more products 

Quite frequently it is possible to find a combination of two or more 
products that will increase the profit potential above that resulting from 
the manufacture of one product. It is easy to see that this can be true. 
The single product— pallet elevators— that was selected requires a smaller 
part of the capacity of the other departments than it does of the Foundry. 
Or, in other words, more pallet elevators could be made if there were 
more Foundry capacity. In fact, if there were enough Foundry capacity 
production could be increased until restricted by the department repre- 
sented by the next largest number in the column, wlaich is the .225 
representing the Weld Shop. If this were the bottleneck the capacity 
would be 1.000 -i- .225, or 4% equalized profit groups of pallet elevators. 
This would increase the profit potential per month from $20,000 to 
$26,666.67. These figures show that the Ratio-analysis Matrix provides a 
way of evaluating the relative merits of capacity increases, of changes in 
products, of methods improvements, and the like. One of the conditions 



The Ratio-analysis Method 137 

of the problem, however, was that the productive capacity could not be 
increased. To increase profits, therefore, it is necessary to find another 
product that requires less Foundry capacity per equalized product group 
than the first product, pallet elevators. Then some of this product can 
be made. Since the newly selected product requires less Foundry capac- 
ity per equalized group of products, the first bottleneck (the Foundry) 
is opened up. However, this new product group, making the same profit, 
will require more capacity of some other department or depa’^tments 
than the group of pallet elevators because some number in the other col- 
umns is equal to or larger than the corresponding number in the First 
Key Column. So Foundry capacity can be assigned to another product 
until the capacity of some other department is exhausted. 

This is done by looking for a number in the First Key Row that is 
smaller than the First Key Number. If there is such a number or num- 
bers, the amount of the potential profits can be increased by manufac- 
turing two or more products. There are two such numljer'’ in the prob- 
lem. They are the .080 in the column representing fork lift trucks and the 
.200 in the column representing jib cranes. 

8. Determine the amount of the potential increases in profits 

Start empirically with the smaller of the two numbers. In other words, 
look into tlie profit potential of manufacturing a combination of pallet 
elevators and fork lift trucks. The choice of fork lift trucks may be indi- 
cated by the fact that the second bottleneck capacity for pallet elevators 
is the Weld Shop, which can produce more fork lift trucks than jib 
cranes. It only takes .080 of the Foundry capacity per month to produce 
an equalized group of fork h’lt trucks, while it takes .300 of the Foundry 
capacity per month to produce an equalized group of pallet elevators. A 
transfer of .08 of a month’s Foundry capacity to fork lift trucks gains one 
equalized group of fork lift trucks and loses .08/.30, or 5 of a group of 
pallet elevators. Thcrefoic, the net gain is (1 - tis). or equalized 
profit groups. This cciualizcd profit, or the profit on an equalized group 
of products, is $6,000. Tlien the dollar gain on transferring .08 of the 
Foundry capacity per month to one equalizt^l group of fork lift trucks 
is (iy ,5 X $6,000), or $4,400. 

The next resource or capacity to be exhausted will be the department 
other than the Foundry in which these products have the largest com- 
bined load. The second heaviest load on pallet elevators is in the Weld 
Shop, where one equalized group of these products takes .225 of a 
month’s capacity. The heaviest load from the fork lift trucks occurs in 
the Weld Shop and the Erection Shop. One equalized group of fork lift 
trucks requires .320 of a month’s capacity in each of these departments. 
The heaviest load from pallet elevators outside the Foundry is in the 
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Weld Shop, and the fork lift trucks require as much of the Weld Shop’s 
capacity as in any other department. Therefore the Weld Shop will 
be the second bottleneck when these two products are produced. 

These two products will use all of the capacity of the Foundry and 
the Weld Shop. So it is possible to set up two simultaneous equations 
that will tell how many equalized groups of each product can be made. 

Xe = the number of equalized groups of fork lift trucks that will be 
made 

yt — the number of equalized groups of pallet elevators that will be 
made 

And the number of the equalized groups of each of these products mul- 
tiplied by the time for each group of products uses up the capacity of the 
Foundry and the Weld Shop. Therefore, 

.080xe -1- .SOOye = 1.000 Foundry 
.320** + .225{/* = 1.000 Weld Shop 

These equations can be solved by determinants, or algebraically. When 
the equations are solved simultaneously the answers are as follows: 



.225 - 

.300 

-.075 

25 

Fork lift trucks 

rs: 

rr 




.018 - 

.090 

.078 



.080 - 

.320 

-.240 

40 

Pallet elevators 

= .. 

= 




.018 - 

.096 

.078 

~ 13 


Thus the total profit is now 414 6 X $6,000, or $24,231 per month. 

The total equalized-profit groups with one product was 314- The gain 
from making two products is ~ or ~ ~^%8t or 

of an equalized product group. The additional profits on this are 
X $6,000, or $4,231. 

9. Determine whether it is possible to further increase the profit 
potential by including another product in the manufacturing group 

It will be possible to increase the profit potential if there is any other 
product that requires less Weld Shop and Foundry capacity than the 
products already in the group. For then it will be possible to gain capac- 
ity to produce more groups of equalized products. In other words, the 
Foundry Row is the First Key Row, and the Weld Shop is the Second 
Key Row. The pallet-elevator column is the First Key Column and the 
fork lift-truck column is the Second Key Column. 

There may be another product that it will pay to include in the 
group of products to be manufactured. If so, then there must be a col- 



The Ratio-analysis Method 139 

umn where a number in a key row is smaller than one of the key column 
numbers in the same key row. Preferably, all key-row numbers in the 
chosen column should be equal to, or less than, one of the key column 
numbers in the same key row. The Stacking Conveyor Column meets 
these requirements. Its number in the First Key Row is .300 which is the 
same as the Key Number. Its number in the Second Key Row is .200 
which is smaller than either of the key column numbers .320 and .225 in 
this row. So it is possible to increase the potential profit-earning capacity 
of the plant by including the stacking conveyors in the products that are 
to be manufactured. 

10. Determine the third iimitihg resource 

The next step is to determine which of the departments will prove to 
be the third limiting resource. It can be seen by inspection that the 
Forge Shop or the Finishing Department is not the third limiting re- 
source. The limiting department will be the one that requires the most 
time to make these three products. The Forge Shop and the Finishing 
Shop require less time to make these products than the Machine Shop. 
Therefore, the Machine Shop will be a limit on production before either 
of the other two departments. 

The stacking conveyors and the fork lift trucks require as much as or 
more of the Erection Shop monthly capacity than they do of the Machine 
Shop monthly capacity. However, tlic pallet elevators require much less 
of the Erection Shop capacity than they do of the Machine Shop capacity 
per month. Therefore, cither the Machine Shop or the Erection Shop 
will be the third limiting re-*riction. (If the .320 figure for fork lift trucks 
in the Erection Shop had been less than the .240 in the Machine Shop, 
the Erection Shop would have been eliminated as a bottleneck and the 
problem solved with the Machine Shop as the third limiting restriction. ) 

A comparison of the simplex and ratio-analysis methods will be help- 
ful in understanding what is done next. Both the simplex and the ratio- 
analysis matrices contain a number of essential and unessential facts. 
Both of the procedures are planned to separate the essential facts from 
the unessential facts. When this is done the result is a set of simultaneous 
equations that are in the matrix.® In die simplex matrix the coefiBcients 
of the unknowns for the equations are found where the key columns 
intersect the key rows. The negative numbers in the base indicate which 
items should be included in the equations. The smallest positive quotient 
picks the restriction for each product. The simplex routine in effect 
selects a set of simultaneous equations and solves them. The simplex 

solution to this problem is presented in Table 6-6 for comparison. 

» 

2 This fact was first called to the authors' attention by G. M. W. Sebus, of Amster- 
dam, while they were on assignment in the Netherlands in 1954. 



Table 6-6. Most Profitable Product Mix 
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Sometimes the ratio-analysis procedure will select these equations, and 
sometimes it will not. This problem was set up so that it would select 
these equations and provide the most profitable answer. If the ratio-anal- 
ysis method will not solve the matrix, at least it will decrease both the 
size and the number of iterations in the simplex method. Comparing the 
simplex matrix with ratio-analysis matrix shows a number of differences. 
First, an identity is not needed when a ratio-analysis matrix ean be set 
up. Second, a brief inspection shows that the Forge Shop and the Finish- 
ing Department will never be restrictions. Consequently, they do not 
need to be considered and can be omitted from the matrix. It is also 
possible to determine by inspection that neither the traveling cranes 
nor the jib cranes can be made profitably. So they can be diopped from 
the matrix also. This decreases the size of the matrix from 7 X 12 to 
5x4, which reduces the number of calculations. 

To return to the sample problem, there are two different ways of 
finding out which of these departments— the Erection Shop or the 
Machine Shop— is the limiting resource. One way is to solve two sets of 
three sirmJtaneous equations that express the capacity of the three de- 
partments. Each set of simultaneous equations will have an equation 
representing one of the departments being checked and will include the 
Foundry and Weld Shop. Tlien the set of equations with smaller total 
values of the unknowns is the restricting department. The first set of 
equations using unitized, equalized values to be solved which includes 
the Machine Shop is as follows: 


Fork lift 


Pallet 


Stacking 


trucks 


elevators 


conveyors 


.OSxg 

+ 

o 

CO 

+ 

.30sc 

= 1.000 Foundry 

.32Xf 

+ 

.225yg 

+ 

.20z, 

- 1.000 Weld Shop 

.24Xe 


.20ye 

+ 

.40zp 

= 1.000 Machine Shop 


X, means equalized groups of item x. 

This set of equations solves to: 

For folk lift trucks Xg = 3%^ 

For pallet elevators y* = 

For stacking conveyors Ze = 

The sum of x, + t/, + Ze= ^%4 -h ®%4 -f- = i®% 4 , or 4%4 total 

equalized profit groups. 

The second set of equations, which includes the Erection Shop, is: 
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.08ar, + .30ye + .30z. = 1.000 Foundry 
.32x, + .235ye + .202* = 1.000 Weld Shop 

.32** -f .15yg -f- .40ze = 1.000 Erection Shop 
These equations solve to 


Vo - "% 

2e= % 

The sum of z* + y* + z* = + i «%2 + *%2 = ^®% 2 . or 4%2 

total equalized profit groups. 

The 4%^ for the Machine Shop is smaller than the 4 % 2 lor the Erec- 
tion Shop. This means that the Machine Shop’s capacity is smaller than 
the Erection Shop’s when these products are being made. So the Machine 
Shop is the third restriction. 

The other way of determining which department is the third restric- 
tion is to check the “open” capacity in the departments and the require- 
ments for shifting load between departments. This is similar to steps 
already described and will give the same answer as the simultaneous 
solutions. 

1 1 . Cheek for further profit potential 

The same procedures are used to determine whether further increases 
in profit are possible. No fiuther increase in profit is possible in this 
problem. 

There is another way of checking the possibility of further profit po- 
tential. This is called the Northwest Corner Method. The procedure is 
as follows: 

The sequences of the rows and columns are changed, but each number 
is kept in its original row and column. Such an arrangement is shown 
in Table 6-7. The first key number is put in the upper left-hand, or north- 
west, corner of the matrix. This immediately establishes the restriction 
for the first row and the product for the first column. The second key 
number is placed one row down and one column to the right. Then it is 
possible to fill in four entries in the northwest corner of the ms^trix. In 
the example the northwest comer entries are as follows: 

.300 .080 - - - - = 1.000 

.225 .320 - - - - = 1.000 

These values are the same as the cpefficients shown in Table 6-5, Uni- 
tized, Equalized Matrix, given on page 135. There is one requirement to 
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Table 6-7. Northwest-comer System for Finding Determinant in a Matrix 





Stacking 

conveyors 

Traveling 

cranes 

.. . 

Jib 

cranes 


Foundry 

.300 



1 

1 .400 

.200 

= 1.000 

Weld Shop 

.225 

1 •320 

.200 

1 .300 

.400 

= 1.000 

Machine Shop 

.200 


n 400 

J .300 

.100 

= 1.000 

Forge Shop 



400 

.200 

.200 


Finishing 



.400 

200 

.300 


Erection Shop 

.150 


.400 

.150 

.200 



be met in the northwest-corner anangcment, and that is that the numbers 
to the right of each key number must not be larger than the key number. 

The next step in the alternate-checking procedure is to see whether 
any other key number can be added to this group of figures. The stack- 
ing conveyors meet the requirement. The stacking conveyor .300 in the 
Foundry is not larger than the Foundry Row Key Number. The .200 in 
the Weld Shop is smaller than the Key Number .320 for the Weld Shop. 
It is still necessary to select the Third Key Row or department. This ean 
be done as it was done before. 

At this point there are no other products that do not have a larger 
number than the key number in on<^ of the rows. The traveling cranes 
take too much time in the Foundry and the jib cranes take too much 
time in the Weld Shop. The final simultaneous equations are: 

.30f/r -|- .08x, -|- .30z, = 1.000 

.2251/, + .32x, -f .20r, - 1.000 

.20y, -H .24x, + .40z, - 1.000 

These equations arc the same as those developed by the other method. 

12. Set up a final program and profit picture 

This step is the interpretation of the results of the previous steps and 
the development of a final program and profit table, as shown in Table 
6-8. This would be used as a guide for management decisions on the 
company’s manufacturing activities. The equalized profit groups x*, ye, 
and Ze of fork lift trucks, pallet elevators, and stacking conveyors for 
the optimum program can be added together. This gives 4%4 total 
grbups with a total profit of 4%4 X $6,000, which equals $24,529%7. 

These three equalized groups can be converted back to actual numbers 
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Table 6-8. Final Program and Profit Table 
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Capacity 

Production hours used per month 

Departments 

Hours 

avail- 

able 


Travel- 

ing 

cranes 

Jib 

cranes 

Fork 

lift 

trucks 

Pallet 

elevators 

Stacking 
a nveyors 

Foundry 

Forge Shop 
Weld Shop 
Machine Shop 
Finishing 
Erection Shop 

2,000 

1,000 

1,000 

8,000 

2,000 

6,000 

2,000 

750 

1,000 

8,000 

1,917 

5,700 

- 

— 

165 

124 

330 

1,980 

413 

1,080 

L _ _ I 

1,412 

353 

520 

3,770 

940 

2,120 

423 

282 

141 

2,250 

564 

1,690 

Equalized profit units 


- 

— 

mmm 



Actual units produced 


- 

- 

■SHI 


14 

Profit per actual unit (in dollars) 

ri,ooo 

300 

■h 

1,200 

300 

Profit (in dollars per mouth) 

- 

1 

1 _ 

6 , 17 C ? r 7 

14,117’}i7 

4 . 2355<7 

Total profit per month (in dollais) 

24,.52!)Ji7 


of units by multiplying by 8, 5, and 20 respectively. These are the same 
multipliers used when ecjualizing the columns in the ratio-analysis matrix, 
and they convert Xc back i< x for fork lift trucks and similarly for the 
other products. 

Knowing the actual units to be prtoluced makes it possible to calculate 
the actual hours used in each of tl.e production shops and the profit 
dollars per month for each product. These values have already been 
calculated indirectly by using the equalized groups, but for convenience 
of tabulating the result they are shown in Table 6-8. The total profit from 
this optimum program, calculated previously to be $24,529, is checked 
by totaling the profits from the thrt'^ <'hosen products. Table 6-8 indi- 
cates that the maximum profit is obtained by producing: 

8% 7 fork lift trucks per month 
lli %7 pallet elevators per month 
14% 7 stacking conveyors per month 
It also indicates that the capacity of the Foundry, Weld, and Machine 
Shops is completely utilized and that other shops have unused capacity. 
The solution gives complete operating and profit information for manage- 
ment use. 
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SOME COMPARISONS OF RATIO ANALYSIS AND SIMPLEX 

There will be cases where it is impractical or perhaps impossible to 
solve the matrix by ratio analysis. In these cases it will be necessary to 
use the simplex method or some other procedure. The ratio-analysis 
method, however, can be used to minimize the number of iterations in 
the simplex method. Then the starting column for the simplex method 
is selected in the same way as the ratio-analysis method. If necessary 
the ratio-analysis method can be used to select the key columns for 
the first three or four iterations. Quite frequently this will save calcula- 
tion time because of the method of selecting the starting point in each 
method. The ratio-analysis method starts with the benefit that will bring 
the largest over-all returns; the simplex method starts with the benefit 
that brings the largest unit profit. 

In the example above the simplex method would start with traveling 
cranes, the largest unit profit. In the ratio-analysis solution, the pallet 
elevators, the largest over-all profit for a single product, provided the 
starting point. The starting point selected by the ratio-analysis method 
will save an iteration when this problem is solved by the simplex method; 
because the regular simplex method will bring in the traveling cranes 
and then drop them. Doing this reejuires an iteration of the matru^which 
is not needed when we start witli the most profitable item. 

The simplex method can include secondary limitations, such as “At 
least 30 of Product B must be made^’ “Not more than 30 of Product K 
can he made,” and so on. In the ratio-analysis method all minimum re- 
quirements, such as “30 of Product B must be made,” are handled in 
the following way: the amount of the resources necessary to make these 
minimum requirements is calculated and totaled, and this amount of 
each resource is deducted from tlie available amount of the resource 
before unitization takes place. 

Any column can be dropped from the simplex matrix when the follow- 
ing conditions exist in the corresponding ratio-analysis matrix: 

1. Belationship between two columns is such that each number in 
one column is equal to or larger than the number in the same row of 
the other column, with at least one number in the column to be dropped 
larger than the corresponding number in the other column. 

2. There are no outside quantity restrictions on the amount of the 
demand in the column with the smaller figures. 

There may be requirements for a specified amount of the item which 
is to be dropped from the matrix. This does not change the situation, 
because the capacity to produce this specified quantity can be deducted 
from the total capacity before the matrix is unitized. 
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In actual practice, although not in theory, it may be possible in the 
ratio-analysis matrix to drop any column with many large numbers and 
no particularly small numbers. 

It is possible to drop any row from the simplex matrix when the fol- 
lowing condition is met: 

The relationship between two rows is such that each number in one 
row is equal to or smaller than the corresponding number in the other 
row, with at least one number smaller than the number in the other row. 
The row with the smaller numbers will be dropped. 

Such a row will be the last limitation to come into use and will only 
be used to bring one more benefit into the group, if any spare capacity 
is available. 


SUMMARY 

The ratio-analysis method presents a way of solving some problems 
and of minimizing the work necessary to solve other problems. 

Where it is possible to select the bottlenecks or restrictions, the prob- 
lem can be solved as a simple set of linear equations. Ratio analysis pro- 
vides a way of picking out these restrictions in some cases. Where it 
applies, it is a rather simple process. It amounts to a procedure for select- 
ing restrictions and a corresponding group of simultaneous equations 
out of a matrix constructed from inequations. 

A summary of the steps used in the ratio-analysis method follows: 

1. State the problem in terms of the objective. 

2. Collect the information relating to the problem. 

3. Form a ratio-analysis matrix as follows. 

a. Find a common unit of measure for resources and demands. 

h. Establish the unknowns. 

c. Set up the information in inequation form. 

4. Deduct the capacity required for a specified amount of an item 
that must be in the program. 

5. Unitize the rows of the ratio-analysis matrix. 

6. Equalize the columns of tlie latio-analysis matrix. 

7. Find the first key number. 

8. Determine whether improvement is possible from combinations and 
the amount of tlie improvement. 

9. Determine whether further improvement is possible from larger 
combinations. 

10. Determine further limiting resources. 

11. Check for further improvement. 

12. Set up and evaluate the final program. 

As shown by the sample problem •solution, the ratio-analysis method 
of linear programming can be used to aid management in making de- 
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dsions. It is a formal, logical approach to making a best decision or 
choice where alternatives and choices exist. The procedure will find an 
optimum solution from a number of alternatives and a mass of informa- 
tion which would be impossible to handle by normal analysis or cal- 
culation. 

The ratio-analysis method of linear programming aids in understand- 
ing the simplex method. It shows that what is being done in the simplex 
method is to find a set of simultaneous equations that are in the matrix. 



CHAPTER 7 


The Index Method 


The first of the approximate methods to be discussed is the Index Method. 
In a strict mathematical sense, the index method is not an LP method 
because it does not indicate precisely when the best answer has been 
reached. Nonetheless, it is a programming procedure in the sense that 
it provides a first answer and, by the use of index numbers, permits the 
development of improved solutions by the judicious use of alternatives 
to overcome restrictions and limitations. 

In this section we shall discuss the following: 

1. The backgroun(Kof the development of the index method 

2. The underlying principles and concepts 

3. The general procedure and rules for using the method 

4. The application of the method to a machine-loading problem 

5. The programming principles of the index method 

BACKGROUND AND DEVELOPMENT OF THE INDEX METHOD 

The index method was developed to solve a scheduling and loading 
problem involving a large number of orders and automatic screw ma- 
chines.’ From a survey it had been ^established that the automatic de- 
partment was the bottleneck or restricting department that limited the 
amount of production and profit that could be obtained from the plant. 
To put it another way, the plant had sufiicient facilities in the other 
departments to more than process all of the production that could be 
machined in the automatic department. The limiting or restricting re- 
source was the automatic screw machines themselves. A study of the 
machines and the orders to be run showed that within the department 
only a few machine groups were restricting or limiting production. As a 
matter of fact some of the machine groups or centers were not being 
fully utilized and had not been for some time. 

The situation was complicated fmther because schedules were pre- 


149 



150 Section Ttco; Methods 

pared weekly and changed frequently as the result of sales-department 
requests, unexpected equipment failure, absenteeism, and the like. These 
frequent changes made it impractical to use the simplex method for 
routine planning. Recomputing answers that reflected the changed con- 
ditions would have required too much time. Necessity was the mother 
of invention. The index method was conceived and developed by work- 
ing back from the simplex to obtain a practical and useful tool to handle 
this problem. 

The method turned out to be fairly simple, routine, and easily taught. 
Because of the simplicity and rapidity with which tl\e calculations could 
be carried out, the index method was installed for loading machine 
centers. Results of 3 years of experience to date indicate a remarkable 
improvement over previous pcncil-and-paper methods,* closer control 
of production, and greater ease of management. 

Since the index method was developed to solve a scheduling and load- 
ing problem, we shall use scheduling and loading as a background upon 
which to develop the basic concepts and principles of the method. 

A scheduling and loading problem as seen through programming eyes 
can be solved for least time, least cost, highest utilization of equipment, 
or some other objective. In order to demonstrate the method and the 
linear-programming concepts, a problem of loading machine centess in 
least time to meet delivery promises will be used, 

BASIC CONCEPTS AND PRINCiPLESAlNDERLYING THE METHOD 

A look at several definitions will facilitate understanding the method. 
The definitions that we want firmly in mind are as follows: 

Ideal Machine is the machine that will perform the operation on a 
pait in the least amount of time, or at least cost, or at most profit; or in 
an optimum fashion in terms of some other objective. It is the best ma- 
chine for the part or order in terms of the objective sought. 

Index Number is a number that represents the extra or additional time 
taken (or cost incurred if that is the objective) when a part or order is 
produced on other than the ideal machine. It is a number that indicates 
that a “penalty” is involved when other than the ideal machine is used. 
An index number is computed only where there are alternative machines 
lor performing the operation. The rule for computing index numbers is 
given by the following formula; 

alternate machine time — ideal machine time 


Index number = 


ideal machine time 
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Index Method is a procedure for computing indexes for each order 
or operation and assigning the overload from ideal machines to alterna- 
tive machines using the index number to minimize the excess time (or 
cost or the like) taken to produce the order. Basically, it is a procedure 
or method which indicates the extent to which non-ideal machines cost 
more in time, money, profits, or the like, than ideal machines. 

The computation of an index number is a straightforward process. For 
example, assume that an order for 400 pieces of Part W321 which is 
scheduled for next week can be run on Machine Groups 61, 62, 63, and 
64 at different production rates. When the time required to produce the 
400 pieces on each of the machine groups is computed, we have order 
times as shown in Table 7-1. 


Table 7-1. Order Times for Part W321 
(In hours) 


Machine 

Machine 

Machine 

Mai'hi^o 

Group 61 * 

Group 62 

Group 63 

Group 61 

30 

34 

60 

75 


• Ideal least time for the order. 

By use of the formula the index numbers are as follows; 

Index number (Machine Group Cl) = 0 (ideal) 

34 - 30 4 

Index number (Machine Group ti2) = = — = .13 

30 30 

60 - 30 30 

Index number (Machine Group 63) = = — = l.(X) 

30 30 

75 - 30 45 

Index number (Machine Group 64) = = — = 1.50 

30 30 

The index numbers for each order to be scheduled in a given period 
are computed in the same way. The index numbers once computed are 
directly comparable for scheduling and loading purposes even though 
derived from different orders. The index number .represents a percentage 
increase in time resulting from using other than ideal machines. In these 
sample calculations, the index numjjer represents the percentage in- 
crease in hours required to run an order on a non-ideal machine. 
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It has proved useful in practice to set up the information about the 
order or part on a card, which is filed according to the week or period 
in which the part is to be run. The deck of cards for a given period then 
provides, in a convenient form, the scheduling information for planning 
the load to machines. 

A .sample card which sets forth the information needed and indicates 
the calculations required tor the index method-time solution is shown 
in Table 7-2. 


Table 7-2. Schedule Card 


Part 

no 

Oper- 

ator 

no 

1 

Tool- 

ing 

Ma- 

terial 

n/ 

Pie< es 
on order 

Pieces 

scheduled 

Alternate 

niachme 

Alternate 

machine 

\lternate 

rnarhine 

Alternate 

machine 

Alteinate 

machine 

A3470 

on 

V 

3,500 

3,500 






Machine 

group 





Type I 


Type 11 


Type III 

Time per pioi e (in hours) 



0240 


028G 


.1080 

Running tune (in hours) 



84 


100 


378 

i^etup tune (in hours) 




G 


8 


5 

Total time (in hours) 




00 


108 


383 

CJoat factor (machine hour eosts) 







Equalised costa 










Index number- - 

tune 




000 


20 


3.20 


GENERAL PROCEDURE AND RULES FOR USING THE INDEX METHOD 

The general steps for applying the index method to scheduling and 
loading problems are as follows: 

1. Set up a scheduling table or matrix for working out the machine 
load. 

2. List orders to be run in the period— including carry-overs from 
present period. 

3. Determine alternate machines on which each order can be run. 

4. Compute time to run each order on alternate machines. 

5. Calculate an index number for each order on each machine using 
the ideal machine as a base. 

6. Assign orders to machines on which they can be run. Circle the 
ideal. 

7. Total the ideal assignments (circled values) to each machine. 

8. Transfer overloads, first selecting orders with smallest index num- 
ber and proceeding to higher-index-number orders until a satisfactory 
balance is reached. 
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STEPS FOR SEHING UP AND SOLVING A MACHINE40ADING PROBLEM 

FOR LEAST TIME 

Now that we have covered the basic concepts and principles and listed 
the rules and procedures for using the method, let us use them to solve 
a small machine-loading problem. 

1. Loading machine centers for least time 

The problem and the objective is to assign a group of orders to ma- 
chine centers in the least amount of time. Do not create additional set- 
ups by splitting orders. Information about the orders, the quantity to 
be run, the various automatic rhachine groups, running time per order 
by machine, and hours available are given in Taljle 7-3. 

Table 7-3. Order and Production Information 


Part 

no. 

Stock 

size 

Quan- 

tity 

Machine groups in order of Jnc. stock size 

No. 61 
(2) 

1 

No. 62 
(1) 

No 63 
( 4 ) 

No. 64 
(5) 

No. 66 
(2) 

W321 

.985 

400 

30 

34 

60 

75 


W326 

2 125 

600 

— 

— 

— 

90 

60* 

W330 

1.050 

800 

60* 

140 

210 

150 

— 

V200 

1.050 

400 

90 

135 

112 

115 

160 

V210 

1500 

! 500 

- 

— 

160 

188 

210 

V220 

1.225 

1000 

— 

220 

70 

130 

115 

Hours available 

60 

35 

185 

190 

1 

60 


• Running in the present schedule on the machine group indicated. 


The hours available have been adjusted by a utilization factor that 
includes down time, maintenance, repair time, and absenteeism. Produc- 
tion times include setup time. 

Orders W326 and W330 are running on their ideal machines in the 
present schedule. Therefore, they must be carried over to the schedule 
being developed for next week. By that time. Order W326 will require 
600 pieces and Order W330 will require 800 pieces to complete. 

Applying the rules for solving a problem by the index method to the 
information as given results in a starting matrix, as shown in Table 7-4. 

Table 7-5 shows the result of carrying out steps 1 to 8. 
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Table 7-4. First Schedule— Third Week 



Machine 
Group 61 

Machine 
Group 62 

Machine 
Group 63 

Machine 
Group 64 

Machine 
Group 65 

Excess 

hours 



.00 


in 


1 00 






W32I 


1 


■ 

GO 

■ 

71 

) 





Ml 


1 

1. 33 

1 

HI 

] 

I 50 

1 



W330 


■ 

140 


210 







Bi 

m 

1 

.50 


.24 


.28 


.78 


V200 


'IH 

135 


112 


115 








2.14 

■I 

.00 


.8(> 




V220 


K ^ 

1 

220 




13( 


115 





.x; 

“1 


■SSI 

1 .00 


Lis 

1 

.31 


V210 





moM 


188 

210 





IX 



IX 


.50 

* 

1 .00 


W326 







90 




Avail ablt^ hours 

00 


35 


185 


100 

60 


Idoal hours 

ISO 


0 


230 


0 

60 


Difference 

+ 120 


-35 

+45*^ 

-190 

0 



* Order set up on the machine center indicated 


In Table 7-4 Machine Groups 61 and 63 are overloaded. They restrict 
or limit production for the period— if all orders are to be run on ideal 
machines. 

There are alternate machine groups on which the orders can be run 
so that the bottleneck or restricting condition can be eliminated. The 
problem then is to transfer the overload with a minimum of excess hours 
over ideal. 

The index numbers have been computed to serve as a guide for shift- 
ing overloads at a minimum of excess hours. The rule is to move orders 
from overloaded to underloaded machines in order of lowest index num- 
bers to higher index numbers. 

Orders W321, V200, and V210 have the lowest index numbers for 
alternate machines and should therefore be considered for transfer first. 
In general, these orders can “buy^ time on underloaded machines at 
the cheapest price— the lowest index possible. Order V220 should be 
then considered. Orders W330 and W326 should remain as loaded be- 
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Table 7-5. Least-time Schedule— Third Wedc 


Order 

Machine center 

Excess 

hours 

Group 61 

Group 02 

Group 63 

Group 64 

Group 65 

W321 


,00 


.13 


1.00 


1.50 


X 

4 

30 


@ 


GO 


75 






,00 


1.33 




1.50 


X 


W330 


[■ 
















1'- 


.28 


1-78 


V200 


w 

135 




115 


160 


22 





2.14 



ri 

.86 ! 


1-50 


V220 



220 






115 





:x! 





BSkI 

.18 


.31 


V210 











28 



X 


X 


x 

! 90 

.50 


1 .00 


W32G 







1 





Available hours 

60 

35 

185 


wm 

00 


Scheduled hours 

60 

34 

182 

188 

60 

54 


cause they are already set up on ideal machines and use the available 
time in the period. In general, they are properly assigned because their 
index numbers are higher on alternate machines than the remaining 
orders anyway. 

This program will meet the schedule requirements for the week. All 
orders are assigned to machine groups, and there are very few unutilized 
machine hours. None of the orders have been split, and thus additional 
setup time is avoided. 

Orders W321, V200, and V210 are transferred to non-ideal machines 
at a penalty of 54 excess hours. The index method, in addition to being 
a useful production-planning procedure, provides valuable by-product 
information. In practice, it has been possible to tabulate the overload on 
ideal machines as a guide to the purchase of new equipment and man- 
ning arrangements. It also provides useful information for evaluating the 
worth of acquiring additional tooling, and the desirability of splitting 
orders. 
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If the conditions of the problem just solved allowed splitting of orders, 
the least-time schedule given in Table 7-6 would have resulted. This 


Table 7-6. Least-time Schedule Splitting Orders— Third Week 


Order 

Machine center 

Excess 

Group 61 

Group 02 

Group 63 

Group 64 

Group 65 

hours 

W321 

30 

.00 

i 

.13 

J 

1.00 

75 

1.50 



4 

W330 

a 

m 

1 

140 

1.33 

I 

210 

2 50 

m 

150 


X 


V200 

90 

.00 

170 

.50 


.24 

o 

.28 

160 

.78 

25 

V220 


X 


2 14 


00 


.86 

115 

.50 


V210 


X 

n 

& 


■ 


210 

.31 

^.1 

W32G 


IX 

i 

X 

« 

IX 

90 

m 

m 



Available hours 

t)0 


35 

185 



60 


Scheduled hours 

(jO 

34 

185 

168.1 

00 

37.1 

Difference 

0 

1 

0 

21.9 

0 



program has 16.9 fewer excess hours than the preceding least-time 
schedule (54 — 37.1 = 16.9). It requires one more setup because Order 
V210 is split, but it also makes available 21.9 hours on Group 64 for 
producing other orders. Either the reduction in excess hours or the addi- 
tion of available hours for other orders can be evaluated in dollars. The 
cost of additional setup can be compared to the volume and a decision 
to split an order or not made on the basis of the dollars and cents in- 
volved. 

2. Leading machine centers for least cost 

The procedure for calculating » schedule resulting in least cost in- 
volves calculating a cost factor and equalized costs before computing 
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the index numbers. From that point on the basic procedure is the same 
as used in the time solution— to schedule by lowest index numbers when 
overloads occur. Table 7-7 shows an example of the calculations as re- 
quired for least-cost solution. 


Table 7-7. Schedule Card 


Part 

no. 

Oper- 

ator 

no. 

Tool- 

ing 

Ma- 

terial 

Pieces 
on order 

Pieces 

scheduled 

Alternate 

machine 

Alternate 

machine 

Alternate 

machine 

Alternate 

machine 

Alternate 

machine 

A347() 

65 



3,50(1 

a.ftoo 






Mad me proup 





Type I 


Type II 


Type in 

I’ime per pioeo (in hours) 



.0240 


.0286 


.1080 

Kunriinp time (in houra) 



84 


100 


378 

Setup time (in hours) 




6 


8 


5 

Total time (in hours) 




90 


108 


383 

Cost factor (machine hour costs) 


G 


4..5 


4 

Equalized costs 





540 


486 


1,532 

Index numbei — 

cost 




.11 


.00* 


2.15 


* Oil a cost basi&, the Tyjie II la the boat machine, whereas on a time basis, the Type I is the best. 


The Cost Factor for a machine group is the per hour operating cost 
expressed in dollars. ( Per hour operating costs generally consist of direct 
labor and other assignable costs.) Equalized Costs are calculated for 
each alternative machine and are the product of total time and the cost 
factor. They are used to compute index numbers for a cost solution. 
An example of the cost calculations for a given order is shown in Table 
7-7. The programming procedure for issigning orders to machine center 
at minimum cost is given in detail ir Table 7-8. 

LP PRINCIPLES IN THE INDEX METHOD 

The index method is an effective method that has passed the trials of 
practical application. It was conceived and developed on programming 
principles, and by itself it is a valuable method for loading machine 
centers. In practice, it has achieved considerable savings and improved 
deliveries to customers. 

The programming ideas inherent in the use of the index method are 
as follows: 

1. The objective must be stated— least time, least cost, or the like. 

2. The restrictions on the objective must be overcome or alleviated 
by the existence of alternatives. 
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Table 7-8 • The Programming Procedure for Assigning Orders to Machines 

to Mimmize Costs 


NEW SHOP ORDERS BXISnNG ORDERS 

Make 8 4X6 white card for carh oew shop order to 
beschedulpd Card shows 

Shop Order No MarhineCode 

Part No Runiiinjz 1 ime 

Stock 0 D Sot-up Time 

Date Required Total Mschme Hours 

Compute the total machining time if joS is done on 
the ideal machine code (the group of iiiaLhines that 
will do the job in the fewest number of hours) Take 
time data from record file— idd full set up tune to 
running tune for that size order 


NOTE FOR BEST RE<U7I/rS RE SHnFFLP 
TNTIRE bCHEDULF FAf H Wt»K 


Make a 4 X 6 buff card for each existing order which 
IB already scheduled or being machmed Card con- 
tains infoimation similar to white cards 
Compute the remaining machining time to compictt 
the order 


Debrininr the marhiiimg 
hours u ulal It ii ra(h cfde 
for the scholuliii^ penod 
Use information irom shop 
on numlier of michines 
downtime and total work- 
ing time available 


Sort cards representing all orders to 1 e scheduled during 
period into three groups inner races outer racts and 
miscellaneous parts Jnis will make it eisicr to combine 
orders requiring the same set up 

1 Arr inge each group in order of increasing bsr stock Make one compobite card 

si/ts for each group of like or 

2 Group like orders (those requiring the same set up) — > ders Compute new time to 

i machine composite order 

Group orders accordmg to ideal machine code for run < — with only out &( t up 
niiig the job 


> 


Total the hours to be scheduled on ( ach ideal i ichint 
code ^ 

Compare the total hours to bt scheduled on lach ma 
chine code with tin available hours for naehirmi, in 
that (ode 

C odes where hours to be schi duUd in mon th in avid 
al Ic hours arc overloaded Ihtse irds arc hTiiilrd as 
follous 


1 ( on I itb tot il ti r ( to ma hinc clth order on alU mate 
machine code s w he rt job can be performed Total tune 
eouals running time for order plus full set up time 

2 Multiply tot il hours I y cost hetor to obtain rejuali/cd 
hours for each alt* mate code 

1 ( ompute excess hours for each alternate code f ir each 

{ ob ( Iaccss hours ib alternate hours minus Ideal 
tours ) 

2 Divide excess hours tv Ideal hours to ol tain an in- 
dex nun ber for euh alternate 1 or exair pie 
100 excess hours 


400 ideal hours 


25 Index numl e r 


— •> Codes V tl s h elul ihmrs 
less till iviiliMcch irs 
arc I t \ rl 1 1 1 1 htbt 
card ei I e s t isi le ten 
porvily 


200 excess hours _ 
400 ideal hours 


>0 Index number 


Shift orders from overloaded codes to codes that are not 
overloaded Move first to codes with lowest Index nun 
bers in order to niiniiiiire excess hours Addition il shiits 
may be made in orde r of increasing Index numl ers 1 ook 
for ways to shift orders lu double and triple shifts to ob- 
tain a schedule p itt< rn that tikes advantage of the most 
economical production tacilitics 

1 Regroup all order cards *i( cording to m )st desirable 
codes for machine scheduling 

2 1 otal the hours ol machine loadiug lor each machine 
code 


Hang each group of cards on a separate hook one for 
each machine code 

Schedule orders from these card groups to nuintain the 
delivery sehedule required 




<- 


- > C ompute the excess hours 
assigned to each code 
Make up a summary sheet 
showing 

1 Order No 

2 Bearing No 

3 Part No 

4 Ideal Machine Code 

5 Ideal Time 

6 Assigned Code 

7 Assigned Time 

8 Excess Hours 

l*repare sep irate reports on 
the reasons lor excess hours 


* Reproduced through the courtesy of Fadory Management and Mamienance and Amenean MachinvA 
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3. The orders or demands compete with each other for use of a jixed 
amount of machine time or resources. 

4. The method involves a number of specific computational rules and 
procedures for establishing a first program and improving it. 

5. The method requires an orderly arrangement of information which, 
lor ease of computation, is set forth in a table or matrix. 

6. The concept of interdependence is present only in the sense that a 
change in the time to run an order will eflect the total time taken. The 
change in the time to run any one order introduced by shifting may or 
may not affect the time to run another order-depending on whether 
double or triple shifts are involved. 

7. Excess hours are a measure' of the additional or opportunity time 
(coit) taken in selecting one program over another. 

8. The concept of linearity, although not as evident in the index method 
as in some of the other concepts, is nonetheless present. An increase in 
the number of machine hours used will bring a proportional increase in 
output. 

The index method does not contain the following linear-programming 
concept; a specific optimum or best answer which is clearly designated 
when it has been calculated. 




SECTION THREE 


Application 


Experience gained in the application of LP methods to management 
problems indicates that successful installations generally follow a three- 
step pattern. The first step consists of recognizing that the problem is one 
that can be solved by LP methods. The second step C'onsists of making 
a trial installation on a pilot or model basis to determine the potential 
before committing time and effort to full-scale applicafSon. The third step 
consists of working out the solution to the problem selected and then 
interpreting the solution into a workable program for people to follow. 

The chapters in this section are arranged to correspond to the pattern 
of application just described. First comes Chapter 8, entitled “Recogniz- 
ing Problems Which Can Be Solved by Linear-programming Methods.” 
The basic kinds of LP problems are identified and discussed and methods 
suggested for solving each type. Also included in the chapter are rules 
lor setting up data and information in usable form and guides for deter- 
mining when the necessary information has been obtained. 

Next comes Chapter 9, entitled “The Model," which presents the way 
in which various problem areas can be explored for potential improve- 
ment. With this information provided, management can direct application 
effort to areas that will biing the largest return for the effort. It also 
prevents the situation in which the problem was recognized and solved 
only to find that the improvement was not worth the cost of getting it. 

Then come three chapters, each one of which describes an industrial 
application that has been working and is continuing to work successfully 
in practice. In general, the applications are aimed at showing how LP 
methods provide information for production planning, profit planning, 
and sales planning. 

The first application is given in Chapter 10, entitled “Maximizing 
Profit Margin Considering Manufacturing and Distribution Costs.” This 
application shows how headquarters planning used LP as a system for 
assigning production to outlying plants. Differences in operating costs 
and efficiencies in each plant, as well as freight equalization and the 
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market to be served, were taken into account in arriving at a best solu- 
tion for planning purposes. 

In the application given in Chapter 11, entitled “Obtaining the Most 
Profitable sibre of Your Market,” LP was used to direct sales efforts 
and develop sales programs for using plant capacity as effectively as 
possible under forecast conditions. 

In Chapter 12, entitled “Stabilizing Production and Employment 
Levels at Least Cost,” LP was used to integrate purchase-make, inven- 
tory, and forecast information into a least-cost program for operating a 
plant at a stable level of employment. 

Chapter 13, entitled “Putting Linear Programming to Work: Problems, 
Possibilities, Predictions,” attempts to answer a number of questions 
which arise in connection with putting linear programming to use in a 
firm. Such questions as: "Where does it fit in the organization?” “Who 
should do the work?” and “What personal qualifications are desirable?’ 
are discussed. Also presented are some thoughts on the trend of linear 
programming in the future. 

This section has several objectives: (1) to demonstrate further the 
use of the methods described in tlie methods section, (2) to present 
problems that demonstrate the kind of information needed and the level 
of result obtained, (3) to provide the reader with an opportunity •for 
developing skill and proficiency in application, and (4) to suggest what 
lies ahead. 



CHAPTER 8 


Recognizing Problems Which Can Be Solved 
by Linear-programming Methods 


A wide variety of management problems have been solved by conven- 
tional linear-programming methods. In addition, practical simplifications 
and combinations of the conventional methods have resulted in success- 
ful solutions to many other problems. 

The versatility of the methods and approach offers considerable prom- 
ise for solving a great many problems better than heretofore. This can 
prove to be a booby trap, because recognizing and setting up a prob- 
lem as one which can be solved by linear-programming methods (either 
conventional or approximate) is not easy. As a matter of fact, in some 
instances it is extremely difficult, if past experience is any guide. Ac- 
cordingly, the discussion which follows is intended as a guide for recog- 
nizing and identifying a problem as one that can be solved by linear- 
programming methods. Recognizing that a problem is not a program- 
ming problem is just as important as recognizing a potentially success- 
ful application. 

BASIC KINDS OF LP PROBLEMS 

In recognizing linear-programming-type problems it is necessary to 
remember that as a method it is an “allocation” or “assignment” technique. 
Fundamentally, the computational process allocates or assigns a limited 
amount of company resources, such as capacity, among competing de- 
mands, such as customers’ orders, according to an established objective, 
such as least cost. The relationship of demands to resources helps to 
define or categorize the basic kinds or types of linear-programming 
problems and indicates the most effective method. 

The first type of problem is one in which demands exceed resources. 
For sake of reference we call this Type 1. In this kind of problem, all 
demands cannot be met for the period or conditions being considered. 
Consequently the problem is to select the demands that use the re- 
sources in the optimum, or best, manner. 
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Type 1 problems are solved by using the simplex and ratio-analysis 
methods. With the selection of a common unit of measure and the addi- 
tion of an artificial or dummy resource, the modi method can be used 
under some circumstances. If the problem is not too large, the ratio- 
analysis method will prove to be the quickest of the methods. 

Type 2 problems are those in which demands equal resources. In this 
general kind of problem, all demands can be satisfied if all resources are 
used. The problem therefore is to allocate or use all resources to best 
advantage in satisfying all demands. Type 2 problems usually are best 
solved by the modi method where it is possible afld otherwise by the 
simplex method where it is not. When conditions make it possible, the 
modi is especially effective in problems of this type because advantage 
can be taken of its timesaving and practical features. 

Type 3 problems are problems in which resources exceed demands. 
In problems of this type the prime consideration is to make the most 
economical assignment of demands to resources. Frequently it happens 
that there are a few limiting conditions even though the resources as a 
total exceed demands. For example, in some machine-loading problems, 
particular machine groups may be overloaded during a period, whereas 
all machine groups together have idle capacity. In this kind of Type 3 
problem, the index method has proved to be effective. In Type 3 pfob- 
lems of considerable size in which the relationships tend to be obscure, 
the modi has proved to be effective. 

Irrespective of the type or category jnto which a particular problem 
falls, it is necessary to liave a clear statement of the pioblem and the 
objective, the concct unit of measure, and the most effective method of 
solution. Certain questions, if used as a guide, will aid in recognizing 
and categorizing the problem and indicate the most effective method. 
These questions represent a step-by-step routine, which, when followed, 
will lead to a conclusion about the possibilities of using linear-program- 
ming methods. 

It is necessary to point out that this is not a foolproof procedure. It 
is a guide that has proved valuable from practical experience. It provides 
a way to begin and proceed to reasonably sound conclusions regarding 
the potential and usefulness of linear programming for the problem 
being considered. 

1. Is the problem a linear-programming-type problem? 

Does it fall into one of the basic types in which the desired solution 
consists of a number of related, interdependent decisions for assigning 
the resources to demands? It is a^ programming problem when it in- 
volves situations and conditions of the following kind: 

The best assignment of orders to a number of plants in which they 



Recognizing Linear-programming-iype Pmbtems 16S 

can be produced can be decided only after a number of decisions or 
assigiiments have been considered, because the assignment of an order 
to capacity in one plant prevents the capacity from being used for some 
other order. In other words, we must have alternate courses of action to 
choose from, and we must have a specific limit on our resources or de- 
mands. 

There may not be a problem. Management may have no difilcuity 
making the best decision or arriving at a rapid solution to complex 
problems. 

On the other hand, if there is a problem, it is necessary to know 
whether the problem is a linear-programming-type problem and if so 
what the solution is required to show. This brings us to the second 
question. 

2. What is the objective or goal? 

Now that the basic character of the problem has been established, 
we need to know the kind of solution desired. In othef words, can the 
pioblem be stated so that a desired objective, such as least cost or great- 
est quantity, can be established clearly? We need to know what the 
solution is required to show in terms of objective or goal. If there is a 
potential linear-programming problem, then single objcctioes of the 
following type can be staled: 

1. What is the most profitable product mix for our products? 

2. What is the least-cost assignment of orders to machine centers to 
meet delivery promises? 

3. What assignment of production releases to individual plants will 
maximize gross-profit margin over all? 

4. What items should be carried in inventory to meet seasonal fluctua- 
tions in sales and production at least inventory carrying cost? 

The problem will not be one that can be solved by linear-program- 
ming methods if more than one objective is desired at a time or if state- 
ments of the following type are all that can be made: 

1. The plant must be operated more efiiciently 

2. Costs must come down. 

3. We want better delivery to customers. 

It is one thing to say we want more production so that delivery to 
customers can be improved. It is quite another to say we want the least- 
cost program that will enable us to meet delivery promises. The point 
to be made is that the problem needs to be clearly expressed in terms of 
the objective before a start can be made. The problem may be restated 
before the solution is attempted and may be completely changed before 
the final answer is obtained. But the start must be made, and getting 
agreement and deciding on an objective is the place to start. Do not be 
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surprised, however, if a different objective becomes more worthwhile 
by the time the solution is reached. This is one of the advantages of the 
linear-programming approach. It forces the problem and objective into 
perspective and frequently brings about a realignment of thinking about 
problems and situations that were not possible before simply on the 
basis of comparisons. 

3. What are the restrictions or limiting conditions that prevent the 
objective from being attained? 

The next step is to determine the restrictions and conditions that limit 
or reduce the possibility of attaining the objective. There are usually a 
number of these in most industrial situations. Many of them will fall 
into the following general categories: 

1. Capacity restrictions— only a limited number of hours are avail- 
able on milling machines, looms, assembly lines, and the like lor the 
schedule period. 

2. Man-power restrictions— a certain number of highly skilled cold- 
mill rollers limit the number of shifts that the temper mills will operate. 

3. Material restrictions— there may be only so many pounds of brass 
available this month for tubing and rod orders. 

4. Space restrictions— only a limited amount of cubic feet of ware- 
house and storage space are available before the cost of additional space 
becomes more than the value of the parts to be stored. 

5. Sales restrictions— the sales deparWnent requests a minimum of 10 
and a maximum of 14 tank cars of naphthalene this month. 

6. Capital restrictions— the board of directors has stated that only 
$15,000,000 will be allowed for additional raw material and new equip- 
ment this year. 

Generally, if there are restrictions or limitations of the kind just men- 
tioned, they indicate a potentially successful linear-programming ap- 
plication. 

If there are no restrictions or limitations there is usually no linear- 
programming problem. This is likely to happen under the following 
conditions: 

1. There are available all the centerless grinders that are needed for 
producing drill rod at least cost. 

2. All of the automobile glass required can be produced in the plant 
which has the cheapest transportation costs. 

Recognizing and stating the restrictions or limitations is a key step. 
The restrictions limit the amount of profit or number of pieces that can be 
obtained. The value of linear programming lies in the way in which it 
overcomes the restriction by using the alternatives to advantage. This 
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is what is meant when we say that linear programming is a method or 
technique for allocating a firm’s limited resources (machines, money, 
time, people, or material) among the various factors (products or cus- 
tomers) requiring their use according to some criterion (profits, cost, or 
quantity). 

There have been a number of cases in which restrictions had to be put 
into the problem artificially in order to use linear programming. For 
example, several production-planning problems have been solved with 
better results than were obtained by the usual methods by including 
fictitious products which forced the real products to be produced in the 
best way. This is strictly a computational device needed to satisfy the 
mathematical requirements. The technique does not discriminate be- 
tween real and fictitious numbers and products. 

4. Are there alternative ways which will lead to overcoming the 
disadvantages of the restrictions and accomplishing the objective? 

Without alternatives there can be no linear-prograpiming solution. 
There is no linear-programming solution if the following a)nditions are 
true: 

1. Action must be taken one way or not at all. 

2. There are only two alternatives. Generally two choices can be 
evaluated rapidly and compared for relative advantage and the most 
beneficial decision made without the use of linear programming. 

There is a potentially successful linear-progiainming solution if the 
following condition holds: 

There are more than two alternatives. In most business problems of 
any size, the choice of the best course of action is usually diflBcult to 
determine accurately without the use of linear-programming methods, 
which take into account all the interrelated alternatives and restrictions. 

Alternatives must be real alternatives— that is, selecting one of several 
different choices gives a result wliich is different from results of select- 
ing one of the other alternatives. For example, if you can buy a part for 
$10 and sell it for $12— and an “alternative” is to pay $8 for material, 
process it at a cost of $2 with the same selling price of $12— there is no 
real alternative for a maximum-profit program. All the other things being 
equal, the profit is $2 in both cases. 

However, in this example, if the $2 processing keeps some men busy 
who would otherwise have to be paid for being idle, we have a real 
alternative. The advantage of having work for these men can be spe- 
cifically stated in dollars. If the men had to be laid off and, later, men 
had to be rehired and trained, this cost disadvantage would liave to be 
assessed in dollars in order to use it in* the problem. 
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Similarly, if the quality of the self-processed article were higher, a real 
alternative exists and can be used in a linear-programming solution, if 
a specific value can be placed on this quality advantage. 

Mathematically, the programming techniques use the various alterna- 
tives to overcome the restrictions and accomplish the objective. In short, 
linear programming makes the best choice in a situation where choices 
exist by reason of the alternatives. 

5. Can the objective, restrictions, limitations, and conditions of the 
problem be stated numerically? 

It is necessary for all the facts relating to the objectives, limitations, 
conditions, and alternatives to be stated numerically because linear- 
programming methods manipulate numbers. Ideally, they should be 
specific and accurate numerical values; but where certain information 
is not available, an estimate or approximation may be used. This esti- 
mate will give a valuable solution or optimum program, one which can 
be used until revision is possible with the actual figures in place of the 
estimate. This revision, or recalculation, will be very easy and rapid 
once the procedure has been set up using the original figures. 

The facts must be stated numerically, either actual or estimated, to 
be used in a linear-programming solution. The numerical requirement 
is met as follows: 

1. We cannot say, “It will mean layoff for 20 men.” Instead we must 
estimate that the rehiring and training df 20 men will cost $2,000 as well 
as perhaps $10,000 of bad publicity (what is it worth to the manageis 
to avoid the bad public relations resulting from the layoff?). 

2. We cannot say, “These late deliveries or stockouts will cause us to 
lose customers.” We must assess the value of a customer’s patronage, 
the likelihood of losing him, and use a figure of, say, $10,000 per year 
(perhaps 5 possible lost customers at $2,000 per year each). 

Frequently we can reverse this process and, by calculating two pro- 
grams showing two specific alternatives, present a figure of what it 
will actually cost to avoid layoff for 20 men, or avoid late delivery and 
stockout. 

Using this difference figure, management has facts on which to base 
a decision, to decide whether they are willing to take certain “risks” to 
gain a specific calculated benefit. They can truly say it is a “calculated 
risk” when they make a decision. 

6. Are the variables interrelated? 

The information and variables ilSed in a linear-programming problem 
must be interrelated. Eaeh one must be dependent on, and affected by. 
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other variables. This interrelation may be very obvious and direct or 
may be indirect and difficult to determine. 

The profit dollars are obviously related to the cost of production and 
the selling price. L ess obvious but interrelated in certain cases would be 
the humidity of the atmo.sphere, the amount of rejected material, or the 
total output. Either example would meet interrelation requirements, 
since if one variable changed the other variables would be affected in 
some way. 

If we have several different processes which can each be carried out 
on only one piece of equipment, we would not have interrelation unless 
the end products were identical and there were limitations on these 
products for over-all demand. However, if these different processes can 
be carried out on more than one piece of equipment— that is, if they 
compete foi the available time on the equipment— wc have the required 
interrelation of variables by both equipment and product demand. 

7. Can the objective, restrictions, and conditions be expressed 
mathematically? 

For linear-programming application we must be able to express the 
objective, all restrictions, and pertinent facts as mathematical equations 
or inequations, and they must be linear, or capable of conversion to 
linear relationships. Linearity occurs when costs or profits go up or down 
proportionately with the level of production or other activity. This is the 
same straight-line or linear assumption that the break-even chart pictures. 

“Better delivery results in improved customer relations” is not an equa- 
tion. “Total profit = 10 pieces X $10 profit per piece -t- 4 pieces X $20 
profit per piece — $180” is an equation which can be used directly for a 
linear-programming solution. It is also linear and can be plotted as a 
straight line. 

“Output of benzol this month must equal exactly 2,000 gallons” is an 
expression of a restriction as an equation. The statement “Output must 
be less than or equal to 2,000 gallons” is a restriction expressed as an 
inequation and represents a range of values within which output may 
vary and still satisfy the objective. 

If the equations are not linear, it is sometimes possible, within the 
accuracy required for the problem, to convert to linearity by using one 
of the following procedures. 

1. Use approximations for the relationship— perhaps a portion of the 
curve which is almost straight. 

2. Use the “least-squares” method to obtain the mathematically best 
straight line to take the place of the curved one. 

3. Split the problem into two or more parts where each part utilizes 
linear relationships or very nearly linear relationships. 
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If there is no possibility of converting to linear equations or other un- 
sunnountable difBculties arise, it may be possible to: 

4. Set up a formalized and simplified programming procedure to solve 
the problem. This may be merely a modification of the present calcula- 
tion method, or it may be conversion to tabular procedures or a method 
using many shortcuts, but voe must he sure that the optimum (or very 
nearly optimum) program can be obtained by the method used. The 
modi matrix, index, and ratio-analysis methods will be guides toward a 
procedure which will give an optimum answer. 

5. Use nonlinear or quadratic programming. At the present time these 
procedures are in the process of development and in the future may be 
used for certain types of problems. 

Investigating and answering the seven preceding questions represent 
the steps in the general procedure for recognizing problems which can 
be solved by linear-programming methods. The steps outline what has 
to be done in general and provide a way to get information and facts. 
The order or sequence can be changed to accommodate any given situa- 
tion. and frequently the procedure involves working back and forth 
among several steps. 

SEHING UP PROBLEM INFORMATION FOR USE BY LP METHODS 

Assuming tliat the problem has been defined and expressed initially 
and that the necessary data and inform6tion are available, the next step 
is to set up the data in usable form for use by one of the available 
methods. 

The selection of the method can have a considerable effect on the 
information and the work involved. In general there are a number of 
steps to be carried out in setting up the data before the method is finally 
established. The first step is to divide the problem information into man- 
ageable parts by partitioning vertically and horizontally. 

1. Vertical partitioning of information 

The purpose of vertical partitioning is to reduce the size of the prob- 
lem if possible. This is generally done by looking for a bottleneck and 
then concentrating on it since it represents the critical part of the whole 
problem. A bottleneck might be a department or a machine group that 
limits the amount of production and profit that can be obtained in much 
the same way that the neck on a bottle limits how much can be emptied 
from or added to the bottle at any time. Concentrating on the bottle- 
neck focuses attention on the criticed area of a larger problem. 

Finding the bottleneck can result in cutting down the problem to 
manageable size so that calculations can be carried out by hand and by 
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one of the specialized methods. If there is no single bottleneck but a num- 
ber of them, then it may be necessary to use a computer if the problem 
is very large. 

2. Horizontal partitioning of information 

After a bottleneck is singled out by means of vertical partitioning, 
that bottleneck or area is then subjected to horizontal partitioning. 'ITie 
purpose of horizontal partitioning is not so much to reduce the size of 
the problem as to make it more convenient to establish a method and 
obtain an answer. Horizontal partitioning actually means dividing the 
problem into information areas. jFor example, in certain problems it 
may be necessary to obtain information about such items as the follow- 
ing: 

1. Accounting— relating to costs and profits. The cost information may 
involve manufacturing costs by machine group, material costs, assignable- 
burden costs, distribution or freight costs, profit per piece according to 
the combination of machines used, and the like. ' 

2. Manufacturing— relating to the process and process times. This 
information involves the steps in manufacturing (flow-process charts), 
the time per piece on the best and alternative machines, the effective 
capacity of equipment or machines, and the like. 

3. Product— relating to the number and kind of product in the product 
line. 

4. Sales— relating to customer demand, forecast information, minimum- 
sales levels, maximum expected sales, and the like. 

In each of the basic areas all the variables and fixed factors should be 
identified and established. For example, in accounting, all variable and 
assignable costs need to be identified be-'ause they will be used in estab- 
lishing the data used. On the other ha id, the fixed costs are assumed 
to be constant and as such do not enter into the calculations. The list 
above is not intended to be comprehensive but merely suggestive of the 
information areas resulting from horizontal partitioning. 

Horizontal partitioning of information also includes arranging all of 
the information in table form where it can be seen and reducing all 
information to either comparable or identical units. Quite frequently 
when this is done an insight into the problem is obtained that is as valu- 
able as the answer itself. 

3. Unit of measure 

The unit of measure is a key point in selecting the method. If all data 
and information can be set up in identical units, such as standard ma- 
chine hours, it then becomes possible to use the modi or transportation 
method. This simplifies the calculation and recalculation which is de- 
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sirable for staying abreast of changing conditions. If it is only possible 
to set up comparable units, such as individual pieces, time per piece, 
or individual capacities, instead of being able to relate them all to some 
standard, then the simplex method must be used. This method, as you 
know, is cumbersome, awkward, and time-consuming. As such it is not 
adaptable to problems which are required to be solved frequently. The 
point is that in setting up a unit of measure always strive for a standard 
or identical unit so that the simpler methods can be used. 

In order to determine whether a problem can be solved by linear- 
programming methods, the following questions must be answered posi- 
tively: 

1. Is the problem a linear-programming-type problem? Does it fall 
into one of the basic types involving the relationship of demands to 
resources? 

2. Can the problem be stated so that the objective desired is under- 
stood and set forth clearly? This is another way of asking whether we can 
state what we want to do. 

3. Are there alternatives which can be used to obtain the objective? 
This question asks whether choices exist out of which a best program and 
best choice can be selected. 

4. Are there restrictions or limitations to obtaining the objectives? 
This question is getting at information relating to capacities, such as 
machine hours, which limit how much can be produced. 

5. Can the objective, restrictions, limitations, and conditions of the 
problem be expressed as linear equations and inequations? This question 
asks whether the problem is one that tjan be solved by linear program- 
ming. It provides the point at which method can be considered and fre- 
quently gives a diflFerent insight into the problem from the one that 
existed before. 

In order to concentrate on only the needed information, it is necessary 
to partition the problem into manageable parts. This is another way of 
saying that partitioning eliminates much of the needless information 
gathering and directs the efforts to the essential areas. 

Information partitioning is carried out in two ways: 

1. Vertically— which involves finding the bottlenecks that limit what 
can be accomplished and then concentrating on them as if they were the 
full problem. This usually results in reducing the size of the problem 
and gets down to the heart or core of the actual problem. 

2. Horizontally— which involves partitioning the bottleneck into logi- 
cal information areas to facilitate the gathering of the data. Generally, 
these data are put up in tables which simplify combining and manipu- 
lating of data. In every case an effort should be made to tabularize the 
data in a way that makes it convenient to express it in standard or 
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comparable units. Irrespective of the method used to solve the prob- 
lem, expressing the data in meaningful units is a basic requirement. If 
it is possible to express all data in identical or standard units, then one of 
the simpler methods, such as the modi, can be used. 

After you have gained some experience in applying linear program- 
ming you may reverse this process on occasion. To be sure, you will 
need a general idea of the problem as a place to begin. But once you 
have worked through a few problems you will develop a sense that 
indicates whether or not a problem is a linear-programming problem or 
whether additional information is needed. 

The second efEect you will see as you acquire experience is that you 
will have a predetermined idea of the method you want to use and you 
will set up the data collection and analysis around this method. 

DETERMINING WHEN THE NECESSARY INFORMATION HAS BEEN OBTAINED 

There is no hard-and-fast rule that indicates when all tht necessary 
problem information has been obtained. In the case where the simplex 
method is used, if all the information is not in the problem the answer, if 
one can be computed at all, will be meaningless. This is an advantage of 
the simplex method. However, this does not solve the problem of know- 
ing when all the necessary and important information has been put into 
the formulation of the problem, because even the simplex can solve the 
wrong problem. Rather, the answer lies in knowing the problem, devel- 
oping experience and skill in application, and having knowledge of man- 
agement functions to draw on. In .short, there is no substitute for knowl- 
edge and experience. Even with these, however, there are guides and 
check lists which can be useful. 

Check lists make it possible to point to the information needed to solve 
certain problems. By using the check list as a guide you can be fairly 
certain of getting most of the information needed. 

Most manufacturing linear-programming problems will require some 
or all of the following general information: 

1. The general manufacturing process and sequence of operations 
performed in producing the products 

2. The product line, including all regular and special products 

3. The customers by product aud their location 

4. The rate of production by product, by department, and by machine 

5. The customer demand by time period 

6. The eflFective available machine time, including utilization, down 
time, and the like 

7. Detailed cost and price information by product, by operation, and 
by machine group 
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8. Freight rates, routing methods, market characteristics, and the like, 
whra marketing and distribution problems are involved 

Production planning and control problems will require information 
and data about the following; 

1. Current scheduling practices, such as basic approach, methods, 
procedures, and controls 

2. Range, size, and variety of products and parts 

3. Variety, models, and number of machine tools 

4. Methods of purchasing, status of delivery promises, and tooling 

5. Time standards tor running various parte on best and alternate 
machines 

6. Setup times and setup codes 

7. Available machine time by group and department, including per 
cent utilization, down time, delays, and the like 

8. Method of assigning people to machines 

9. Inventory practices and procedures, including lot quantities 



CHAPTER 9 


The Model 


In the linear-programming sense, a Model is a small-scale version of a 
larger situation that has all the essential features and characteristics 
of the larger problem. Solving the model provides an answer and insight 
into the full-scale problem without getting into the data gathering and 
analysis of the full-scale problem. 

There are di£Ferent kinds of models. One kind Is the physical model, 
which is a large scale object reduced considerably in size. The electric 
train under the Christmas tree is an example of a physical model. It is a 
small-scale copy of the large, everyday railroad train complete with 
working parts, lights, whistle, and the like. It performs in the same way 
as its full-scale counterpart. 

Another kind of model is the mathematical model. As a model, it too 
is a small-scale working copy of a full-scale problem. Linear-program- 
ming models fall into this class. Mathematical models usually consist of 
equations or formulas developed to relate important features of the 
problem or situation being studied. By solving the model problem it is 
possible to tell in advance the kind of results that can be expected before 
getting into the larger problem. With such advance information, it can 
be determined whether it is worthwhile to solve the full-scale problem 
and also what is involved in doing so. 

ADVANTAGES OF USING A MODEL 

The model is an extremely useful tool to the linear-programming 
practitioner. Setting up and solving a model should be standard practice 
before any attempt is made to solve full-scale problems for the follow- 
ing reasons* 

1. Savings in time and effort 

The answer to the model problem will indicate in advance the de- 
sirability of attacking and solving the large-scale problem. In some cases 
solving the full-scale problem may not be worth the effort required. The 
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model will indicate this before people and monef are tied up in a project 
that will produce little or no results when completed. 

The model also helps to indicate which information is important and 
which is not. Since it is diflBcult to determine in advance which infor- 
mation is critical and which will have little or no eflFect, the model 
provides a convenient way of establishing the importance of informa- 
tion. Then efiFort can be concentrated on making the important informa- 
tion as good as possible for solving the major problem. 

2. Information is provided for directing effort to most desirable or 
profitable areas 

The model can indicate where the best returns are to be obtained. 
By changing the values of the variables and solving for different alter- 
natives and types of solutions, the model will indicate the place and 
problem that will bring the greatest returns when solved. 

3. Simplified working procedures can be developed and tested 

In some applications the time required to work out solutions has made 
the answer past history by the time it was calculated. It is important 
that the final working procedure be rapid and simple if at all possible. 
The model, because it can be solved quickly, provides an insiglit into 
and a means for checking simplified procedures when they have been 
worked out. 

4. New problems and applications can be explored 

Because linear programming is a new technique and because the 
model can be set up and solved fairly rapidly, many problems and 
situations that were unsolvable before can now be examined and ex- 
plored. This is especially true where problems were so large that infor- 
mation was treated piecemeal or so complicated that the relationships 
were obscure. 


USE OF A MODEL FOR PROFIT PLANNING ^ 

To demonstrate the usefulness and versatility of the model for advance 
planning and decision making, let us turn to a specific model. 

The model in this case is a profit-planning model of a manufacturing 
firm. It is to be used to explore and evaluate a number of alternative 
programs for obtaining maximum gross-profit margin under diflFerent 
conditions. We shall assume that the preliminary survey and collection 
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of information indicates that the restrictions, alternatives, and other con- 
ditions are such that linear-programming methods can be used. 

For purposes of the problem let us start with two products,— Product 
A and Product B. Both products require two machining operations— 
Operation I and Operation II— to manufacture a complete product for 
shipment. 

The machining operations are carried out on several different machine 
groups. The first operations for both products must be carried out on 
Machine Group 1, which has 1,000 hours available for the period. 

The second operations for both products can be carried out on Ma- 
chine Croup 2, which has 600 hours available; Machine Croup 2A 
(overtime on Machine Group 2), which has 200 hours available; or 
Machine Group 3, which has 800 hours available. Because there are 
restrictions on machine capacity and since the second-step operations 
can be carried out on alternative machines, we ean begin to see that this 
is a possible programming problem. 

The rates of production in hours per piece and the profit per piece 
by combination of machines given to us by the accounting department 
are listed in Table 9-1. 


Table 9-1. Summary of Manufacturing and Accounting Information 


Operation 

Machine 

Production time, hours per piece 

Hours 

group 

Product A 

Product B 

available * 

I 

Afl 

.0020 



.0050 

.0050 

.0050 

Up to 1,000 

II 

— 

■■ 

.0030 




.0080 

.0100 

Up to 600 

Up to 200 

Up to 800 

Profit margin per piece 
(in dollars) 

.85 

.60 

.70 

1.60 

1.40 

1.30 



* Hours available, or machine capacity, has been adjusted to reflect utilization of 
machines. 

t M2A represents Machine 2 on overtime. 


With the information given, the model will show what effective plan- 
ning information linear programming’can provide in the following areas; 

1. Determining the gross-manufaettning-margin potential of the pres- 
ent product line 





















Table 9-2. Determining the Highest Gross Manufacturing Margin 
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2. Measuring the value of increasing capacity through overtime 

3. Evaluating sales restrictions 

4. Anticipating the effect of changes in price 

5. Exploring the value of methods improvements 

In each case the simplex method will be used to solve the model prob- 
lem because of the useful by-product information that it provides. 

1. Determining the highest gross-manufacturing program of the 
product line (most profitable product mix at the factory) 

The arrangement of problem information for analysis by the simplex 
method is shown in the Tableau 1, or Program 1, of Table 9-2. The pro- 
duction time— hours per piece— and the hours available have been mul- 
tiplied by 1,0(X) to eliminate the decimal numbers and simplify the cal- 
culations. The columns headed Pi, Pa, and P-i represent the different 
activities or machine combinations for manufacturing Product A. Since 
there is a different cost for manufacturing Product A on overtime, it is 
treated as if it were another machme combination. Similarly, columns 
headed P 4 , P5, and P# represent the different machine combinations for 
producing Product B. Columns P^, Pk, Po, and Pjo represent the idle 
time on the different machines, and Po is the column in which the manu- 
facturing program and profit appear. The row labeled Profit per Piece 
shows the profits per piece according to the combinations of ihachines 
used. Idle time— represented by Columns P7, Ps, Po, and Pio— shows zero 
profit, or no profit. The column headed Profit per Piece indicates by the 
presence of the zeros that the starting point is zero and that Program 1 
is made up solely of idle time. 

Successive tableaus, or programs, show the step-by-step progress made 
in reducing the idle time by bringing different amounts of Product A and 
Product B into solution until the best or highest margin program is ob- 
tained in Tableau 7. The best program is indicated when there are no 
negative values in the base, or bottom row, of a tableau or program. 
A glance at the Base Row of Program 7 will show that there are no nega- 
tive values. 

Thus the program that provides the greatest margin at the factory is 
shown in Tableau 7, or Program 7. The interpretation of this program is 
as follows: 

The highest profit margin, read directly from the bottom of the Po 
Column, is $350,000. 

The greatest profit is obtained when all machine groups are used to 
manufactmre Product A— despite the fact that the profit per piece of 
Product B is considerably higher. 

The manufacturing program^ for producing a margin of $350,(X)0 is 
read directly from the Po Column of Program 7 and is as follows: 
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Ml M2 to produce 200,000 pieces of Product A (Pi) 

M1M2A to produce 66,667 pieces of Product A (Pj) 

MIMZ to produce 200,000 pieces of Product A (Pj) 

Total 466,667 pieces of Product A 

The amount of time needed on each machine group to achieve the great- 
est profit margin can be readily established once the number of pieces 
to be produced has been determined. An over-all schedule can be set 
up which permits planning to be done and decisions to be made regard- 
ing raw material, work-in-process inventory, and number of shifts and 
employees. 

A summary of the information that is obtained by solving the problem 
in this fashion is listed in Table 9-3. 


Table 9-3. Highest Gross Manufacturing Margin 
(Most Profitable Program for Manufacturing Product A and Product B) 


Oper- 

ation 

Machine 

group 

Pioduct A 

Product 

B 


"^Hours 

needed 

Hours 

available 

W 

I 

il/1 

400 

133 3 

400 

0 

0 

0 


9;^ 3 




M2 

600 



0 




600 

600 

283 

II 

M2A 


200 



0 



200 

200 

200 


MS 



800 



0 


800 

800 

175 

Number of pieces 

200,000 

Gb,067 

200,000 

0 

0 

0 


2,533 3 

2,600 


Piofit (in dollars) 

170,000 

40,000 

140,000 

0 

0 1 

0 






The table shows that all the hours available on Machine Group 1 
are not used in the most profitable program (933.3 hours of the avail- 
able 1,000 hours are needed). Frequently this is contrary to the belief 
of some management personnel who believe that the wheels must be 
turning every minute to make the highest profit. Running the remain- 
ing 66.7 hours will result in an increase in work-in-process inventory 
from partially completed parts. 

The figures which appear in the W column at the right-hand side of 
the table arc an important by-product of the calculations and are ob- 
tained from the Base Row of the final program (Program 7). They 
represent the gain in profit that will result from increasing the hours 
available for production on the specific machine by I hour. 

The W value of 283 for Machine Group 2 means that adding 1 hour 










Table 9-4. Measuring the Value of Increasing Capacity 
(1 hour additional overtime) 
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Table 9-5. Meastiring the Value of Increasing Capacity 
(100 hours additional overtime) 













Highest profit (m dollan) 370.000 .00 .283 .200 I .175 0 0 0 .667 
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to the hours available will increase the profit margin $283. The W value 
for Machine Group 1 is zero, which means that there will be no increase 
in profits by adding to the hours available. This we know anyway be- 
cause there is still idle, or unused, time on Machine Group 1 in the best 
program. There is nothing to be gained by adding hours. Similarly, the 
W values, or profit margins, shown for Machine Group 2 and 2A have 
the same significance. The W values remain constant as long as there is 
unused capacity on Machine Group 1 or until there is perfect balance 
between Operations I and 11. 

One of the interesting features of this model is that the W values 
show a greater profit margin obtained when Machine Group 2 is run on 
overtime (the W value for M2A is 200) rather than operating Machine 
Group 3 at straight time (W = 175). 

The usefulness of the W values can be shown by solving the pioblem 
again, first adding J hour to the available capacity of Machine Group 
2A and then adding 100 hours and seeing what the effect is. 

2. Measuring the value of increasing capacity through overtime 

Adding 1 hour overtime 

Adding 1 hour on Machine Group 2A raises the hours available to 201 
hours. This change, together with the re.sulting program and profit, is 
shown in Table 9-4 on pages 182 and 183. 

The highest profit read from the Base Row of Program 7 is $350,200, 
a $200 increase. This is the additional profit that the W value indicated 
we would obtain by adding 1 houi/to the hours available on Machine 
Group 2A. 

The $200 comes from producing 331.{{ more pieces on Machine 1 and 
Machine 2A at a profit of $.60 each (33^/^ X $-60 — $200). The re- 
mainder of the program is the same as it was under the highest-gross- 
manufacturing program. 

Adding 100 hours overtime 

It is not possible to keep adding overtime without going beyond the 
point at which it will cease to add to profits. The point at which it no 
longer becomes profitable can be determined in advance. For example, 
on Machine Group 2A, it is profitable to continue adding overtime up to 
and including 100 hours, all other values remaining the same. The 100 
hours are determined by referring to Column P9 in Program 7 of the 
original product-mix problem. Column 9 represents idle time on Machine 
Group 2A and in Program 7 has four entries which correspond to four 
products, P7, Pi, Pi, and P3, in the Product Column. Two of the products. 
Pi and P3, have a zero in Column P9. Pi represents the amount of Product 
A to be produced on M1M2. Pa represents the amount of Product A to 
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be produced on M1M3. Neither of these, then, involves M2A. We can, 
therefore, neglect them for this computation. 

On the other hand, P^ (idle time on Ml) and Pa (the amount of Prod- 
uct A to be produced on M1M2A) have number entries which indicate 
how much overtime can be added that adds to profit. We know that 
there are 66% hours idle time on Ml. The — % value in Column P9 
opposite row entry P7 (idle time on Ml) represents the ratio of hours 
of M1M2A required to produce one unit of Product A. Using the ratio 
of 2/3, we can add as much as 100 hours on M2A before we use all the 
idle 66% hours on Ml. Beyond this point the W values will change, and 
additions of overtime will add nothing to profits. 

The program and profit that result from adding 100 hours overtime 
on M2A is shown in Program 7 of Table 9-5 on page 185. 

ITie highest profit read from the Base Row of Program 7 is $370,000, 
an increase of $20,000. This confirms that adding 100 hours overtime 
(200 + 100 = 300) at $200 per hour brings an increase in profit of 
$ 20 , 000 . 

The increase in profits is the result of producing 100,000 pieces of 
Product A instead of 66,667 pieces on the combination of M1M2A is 
given in Table 9-6. 


Table 9-6. Program of Highest Profit Margin 
(100 additional hours overtime) 


Product 

1 

Machine-group combination 

Total 
to be 
produced 

MIM2 

MIM2A 

MIM3 

M1M2 

M1M2A 

Mm3 

A 







500,000 

B 




0 

0 

0 

0 

Profit (in 
dollars) 

170,000 

60,000 

140,000 






Adding 101 hours overtime 

In order to prove that 100 hours is the maximum number of overtime 
hours that can be added to M2A and increase profits, suppose we solve 
the problem showing 301 hours available on M2A. The profit is read from 
the Base Row in Program 8 of Table 9-7 on page 191. Maximum profit of 
$370,000 and program for Product A i^ the same as the previous program. 




















Table 9-7. Measuring &e Valae of Increasing Capacity 
(101 hours additional overtime} 
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Table 9-7. Measuring the Value of Increasing Capacity (continued) 
(101 hours additional overtime) 


lf» 



L90 


1.40 Pi 37,625 0 0 J/g 0 0 | 5^|0 010 rProgramG 





























































































Table 9-8. Evaluating Sales Restrictions 
(Sales of 100,000 pieces Product B) 
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Measuring the value of adding to the capacity 

The most profitable place to which capacity can be added for the 
product mix and conditions of the problem is Machine Croup 2. The 
W value indicates that a $283 increase in profit per hour can be obtained 
up to 100 hours. This information is an indication of the value of purchas- 
ing an additional machine for this group. The same type of analysis can 
be used to evaluate the other machine groups. 

3. Evaluating sales restrictions 

Sales as well as production restrictions can be included in the calcu- 
lations and evaluated. For example, if the sales department has sold and 
promised for delivery a certain amount of Product B, the best or least 
expensive program which will produce the required amount of B can be 
worked out and compared to the most profitable program. Such a com- 
parison enables management to evaluate the worth of sales programs 
and direct sales effort into the most profitable channels from the over-all 
point of view of the business. 

Assume that 100,000 pieces of B have been sold and must be produced 
and that all other conditions remain the same. The most profitable pro- 
gram under these eonditions is shown in Program 6 of Table 9-8 on page 
193. The appearance of a — M in the tableau indicates that we must pro- 
duce 100,000 pieces of Product B. The profit for this program is $311,250. 
By comparing this to the original profit of $350,000 it can be seen that by 
producing 100,000 pieces of Prodi^t B $38,750 in profits are forgone, 
and the number of pieces of Product A that will be available for de- 
livery is reduced by 254,167 pieces. The program or combination of 
machines for obtaining this program is indicated in Table 9-9. 


Table 9-9 Piogram of Highest Profit Margin for Sales 
100,000 Pieces of Product B 


Product 

M]M2 

M\M2A 

MIM3 

MIM2 

M1M2A 

MIM3 

Total 
to be 
produced 

A 

200,000 

0 

12,500 




212,500 

B 




0 

25,000 

75,000 

100,000 

Profit (in 
dollars) 

170,000 

1 


8,750 
« 1 


35,000 

97,500 j 
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The best way to assign the production of Product A and Product B 
to the machine groups under these conditions is not obvious by pencil- 
and-paper methods. The programming solution, on the other hand, in- 
dicates clearly the program that should be followed. In the same manner, 
various sales programs can be tested and evaluated from this informa- 
tion. It is sometimes possible to tie salesmen's incentive compensa- 
tion to product profitability, to encourage a more profitable demand 
pattern. 

4. Anticipating the effect of changes in selling price 

The effect (rf a change in selling price and its effect on profit per piece 
can be evaluated in terms of the most profitable program ineorporating 
the change. Suppose that in order to remain competitive the selling 
price of Product A is reduced to a point that the profit per piece for each 
combination is reduced by $.09. Under these circumstances, the most 
profit is derived from diverting overtime formerly used to produce 
Product A to Product B, as indicated in Program 6, where the effect 
of a $.09 reduction in profit in Product A is measured. This program 
yields a profit of $309,000. For the first time, Product B appears in the 
highest-margin program, as shown in Tables 9-10 and 9-11 on pages 196- 
198. Had the original program been continued (466,667 pieces of Product 
A, 0 pieces of Product B ), the profit would have amounted to $308,000, by 
use of the lower profit per piece for Product A. In this case, it might be 
decided to continue with the original program for reasons other than 
greatest profit since the difference between the two programs is so small. 
The advantage ol going through the process of determining the most 
profitable program is that it provides the means for determining what the 
cost is in tenns of lost opportunity. For example, further reductions in the 
selling price of Product A will very soon make it more profitable to 
manufacture Product B— a point which may not be quickly or accurately 
determined otherwise. 

5. Exploring the value of methods improvements 

The worth of methods improvements can be evaluated in terms of 
additional production and profits. Profit per piece may or may not change 
with a change in the production time per piece. In either case, the value 
of a contemplated change can be easily evaluated in relation to expendi- 
tures for new equipment, tools, or even research. The true value of a 
methods change can be determined in this way by measuring its over-all 
effect on manufacturing facilities. For example, if a contemplated meth- 
ods change would bring about a reduction in the production time per 
piece on Machine Group M2 and M2A from .0030 to .0020 hours per 



Table 9*10. Anticipating the Effect ot Changes in Selling Ftioe 



155,000 .00 .20 I .175 .00 -.16 - 015 
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Table 9>11. Program of Highest Margin with a 
Reduction of $.09 Profit in Product A 


Amount 
to produce 

Machine-group combination 

Totals 


M1M2A 

M\M3 

\ 

1 

1 M1M2 

1 

M1M2A 

MIMS 

A 

0 





400,000 

B 


1 


0 

25,000 

0 

25,000 

Profit (in 
dollars) 

152,000 

0 


0 

35,000 

0 



piece for Product A, the most profitable program is as shown in Pro- 
gram 9 of Table 9-12. 

This program yields a profit of $395,000, which is an increase of 
$45,000 over the original program. The increase then becomes a yard- 
stick by which the worth of proposed methods improvements can be 
evaluated. It is significant that it is no longer profitable to utilize over- 
time on M2 (M1M2A = 0) under the contemplated program. This is 
indicated by the final program, shown in Table 9-13 on page 202. 

Methods changes (such as new jigs, fixtures, workplace layouts, and 
conveyors) that will improve the production time per piece for Product 
B can be worked out in the same manner. In this way it is possible to 
evaluate methods improvements that cause some of Product B to be 
included in the most profitable program. For example, introducing 
methods improvements that change the production time per piece on Ml 
from .0050 to .0040 and on M3 from .0100 to .0070 for Product B will 
cause approximately 114,000 pieces of Product B to be included in the 
most profitable program, as shown in Program 6 of Table 9-14 on page 
204. The resulting profit under these conditions turns out to be $358,571. 
This means that the cost of the methods improvement cannot exceed 
$8,571 or the improvement will not pay for itself within the period of 
time being considered. This is shown in Table 9-15 on page 205. 

By using this same approach— that is, by evaluating the worth of an 
improvement in terms of effects on over-all production and profits— it 
is possible to show that some methods improvements are not advisable 
over all, even though they may increase the output for any given machine 
group. In this way linear progranjming offers a better way of evaluating 
a methods improvement program. By using the model, the worth of a 




















Table 9-12. Exploring the Value of Methods Improvements 
Affecting Product A 













Table 9-12, Exploring the Value of Methods Improvements 
Affecting Product A (continued) 
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Table 9-13. Program of Highest Profit Margin 
Methods Improvements Affecting Product A 


Product 

Machine-group combination 

Amount 

to 

produce 



MIM3 

M1M2 

M1M2A 

MIMS 

A 

300,000 

0 

200,000 




500,000 

B 




0 

0 

0 

0 

Profit (in 
dollars) 

255,000 

0 

140,000 

0 

0 

0 



contemplated change can be evaluated in terms of over-all effect and 
not in relation to one product or one machine group. In addition to 
measuring the value of contemplated improvements, these methods 
indicate and point out to management areas in which it might be worth- 
while to explore the possibilities of improvement. ^ 

The illustrations in this section have been made practical by the use 
of a small model rather than a full-scale problem. A full-scale problem 
would, by its very magnitude, hopelessly complieate demonstrations of 
this sort and render them useless as tl^xtbook material. Small models are 
essential tools of linear-programming training. They are also useful in 
explaining to management how the results in a full-scale solution were 
obtained. 

In the same way, small-model problems can be used in practical ap- 
plications to accomplish the results discussed earlier in this section. 

1. Time and effort are saved when the applicability of the method 
and the importance of the data are being determined. 

2. Information is provided for directing the effort to where the great- 
est potential for improvement lies. 

3. Simplified working procedures can be developed and tested. 

4. New problems and applications can be explored with minimum 
effort. 


LP AS A MANAGEMENT-INTEGRATING PROCEDURE 

The several variations of this problem illustrate the use of linear pro- 
gramming for management integration. This use may not be readily ap- 
parent for several reasons. First,* many people do not see the need for 
integrating a company program. Second, others who do see the need do 























Table 9-14. Exploring the Value of Methods Improvements 
Affecting Product B 
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not expect to find a way of satisfying the need in a mathematical tech- 
nique. 

The examples that have been solved provide a way of measuring the 
benefits from the following courses of action: 

1. Scheduling moif eftectnely 

2. Reducing cost to increase margin of profit 

3. Improving methods to increase capacity 

4. Anticipating price changes 

5. Planning sales incentives 

6. Subcontracting 

7. Other programs 

Each of these programs can result in added profits. The successful 
execution of each of these programs will chanue the competitive posi- 
tion of a company. At the same time, these programs can only be exe- 
cuted at the expense of not executing some other program. All these 
facts and conditions can be organized into an over-all profit picture for 
the firm. Management can then select a program that is best suited to 
the over-all objectives and financial budget. 

Linear programming will provide information for making the best use 
of the company’s capital, sales, manufactuiing, and engineering capacity 
and ability. This use of linear programming can be far more important 
than developing the best schedule for a group of machines. The over-all 
program, however, cannot be put together until its parts are clearly 
delineated. In this way linear programming is expanding the field of 
scientific management. It piovides further progress in the use of the facts 
in arriving at an integrated progiam for a business. 


Table 9-15. Progiam of Highest Piofit Margin 
Methods Improvements Affecting Product B 


Product 

Machint'-group combination 

Amount 

An M2 

MIM2A 

Mlil/3 


AtlM2A 

AflMS 

to 

produce 

A 


06,067 

0 




266,667 

B 




0 

0 

114,285 

114,285 

Profit (in 
dollars) 

j 



0 


] 

0 

1 

0 











CHAPTER 10 


Maximizing Profit Margin Considering Manufacturing 
and Distribution Costs 



Fig. 10-1. The Walcab Company— Plant*? and Markets 


One of the planning areas in which linear-programming information has 
proved valuable to management has been in deciding where to assign 
customers’ orders when they can be produced in several plants. 

Quite frequently, when plants are in different locations and manu- 
facturing costs vary from plant to plant, there is an opportunity for man- 
agement to use the information provided by linear programming to 
increase profits and at the same time make the planning task easier. 
This was demonstrated in an aetual ease, here represented by the Wal- 
cab Company. Executive management wanted information and a pro- 
gram to enable them to make decisions about the following problem: 

206 
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In which plant should the various products be manufactured in 

order to meet customer delivery promises with greatest profit mar- 
gin to the company considering freight, as well as manufacturing 

costs? 

Some of the conditions which the production-planning people had to 
consider in developing the answer to this problem were as follows: 

1. The different production lines produce at different rates of produc- 
tion and have different costs. Although the total production capacity is 
almost always more than adequate to meet the demand, the variations 
from plant to plant and line to line complicate the problem. 

2. A number of customers buy on a freight-equalized basis. This 
method of pricing makes it necessary for the manufacturer to pay part 
C'f the freight cost in order to be competitive in certain market areas. 
This expense becomes a factor when deciding from which plant a given 
item is to be shipped. 

3. One customer purchases items f.o.b. at the manufacturer’s plant 
with the understanding that the supplier will try to ship to each of the 
customer’s destinations from the nearest manufacturing plant. 

The headquarters planning group decided to compare an actual record 
of a previous period with the program for the same period using the LP 
technique. The comparison provided them with information as follows: 

1. The basic maximum-profit program calculated by LP indicated a 
potential profit increase of $110,000 for the period. This represented a 
6 per eent increase in profits obtainable from existing facilities and 
manpower. 

2. Although the policy of shix)ping f.o.b. at the nearest plant was not 
being closely followed, it was costing $40,000 in profit to save the cus- 
tomer $19,000 in freight. If the minimtim-frcight policy had been carried 
out to the maximum extent, the manufacturer would have been forgoing 
$218,000 in profits for the year to save the customer $30,000 in freight. 

3. A variation of the maximum-profit program, in which one of the 
most efficient production lines was shut down, showed that transferring 
orders to other lines could be made to hold the loss in profit to $11,000. 
This was interesting for two reasons: (1) the loss was not as large as 
was expected, and (2) the changes in allocations that resulted in the 
best program under the new conditions were not the ones that manage- 
ment would have chosen as being the easy way out. 

The Walcab Company problem which follows demonstrates how plan- 
ning personnel can use linear-programming methods to develop in- 
formation to guide their decisions in problems of this kind. The first 
part of the material describes the operation and gives the basic informa- 
tion needed to solve the problem. Tables of information are shown at 
this point to indicate the kind of information needed. 
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The second part of the material presents the solution obtained using 
the modi method described in Section II, “Methods.” For ease of reading, 
the tables of converted information used to solve the problem have been 
placed at the end of this chapter. 


BACKGROUND INFORMATION AND DESCRIPTION OF THE COMPANY OPERATION 

The Walcab Company manufactures a complete line of metal wall 
cabinets for use in home kitchens. There are two plants that supply 
customers throughout the country. One plant is located in Pittsburgh 
and the other in St. Louis, both near steel mills that supply the steel 
sheets used in the product lines. 

The Walcab Company docs not have its own dealers or retail outlets. 
Instead it manufactures wall cabinets for sale and distribution to de- 
partment stores, national mail-order chains, plumbing supply houses, 
and large private-home construction companies. Customers are located 
in principal cities throughout the United States. All of them have more 
than one location requiring cabinets throughout the year. 

In order to be competitive in different markets the company absorbs 
the cost of freight into that market area when necessary. This cost is 
termed freight equalization. 

The general manufacturing process and sequence of operations per- 
formed in fabricating the product line in Pittsburgh and St. Louis is 
shown in Figure 10-2. v 

A study has indicated that the Spray-painting Depaitment in each 
plant is the bottleneck department and determines the number of cab- 
inets that are fabricated and shipped Irom each plant. As a result, the 
Spray-painting Department works three shifts per day, five days a week, 
and the other departments work one full shift with a skeleton force in 
Assembly and Inspection on the second shift. 

The Spray-painting Department in the Pittsburgh plant has two paint 
booths and bake ovens. The St. Louis plant has three paint booths and 
bake ovens. The St. Louis plant is the older and less efficient plant, while 
the Pittsburgh plant, acquired since 1950, in general has a higher rate 
of production for a given cabinet size. 

The paint booths in both plants are fed by an overhead continuous 
straight-line conveyor, which moves the parts in front of the painter, who 
paints them as they move through the paint booth. After they are painted, 
all parts are carried by the conveyor into an oven adjoining the paint 
booth, where the painted parts are baked for a hard finish. From the 
bake ovens the conveyor winds its way into the Shipping and Packing 
Department before working its way back to the loading point in front 
of the spray booths. In the Shipping and Packing Department, unloaders 
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Pig. 10-2. General Manufacturing Process Chart 
Pittsburgh and St. Louis Plants 
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remove the parts from the conveyor and place them in packing cartons, 
which are sealed, labeled, and sent either to boxcars for immediate ship- 
ment or to stock for future shipments. 

Spray-paint lines and paint booths are cleaned over the weekend so 
that the first shift is ready to start on Monday. The bake ovens, which 
are gas-fired, are turned down over the weekend but started up again 
in su£Bcient time to stabilize the furnace temperature before the first 
shift begins on Monday morning. 

The cost of processing any part is different in different booths because 
of the chain speeds and the spacing of parts pernoitted by the structure 
of the chain mechanism. 

Product line 

Cabinets are made in eight standard sizes and are the type that can 
be hung easily from a wall bracket. They come in two standard heights, 
30 inches and 18 inches. All cabinets are 13 inches deep. Figure 10-3 
gives information about cabinet sizes. 


Standard Wall-cabinet Sizes 


I 


Length (front) 

Height 

(in inches) 

(in inches) 

15 

30 

18 

30 

24 j 

30 

30 

30 

36 , 

1 

30 

1 _ 

24 

18 

30 

18 

36 

18 


Fig. 10-3. Wall-cabinet Sizes 




Cabinets are identified by the letter W, meaning “wall,” and then in 
order by the length (front) dimension in inches followed by the height 
dimension in inches. An example of identification is as follows: 

W 3630 

This represents a wall cabinet 36 inches long and 30 inches high. The 
depth dimension is omitted because it is the same— 13 inches— for all 
cabinets. 
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Customers 

Customers and their stores and outlets are located in principal cities 
throughout the United States. Customers may order any of the standard 
sizes for any of their outlets. In any quarter, it usually happens that each 
outlet takes only a few sizes and not the complete range of sizes avail- 
able. In some cases a given store may not receive anything in a given 
period. 

A list of customers by geographic location is given in Table 10 1. 


Table 10-1. Customer List by Geographic Location 


Customer 

Location 

1 

Customer 

1 

Location 

Central Stores 

Seattle 

Apex Land 

New Orleans 

(CS) 

Los Angeles 

(AL) 

Mobile 


Houston 


Birmingham 


Atlanta 


St. Petersburg 


Clev(‘land 

Western Mail 

Denver 


Philadelphia 

(WM) 

Los Angeles 


Boston 


Las Vegas 

Ward Gomery 

San Franci&eo 


Salem 

(WG) 

Seattle 


Portland 


Dallas 


San Francisco 


Kansas City 

Eastern Mail 

Bridgeport 


Atlanta 

(EM) 

Trenton 


Detroit 

i 

New York 


Pittsburgh 


Philadelphia 


New Oileans 


Baltimore 


Miami 


Wilmington 

Jensen Company 

Minneapolis 


Charleston 

(JC) 

Chicago 

Staeev Construction 

Philadelphia 


Detroit 

(PC) 

1 


Cleveland 




Fort Wayne 

Morristown Supply 

Morristown 


Indianapolis 

(MS) 



Manufacturing process 

Since the paint departments are the bottleneck departments, they 
limit the amount of production and profit that can be obtained. They 
represent, then, the focal point at which the linear-programming tech- 
niques are applied. When those departments have been programmed, 
scheduling and loading can be worked out for the departments that 
precede and follow. 

The paint departments consist 6f the spray booths, bake ovens, and 
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loading areas. The parts to be sprayed are hung by wire hooks to con- 
veyor hooks attached to the conveyor chain. The hanging pattern, or the 
way in which parts are hung from tire conveyor, is important to the 
amount of production obtained. Hanging patterns have been worked 
out and methods established by the Industrial Engineering Department. 

The Pittsburgh plant has two conveyors, labeled Line A and Line B. 
The St. Louis plant has three conveyors, labeled Line C, Line D, and 
Line E. 

Hanging patterns 

Shells, doors, and shelves are hung on conveyors by wire hooks, which 
attach to the conveyor hooks and holes in the part being hung. 

There must be at least 6 inches between successive parts on the con- 
veyor for the parts to go around turns in the bake oven without bumping 
each other and marring the paint. A 6-inch clearance also enables the 
painters to paint the edges and bottoms of parts. 

The height of the conveyor is such that the painters have difficulty 
painting parts that hang lower than 38 inches from the conveyor hooks. 
Hanging patterns, therefore, cannot exceed 38 inches, including the 
4-inch hooks used to hang parts to the conveyor chain. 

Painted parts cannot be stocked without wrapping and careful han- 
dling because the paint finish damages easily. As a result, there is little 
stocking of painted parts. 

There is a shortage of storage j^pace also. Therefore, cabinets are 
hung as complete units so that they can be assembled and packed into 
cartons as they come off the conveyor line. A complete unit consists of 
the cabinet shell and the required number of doors and shelves. If a 
group of W 3030 cabinets were being run, for example, first would 
come the 30- by 13- by 30-inch shell, followed by two 15- by 30-inch 
doors, and two 13- by 30-inch shelves. The same pattern would repeat 
again and again until the order was completed. Minor modifications are 
made to the hanging pattern in order to combine certain parts for more 
efficient painting and assembly patterns. The rule is, however, that com- 
plete units are run. It has proved impractical and costly to paint all the 
shells one after the other, followed later by the doors and shelves for 
those shells. 

It is not possible when loading the conveyor to hang the hooks for 
two adjacent parts from the same conveyor hook. Some of the typical 
hanging patterns are as shown in Figiure 10-4. 

Conveyor hooks per completed cabinet 

The distance between centers of consecutive conveyor hooks, the 
cabinet size, and the number of parts per cabinet determine the number 



Maximizing Profit Margin 


213 



Fig. 10-4. 
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of hooks that each cabinet requires for a complete unit. The number 
and size of parts by cabinet are listed in Table 10-2. The number and 


Table 10-2. Parts Breakdown by Cabinet Size as Hung on Conveyor 

for Spray Painting 


Parts 


Cabinet 



Shell 



■■K 


■ 




7 


Door 


O' 


Shelf 


No. 


Size (in inches) 


No. 


Size (in inches) 


No. 


Size (in inches) 


W1530 
W 1830 
W2430 
W3030 
W3630 
W2418 
W3018 
W3618 


1 

1 

I 

1 

1 

1 

1 

1 


15 X 13 X 30 
18 X 13 X 30 
24 X 13 X 30 
30 X 13 X 30 
36 X 13 X 30 
24 X 13 X 18 
30 X 13 X 18 
36 X 13 X 18 


1 

1 

2 

2 

2 


15 X 30 
18 X 30 
12 X 30 
15 X 30 
18 X30 
12 X 18 


2 15 X 18 

2 18 X 18 


2 

2 

2 

2 

2 

1 

1 

1 


15 X 13 
18 X 13 
24 X 13 
30 X 13 
36 X 13 
24 X 13 
30 X 13 
36 X 13 


size of the parts and the hanging patterns according to the distance be- 
tween conveyor hooks determine the number of conveyor hooks for a 
complete cabinet. A summary of the number of hooks by cabinet size 
is given in Table 10-3. 

Rate of production 

One of the factors upon which the rate of production of a complete 
cabinet depends is the chain, or conveyor, speed. 

At Kttsburgh Line A moves at a rate of 120 feet per hour, and the 
hooks are placed at 12-inch centers. This means that 120 hooks pass by 
a given point in the paint booth each hour. Line B moves at a rate of 
80 feet per hour, with hooks at 12-inch centers, so that 80 hooks per hour 
pass each painter on conveyor Line B. 

At the St. Louis Plant, Line C and Line D each move at a rate of 60 
feet per hour. Since they have hooks at 12-inch centers, 60 hooks per 
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Table 10-3. Number Conveyor Hooks Required 
per Complete Cabinet Unit 


Cabinet 

Hooks placed 

Hooks placed 

size 

at 12-in. centers 

at 15-in. centers 

W1530 

5 

5 

W1830 

6 

6 

W2430 

9 

6 

W3030 

9 

9 

W3630 

12 

10 

W2418 


5 

W3018 

G 

5/^ 

W3618 

8 



hour move into each paint booth. Line E moves ..at a rate of 120 feet 
per hour. The hooks are at 15-inch centers, so that 96 hooks pass each 
painter each hour. 

Knowing the hooks per hour and the number of hooks per cabinet, we 
can compute the number of cabinets per hour that can be painted on 
each conveyor line. This information is shown in Table 10-4. 


Table 10-4. Production Rate per Hour of Completed Cabinets 
by Conveyor Line 



Pittsburgh 


St Louis 


Cabinet 

size 

Line A — 12 in. 

Line B — 12 in. 

Line C — 12 in. 

Line D — 12 in. 

Line E — 15 in. 


120 ft per hr 

80 ft per hr 

[ 60 ft per hr 

60 ft per hr 

120 ft per hr 


120 hooks per hr 

80 hooks per hr 

60 hooks per hr 

60 hooks per hr 

96 hooks per hr 

W 1530 

1 

24 

16 

12 

12 


W 1830 

20 

131^ 

10 

10 


W2430 

13H 

8% 

m 

8% 


W3030 

13H 

8% 

6 % 

8% 


W3630 

10 

6 % 

5 

5 


W2418 

2lMi 



101%! 

19H 

W3018 

20 



10 

175ii 

W3618 

15 

1 

mU 

m 


12^ 














Table 10-5. Orders Received by Region for Release and Shipment 
in the Second Quarter 


Orders received up to and including January 


Western region Middle Western region 


cs 

Los Angeles 

2,000— W 3030 

CS 

St. Louis 

2,500— W 3030 

cs 

Seattle 

500— W 3018 

JC 

Minneapolis 

50 -W 3630 

cs 

Houston 

1,200-W 3030 

cs 

Cleveland 

500— W 3030 

cs 

Houston 

600 -W 1530 

cs 

Cleveland 

500— W 1830 

WG 

San Francisco 

100— W 3030 





San Francisco 

100— W 1530 




WG 

Dallas 

500 -W 3030 




WG 

Dallas 

500— W 1830 





Southern region 


Eastern 

region 

AL 

New Orleans 

250 -W 3030 

EM 

Baltimon' 

250 -W 3030 

AL 

New Orleans 

250 -W 3018 

EM 

Baltimore 

120— W 2418 

CS 

Atlanta 

500 -W 3030 

CS 

Philadelphia 

100— W 3630 

cs 

Atlanta 

1,500 -W3018 

cs 

Philadelphia 

1.50- W 3018 

AL 

St. P(‘terbburg 

300 -W 1530 

MS 

Moriistown 

4,000 -W^ 3630 

AL 

St Petersburg 

150- -W 3030 

MS 

Morristown 

2,500— W 3018 



Orders r<H‘(nvt 

‘d during February 



Western region 


Middle Western legion 

WM 

Denver 

240 -W3030 

WG 

Kansas City 

1,400 -W3018 

WM 

Los Angeles 

620— W 3030 

WG 

Detroit 

500 W 3630 

WM 

Los Ang('les 

100— W 3630 

JC 

Minneapolis 

50 -W 3630 

WM 

Los Angeles 

920- W 3018 

JC 

Minii(‘apolis 

40 -W 1530 




JC 

Detroit 

1,000 -W 3030 




JC 

D(*troit 

500 -W 1530 


Southern 

region 


Eastern 

region 

WG 

Atlanta 

600-W 3030 

C’S 

1 Boston 

1,200— W 3030 

WG 

Atlanta 

200 -W 3018 

WG 

Pittsburgh 

50— W 3630 

AL 

Mobile 

1.50- W 3030 

W(1 

Pittsburgh 

50 -W 1530 

AL 

Mobile 

300— W 1530 

EM 

W ilniington 

3,600- -W 3630 




SO 

Philadelphia 

9,600— W 1530 




SC 

Philadelphia 

2,880— W 2418 




EM 

Baltimore 

600— W 2418 



Orders received during March 



Western i 

region 


Middle Western region 

CS 

Los Angeles 

1,000— AV 3030 

JC 

Minneapolis 

100-W 3630 

WM 

Denver 

300— W 3030 

JC 

Minneapolis 

200 ~W 1530 

WM 

Denver 

2,200-W 1830 

JC 

Detroit 

100— W 1530 

WM 

Denver 

1,000— W 3030 

JC 

Chicago 

500 -W3030 

WM 

Salem 

500— W 3030 

JC 

Chicago 

525— W 1830 

WM 

Salem 

240— W 2418 

JC 

Fort Wayne 

800— W 3630 

WM 

Portland 

1,100 -W3030 





Southern region 


Eastern 

region 

WG 

New Orleans 

100— W 3630 

WG 

Pittsburgh 

200 -W 3030 

WG 

New Orleans 

650 -W‘l530 

EM 

Bridgeport 

120-W 2418 

AL 

Birmingham 

120— W 1530 

EM 

Bridgeport 

180 -W 1530 

AL 

Birrhingham 

110— W 3030 

EM 

Bridgeport 

170-W3030 

AL 

Birmingham 

330— W 3630 

EM 

Trenton 

2,000— W 3630 




EM 

Trenton 

2,000— W 3018 
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Customer demand 

The list of orders received by the Sales Department by month for 
release and shipment is given in Table 10-5. 

Available conveyor time 

The available conveyor time for the second quarter needs to be deter- 
mined before the customer demaud can be programmed and allocated 
to each plant. 

The Industrial Engineering Department again provides much of the 
data and figures for computing the available time. One item of infonna- 
tion important to the computation is the per cent operative time. This 
figure is an average percentage used to adjust the maximum available 
time for missed hooks, reruns of rejects or poor-quality items, unavoid- 
able interruptions, and the like. The per cent operative time reflects the 
utilization obtained from each conveyor hue. 

The Maximum Available Time is the product of the number of days 
per week times the number of shifts per day times the number of hours 
per shift times the number of weeks per quarter. For example, the maxi- 
mum number of available hours per quarter is the product of 8 hours per 
shift X 3 shifts per day X 5 days per week X 13 weeks per quarter = 
1,560 hours. 

The available time for programming purposes is the product of the 
maximum available and the per cent operative time. The available con- 
veyor time by conveyor is shown in Table 10-6. 


Table lO-b. Available C^onveyor Time 


Conveyor 

line 

Maximum 
available 
time per 
quarter 
(in hours) 

Per ^'ent 
i operative 
time 

Available 

time 

(in hours) 

Pittsburgh 




A 

1,660 

96.0 

1,497.60 

B 

1,560 

87.5 

1,365.00 

St. Louis 




C 

1,560 

85.5 

1,333.80 

D 

1,560 

95.0 

1,482 00 

E 

1,560 

89.3 

1,393.08 

Total 



7,071.48 
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Section Three: Application 
Selling-price information 

Information is needed from the Accounting Department and the Bill- 
ing Department since costs or profits are to be considered. The Billing 
Department information is shown in Table 10-7, in whidi the cabinet 
selling price is the price actually billed. 


Table 10-7. Cabinet Selling Price 
(In dollars) 


Cabinet size 

W 1530 

W 1830 

W2430 

W 3030 

W3630 

W2418 



Selling price 

6.50 

7.70 

10,80 

11.27 

13.83 

7.38 

8.00 


Stacey Con- 
struction 


7.00 

9.80 


12.50 

6.75 

7.20 

8.90 

Morris Supply 

6.00 

7.00 

9.80 


12.50 

6.75 

7.20 

8.90 


Freight information 

Market conditions are such that to be competitive in particular market 
areas the company has to absorb certain freight charges, which amount 
to an additional cost. The additionid costs per cabinet involved in ship- 
ping from each of the manufacturing plants to each of the market areas 
are given in Table 10-8. 

Cost information 

Other necessary accounting information is shown in Tables 10-9, 10-10, 
and 10-11 on pages 221 and 222. Standard costs are used. Fixed salaries 
and selling expenses are not included. 


ACTUAL ASSIGNMENT OF CUSTOMERS' ORDERS FOR THE SECOND QUARTER 

The normal practice used to assign customers’ orders to the two plants 
is to consider the freight costs to the destination first. In general, the 
procedure is to fill each customer order from the plant nearest to the 
destination wanted. For example, orders for Los Angeles would be filled 
from the St. Louis plant, while Philadelphia orders would be filled from 
Pittsburgh. 

The actual assignment of customers’ orders that was followed in the 
second quarter is shown in Table 10-12 on page 223. The 63 production 











Table 10-8. Freight Equalization Rate per Cabinet— Pittsburgh and St. Louis 

(In dollars) 



219 


Fort Wa)rne 












Table 10-8. Freight Equalization Rate per Cabinet— Pittsburgh and St. Louis (continue) 

(In dollars) 
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Table 10-9. Standard Cost per Cabinet— Shear, Press, and Assembly 

(In dollars) 


(Cabinet size 

W 1530 

W 1830 

1 

W 2430 

1 

1 

W 3030 

W 3630 

W 2418 

W 3018 

W 3618 

Material (steel 
packing, 
hardware) 

.500 

.600 

.750 

.850 

.950 

.000 

.650 

.700 

Standard cost 
(Shear + 

Pro'ss + 
Assembly), 

Pit Isburgh 

1.525 

j 

1.750 

2.235 

2.475 

2.625 

1.785 

1 

1.923 

2.085 

Standard cost 
(Shear + 

Press + 
Assembly), 

St. Louis 

1.650 

1.805 

2.250 

1 

1 

2.655 

•% 

2 800 

1.955 

2.100 

2.250 


Table 10-10. Standard Cost per Conveyor Hour 
(In dollars) 




222 


Section Three: Application 


Table 10-11. Standard Costs per Cabinet— Paint and Pack * 

(In dollars) 


Cabinet 

Pittsburgh 

St. Louis 

size 







Line A 

Line B 

Line C 

Line D 

Line E 

W1530 

1.365 

1.750 

2.625 

2.625 

1.693 

W 1830 

1.638 

2.100 

3.150 

3.150 

2.031 

W2430 

2.456 

3.150 

4.725 

4.725 

2.031 

W3030 

2.456 

3.150 

4.725 

4.725 

3.047 

W 3030 

3.275 

4.200 

6.300 

6.300 

3.386 

W 2418 

1.500 

1.925 

2.888 

2.888 

1.693 

W 3018 

1.638 

2.100 

3.150 

3.150 

1.862 

W 3618 

2.183 

2.800 

4.200 

4.200 

2.539 


•Table 10-11 is derived from Table 10-10 divided by Table 10-4. 


orders scheduled for the period required a total of 5,207.18 conveyor 
hours. This program is to bo compared to the program worked out by 
LP methods. 


STATEMENT pf THE PROBLEM 

With the foregoing information as given, the problem to be solved 
is as follows: 

In which plant should the various cabinets be manufactured in order 
to meet customer delivery promises with greatest profit (margin) to 
the Walcab Company, considering freight as well as manufacturing 
costs? 


SOLVING THE PROBLEM BY THE MODI METHOD 

The modi method, discussed in detail in Section II, “Methods,” is a 
rapid and relatively simple computational method. Once problems are 
set up for solution by the method, the calculations are routine and can 
be carried out by clerical personnel. These features are particularly 
valuable when management wants answers frequently so as to make the 
best adjustments to unforeseen changes in demand or unplanned inter- 
ruptions to production and to consider other variations to the basic 
program as a basis for futurd planning. 

The modi method requires that all problem information must be ex- 
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Pittsburgh 

St. Louis 


No. 

Cabi- 

Line 

Line 


No 

Cabi- 

Lino 

Line 

Order 

cabi- 

nets 

A 

B 

Order 

cabi- 

nets 

C-D 

£ 


nets 

per 

(in 

(in 



per 

(in 

(in 



hour 

hours) 

hours) 

! 



hour 

hoUHi) 

hours) 

CSCL-l&TO 

500 

20 

25.00 


CSLA-30.30 

2,000 

20/3 

300.00 


CSAT-;i030 

500 

80/9 


56 25 

CSSTL-3030 

2,500 

20/3 

375.00 


CRB()-3030 

1,200 

40/3 

90.00 


CSIIN- 1.530 

600 

12 

50.00 


CSPH-3G30 

100 

10 

10.00 


CSHN-3030 

1,200 

20/3 

180.00 


CSCI.-3630 

500 

10 

50.00 


CSLA-.3G.10 

1.000 

5 

200.00 


CSAT-3018 

1,500 

20 

75.00 


CSSE-.3018 

.500 

192/11 


28.65 

CSPH-3018 

450 

20 

22.50 












WGSF 1.5.30 

100 

96/5 


5 21 

WGPI-1530 

50 

24 

2.10 


WGN()-1.5.10 1 

1 G50 

96/5 


33.85 

WGPI-3030 

200 

40/3 

15.00 


WOI)A-18.30 

500 

16 


31.25 

WGAT-3G30 

600 

10 

GO 00 


V^GsF-30.30 1 

100 

32/3 


9.38 

WGDT-3G30 

500 

10 

.50.00 


WGI)A-.3G30 I 

j 500 

18/5 


.52.10 

WGPI-3G30 

50 

10 

.5 00 


WGN(M<V.iO i 

' 100 

18/5 


10.42 

WGAT-3018 

200 

20 

10.00 


WGKC-301S 

1 1,100 

192/11 


80.21 

MSMO-3G30 

4.000 

20/3 


600.00 

W\1I)E-1S30 

1 2.200 

10 

220.00 

I 

MSMO-3018 

2,500 

20 

125.00 


WMnE-,3()30 

fiOO 

32/3 


56.25 






WML \-.30.30 

020 

32/3 


58.13 

.ICDT-1530 

GOO 

24 

25.00 


WMPO-3()30 

1,100 

32/3 


103.13 

JCDT-:i030 

1,000 

40/3 

75.00 


W.MnE-3().30 

1 ,000 

48/5 


104.17 






WMLA-;j(.30 

100 

48/5 


10.42 

EMBR-1530 

180 

24 

7.50 


W'MSA-.ir>.3() 

.500 

5 

100.00 


EMBR-3030 

170 

40/3 

12.75 


WMSA-2418 

240 

96/5 


12 50 

EMnA-3030 

250 

40/3 

18.75 


WMr.A-3018 

920 

192/11 


52.71 

EMTR-3630 

2,000 

10 

200.00 







EMWI-3G30 

3,600 

20/3 


.540.00 j 

jrMM530 

240 

96/5 


12.50 

EMnA-2418 

720 

240/1 1 

33.00 


JCC}M830 

525 

16 


32.81 

EMRR-2418 

120 

240/11 

5.50 


.1CC1T-.3030 

500 

32/3 


40.87 

EMTR-3018 

2,000 

40/3 


L50.00 

.TCMI-.3G30 

200 

48/5 


20.83 






JCFW-36.30 

800 

48/5 


83.33 

RCPH-1630 

9,600 

24 

400.00 







SCPII-2418 

2,880 

240/11 

132.00 

j 

ALMO-1.530 

300 

96/5 


15.03 






ALBI-1.530 

120 

96/5 


0.25 

ALSP-1530 

300 

24 

12.50 


AI.N()-.30.30 

250 

32/3 

1 

23.44 

ALSP-3030 

150 

40/3 

11.25 


ALMC)-3030 

150 

32/3 


14.06 






ALHI-3030 

110 

32/3 


10.31 






ALB1-3G30 

330 

48/5 


31.38 






ALNO-.3018 

250 

192/11 


14.33 

Total 



1,472.8.3 

1,316.25 

Total 


j 

1.425.00 

963.10 


Total. G3 production orders requiring 5,207.18 hours 


pressed in terms of a common or standard unit. In the case of the Walcab 
Company, customer demand, rates of production, available time, and 
profit margins have to be expressed in terms of a common unit to use 
the modi method. The unit of measure that permits all information to 
be related in this problem is a standard conveyor hour. 
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1. Standard conveyor hour 

A Standard Conveyor Hour is the time required to produce a given 
quantity of a product when manufactured in one conveyor line taken as 
a standard. For example, in this problem Line A in Pittsburgh is set up 
as standard and all data relating to demand, profit, rates of production, 
and available time for the other lines are compared to it. Line A was 
selected as the standard because all other lines can be compared to it 
easily and because it is the most effective line on which the cabinets can 
be run. The various conveyor lines are compared to the standard con- 
veyor line through the medium of an index number. 

2. Index numbers 

Index Numbers represent the production-rate relationship among the 
various conveyor lines for the products being run, one conveyor line being 
used as a standard. They are ratios expressed as decimals. Index numbers 
are determined by considering the production rate per hour by con- 
veyor for those parts in the current product mix. Only the rates of pro- 
duction for those cabinets that will be run in the period bt'ing considi>red 
should be used as a basis for determining index numbers. This means 
that the indexes will have to be recomputed when the product mix 
changes. It is quite possible that the indexes will not change, provided 
the change in mix is not too great. This, however, can only be deter- 
mined from experience. ^ 

The index numbers for the Walcab Company conveyor lines are de- 
termined by comparing the production rates given in Tabic 10-4. Using 
Line A, Pittsburgh, as the standard and assigning it a value of 1.00 we 
can establish index numbers for the other lines that reflect the relative 
production rate. For example, Line A produces 24 W 1530 cabinets per 
hour of conveyor operation. Line B, on the other hand, produces only 
16 cabinets per hour of conveyor operation. For W 1530 cabinets. Line 
B is only two-thirds as effective as Line A. Using Line A as a standard of 
1.00, we find that the relative eflBciency or index for Line B is .667. Con- 
sidering all products to be scheduled and using Line A as a standard, 
we find that the index number for Line B is .667, for Line C and Line D 
.500, and for Line E .80. The index number for Line E is derived from 
an average of the index numbers for the different cabinet sizes, weighted 
by the quantities involved in the mix. 

3. Customer demand expressed in standard conveyor hours 

By use of the rate at which, the various cabinet sizes -are produced on 
Line A, customer demand by location and cabinet size is given in 
Table 10-13. 
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Table 10-13. Customer Releases Expressed in Standard Conveyor Hours 



1 

1 

1 


1 1 

Cabinets | 



Customer 



Num- 

per 

Standard 

Destination 

size 

ber 

standard 

conveyor 



cabinets 

conveyor 

hours 





hour 



Central Stores 

Houston 

W 1530 

000 

24 

25.00 



Cleveland 

W 1830 

500 

20 

25.00 



Los Angeles 

W 3030 

2,000 

13H 

150.00 



Houston 

W3030 

1,200 

13H 

90.00 



Atlanta 

W 3030 

500 

13H 

37.50 



St. Louis 

W 3030 

2,500 

13^ 

187.50 



Boston 

W3030 

1,200 

13H 

00.00 



Los Angeles 

W3630 

1,000 

10 

100.00 



Philadelphia 

W 3630 

100 

10 

10.00 



Cleveland 

W3630 

500 

10 

,50 00 



Sc'attle 

W 3018 

500 

20 

25.00 



Atlanta 

W 3018 

1,500 

20 

75.00 



Philadelphia 

W3018 

450 

20 

22.50 

887.50 

Ward Goniery 

San Francisco 

W 1630 

100 

24 

4.17 



Pittsburgh 

W 1530 

50 

24 

2.08 



Now Orleans i 

W 1530 

050 j 

24 

27.08 



i DaWas 1 

W 1S30 ' 

500 i 

20 

, 25.00 



San Francisco 

W 3030 

100 

13Ji 1 

7.50 



Pittsburgh 

W 3030 

200 


1 15.00 



Dallas 

W 3030 

500 

10 

50.00 



Atlanta 

W 3630 

600 

1 10 

00 00 



Detroit 

W 3030 

500 

, 10 

50 00 



Pittsburgh 

W 3630 

50 

10 

5.00 



New Orleans 

W 3030 

100 

10 

10.00 



Atlanta 

W3018 

200 

20 

10.00 



Kansas City 

W30I8 

1,400 

20 

70.00 

335.83 

Morris Sui)ply 

Morristown 

W 3630 

4,000 

10 

100.00 



Morristown 

W3018 

2,500 

20 

125.00 

525.00 

Apex Land 

•St. Petersburg 

W 1530 

3(K> 

24 

12.50 



Mobile 

W 1630 

300 

24 

12 50 



Birmingham 

W 1530 

120 

24 

5.00 



New Orleans 

W 3030 

250 

13H 

18.75 



St. Petersburg 

W 3030 

150 


11.25 



Mobile 

W3030 

150 

13H 

11.25 



Birmingham 

W3030 

no 

13H 

8.25 



Birmingham 

W3630 

330 

10 

33.00 



New Orleans 

W3018 

250 

20 

12.50 

125.00 
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Table 10-13. Customer Releases Expres.sed in Standard Conveyor Hours 

{continued) 


CuKtomor 

1 

Destination i 

Cabinet 

size 

Num- 

ber 

cabinets 

Cabinets 

per 

standard 

conveyor 

hour 

Standard 

conveyor 

hours 

Wcbtern Mail 

Denver 

Denver 

Los Angeles 

Portland 

Denver 

Los Angeles 
Salem 

Salem 

Los Angeles 

W 1830 
W 3030 
W 3030 
W 3030 
W 3630 
W 3630 
W 3(i30 
W2418 
W3018 

2,200 

600 

620 

1,100 

1,000 

100 

500 

240 

920 

20 

13M 

J3H 

ISH 

10 

10 

10 

21K, 

20 

1 110.00 

45.00 

46.50 

82.50 

100.00 

10.00 

50.00 

11.00 

46.00 

501.00 

Jonnen Company 

Minneapolis 

W 1530 

240 

24 

10.00 


Detroit 

W 1530 

600 

24 

25.00 


Chicago 

W 1830 

52.5 

20 

26.25 


Detroit 

W 3030 

1,000 

13H 

75.00 


Chicago 

W3030 

,■>00 

13H 

37.50 


Minneapolis 

W 3630 

200 

10 

20.00^ 


Fort Wayne 

W3630 

800 

10 

80.00 






273.75 

Eastern Mail 

Bridgeport 

W 1530 

180 

24 

7.50 


Bridgeport 

W 3(530 

170 

13}g 

12.75 


Baltimore 

W 3030 

250 

13H 

18.75 


Trenton 

W 3()30 

2,000 

10 

200.00 


Wilmington 

W 3030 

3,600 

10 

360.00 


Baltimore 

W2il8 

720 

21!!fi 

33.00 


Bridgeport 

W 2418 

120 

21?fi 

5.50 


Trenton 

W 3018 

2,000 

20 

100.00 




i 


737.50 

Stacey Construc- 

Philadelphia 

W l.'iSO 

9,600 

24 

400.00 

tion 

Philadelphia 

W2418 

2,880 

21^,1 

132.00 






532.00 

Total standard hours required 




3,917.58 


4. Available standard conveyor hours 

The available Standard Conveyor Hours for the period are deter- 
mined by multiplying the adjusted available time on each line by its 
index number. The standard conveyor hours by conveyor line for the 
period are given in Table 10-14. 

To clarify the meaning of Aiese standard capacities, it may be con- 
venient to think of the standard hour as a unit of production rather than 
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Line 

Maximum 
time 
available 
per quarter 
(in hours) 

Per cent 
operator 
time 

Adjusted 
available time 
(in hours) 

Index 

Standard 

conveyor 

hours 

A 

1,560 

96 0 

1,4»7.60 

1.000 

1,497.60 

B 

1,500 

87.5 

1,365.00 

.067 

910.00 

C 

1,500 

85.5 

1,333 30 

.500 

666.90 

D 

1,500 

95 00 

1,482.00 

.500 

741.00 

E 

1,560 

89.3< j 

1,393.08 

.800 

1,114.46 

Total 




4,929.96 


a unit of time. For example, Line A has 1,497.60 hours available, and in 
this time it can produce 1,497.60 standard hours’ worth of cabinets. Line 
B, on the other hand, has 1,365.00 hours of time available. But in this 
time it can produce only 910.00 (1365 X .667) standard hours’ worth of 
cabinets. 

5. Profit per standard conveyor hour 

The profit margin obtained by making a certain cabinet on one of the 
lines can be calculated from the data in the tables. Table 10-15 shows 
how this is done. The standard costs and freight are subtracted from 
the selling price to get the profit margin per cabinet. 

The company which originally made this application used a direct- 
costing system which separated fixed costs from costs which could be 
directly allocated to products. The data in the Walcab Company prob- 
lem represents the same kind of cost accounting. The standard costs 
shovm do not contain the fixed portion. 

The profit margins shown are therefore larger than the actual net 
profit. They are, however, directly comparable to one another. Since the 
LP calculation deals with the differences between the various margins, 
the inclusion of fixed costs in the m^gins will not affect the solution. 

The total profit shown for any one program will also contain fixed 
costs and will appear artificially large. The difference in profit between 
two programs, however, will be the actual difference in net profit. 

To use the profit values in the modi method, they must be expressed 
in terms of the standard unit— the standard conveyor hours. This is done 
by multiplying the profit per piece by the number of pieces that can be 
produced on the standard machines in one hour. The fact that use of the 
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Table 10-15. Profit per Standard Conveyor Hour 
(In dollars) 

Walcab Company 


Customer 


Central 

Stores 



* LF BMignment calculated in final matrix— most profitable program. 
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Table 10-15. Profit per Standard Conveyor Hour (in dollars) ; Walcab 
Company (continued) 
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Table 10-15. Profit per Standard Conveyor Hour (in dollars): Walcab 

Company (continued) 


ruBtomer Dfflti nation 


Ward Goni- Dallas (ron- I W 3630 


ery (con- tinued'^ 
tinued) 


Kansas City 


Selling; 

price 

Standard cost 

Shear, « . 
Ma- Press, 

terial and As- „ i 
, . Pack 
sombly 

Freight 

equali- 

zation 

13.830 

.950 

2.625 

3.275 

.770 

13.830 

.050 

2.625 

4.200 

.770 

13.830 

.650 

2.800 

6.300 

.550 

13.830 

.950 

2.800 

3.386 

.550 

13.830 

.950 

2.625 

3.275 

.440 

13.830 

.950 

2.625 

4.200 

.440 

13.830 

.950 

2.800 

6.300 

.440 

13.830 

.950 

2.800 

3.386 

.440 

8.000 

.650 

1.923 

1.638 

.240 

8.000 

.650 

1.923 

2.100 

.240 

8.000 

.650 

2.100 

3.150 

.240 

8(M)0 

650 

2.100 

1.862 

.240 

13.830 

.950 

2.625 

3.275 

.380 

13.830 

.950 

2.625 

4.200 

.380 

13.830 

950 

2.800 

6.300 

.530 

13.830 

.950 

2.800 

3.386 

.530 

8.000 

.650 

1.923 

1.638 

.180 

8.000 

.650 

1.923 

2.100 

.180 

8.000 

.650 

AlOO 

3.150 

.240 

8.000 

.650 

2.100 

1.862 

.240 


Morris 

Supply 
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Tabk 10-15. Profit per Standard Conveyor Hour (in dollars): Walcab 

Company (continued) 
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Table 10-15. Profit per Standard Conveyor Hour (in dollars): Walcab 

Company (continued) 



Stacey Con- Philadelphu 
struction 


A 

13.830 

.050 

2.625 

3.275 

B 

13.830 

.950 

2.625 

4.200 

C orD 

13.830 

.950 

2.800 

6.300 

E 

13.830 

.950 

2.800 

3.386 

A 


1.500 

B 

7.380 

.600 

1.785 

1.925 

r orD 

7.380 

.600 

1.955 

2.888 

E 

7.380 

.600 

1.955 

1.693 






A 

6.000 

.500 

1.525 

1 365 

B 

6000 

500 

1.525 

1.750 

Cor D 

6 000 

.500 

J 650 

2.625 

E 

6 000 

.500 

1.650 

1.693 

A 

6.750 

.600 

1.785 

1.500 

B 

6.750 

.600 

1.785 

1.925 

CorD 

6.750 

.600 

1.955 

2.888 

E 

6.750 

.600 

1^55 

1.693 



Minneapolis 

W 1530 

A 

6.500 

.500 



B 

6 500 

.500 



C or D 

6.500 

.500 



E 

6.500 

.500 


W 3630 

A 

13.830 

.950 



B 

13.830 

.950 



CorD 

13.830 

.950 



E 

13.830 

.950 


W 1530 

A 

6 500 

.500 


B 

6.500 

.500 


CorD 

6.500 

500 


E 

6 500 

.500 

W 3030 

A 

11,270 

.850 


B 

11.270 

.850 


Cor D 

11.270 

.850 


E 

11.270 

.850 


A 7.700 .600 
B 7.700 .600 
CorD 7.700 .600 
E 7.700 .600 
A 11.270 .850 
B 11.270 .850 
CorD 11.270 .850 
E 11.270 .850 



2.475 2.456 

2.475 3.150 

2.655 4.725 

2.655 3.047 
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Table 10-15. Profit per Standard Conveyor Hour (in dollars); Walcab 

Company (continued) 



Bridgeport W 1530 A 6.500 .500 1.525 1.365 

B 6.500 .500 1.525 1.750 

CorD 6.500 .500 1.650 2.625 

E 6.500 .500 1.650 1.693 

W3030 A 11.270 .850 2.475 2.456 

B 1J.270 .850 2.475 3.150 

CorD 11.270 .850 2.655 4 725 

E 11.270 .850 2.6.)5 3.047 

W 2418 A 7.3S0 .600 1.785 1.500 

B 7.380 .600 1.785 1.925 

(’orD 7.380 .600 1.955 2.888 

E 7.380 600 1.955 1.693 

Baltimore W 3030 A 11.270 .850 2.475 2.456 

B 11.270 .850 2.475 3.150 

CorD 11.270 .850 2.655 4.725 

E 11.270 .850 2.655 3.047 

W 2418 A 7.380 .600 1.785 1.500 

B 7.380 .600 1.785 1.925 

CorD 7.3S0 .600 1.955 2.888 


.210 3.600 

.210 3.985 

.310 5.085 1.415 24 

.310 4.153 2.347 24 

.380 6.161 5.100 

.380 6.855 4.415 

.560 8.790 

.560 7.112 

.220 4.105 

.220 4.530 

.340 5.783 

.340 4.588 

.290 8.071 5.199 I 40/3 

.290 6.765 4.505 40/3 


.470 8.700 2.570 

.470 7.022 4.248 

.160 4.045 3.335 

.160 4.470 

.280 5.723 


E 7.380 600 1.955 1.693 .280 4.528 

Trenton W 1630 A 13.830 .950 2.625 3.275 .330 7.180 6.650 

B 13.830 .950 2.625 4.200 .330 8.105 5.725 

CorD 13.830 .950 i.800 6.300 .550 10.600 3.230 

E 13.830 .950 2.800 3.386 .550 7.686 6.144 

\V.1018 A 8.000 .650 1.923 1.638 .180 4.391 3.609 

B 8.000 .650 1.923 2.100 .180 4.853 3.147 

CorD 8.000 .650 2.100 3.150 .300 6.200 1.800 

E 8.000 .650 2.100 1.862 .300 4.912 3.088 

WiliningtoQ W3630 A 13.830 .950 2.625 3.275 .330 7.180 6.650 10 

B 13.830 .950 2.625 4.200 .330 8.105 5.725 10 

CorD 13.830 .950 2.800 6.300 .550 10.600 3.230 10 

E 13.830 .950 2.800 3.386 .550 7.686 6.144 10 I 61. 
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modi compels development of profit data in terms of the problem meas- 
ure has been of great value in providing proper perspective. Cost figures 
are rarely if ever available in these terms unless they have been com- 
puted for use in linear programming. In this case, the profits per piece 
of various units may give some idea of the relative desirability of selling 
certain products, but they do not help in establishing production pro- 
grams. The production problem involves allocating machine capacity. 
When profits are expressed in terms of machine hours, the profitability 
of allocating production time to various products is directly comparable. 

The profit per standard conveyor hour for each product by destination 
by the conveyor line on which it can be produced is given in Table 
10-15. The asterisks indicate the profit margin per standard conveyor 
hour for the individual orders as run in the most profitable program. 


MOST PROFITABLE ASSIGNMENT OF ORDERS TO THE TWO PLANTS 

Once the pertinent problem information has been expressed in stand- 
ard conveyor hours, it is then set up in a table, or modi matrix. Table 
10-16 in pocket at back of the book shows the most profitable program, 
including where and in what amounts each order .should be produced. 
The most profitable program indicates that a profit of $226,179.10 is 
possible if production is planned as indicated by the circled values. 

A breakdown of the most profitable load by customer and cabinet 
size is given in Tables 10-18 and lO-JS at the end of this chapter. 

COMPARISON OF ACTUAL AND LP PROGRAMS 

A summary of the differences between the actual and the LP programs 
that are significant for management planning is given in Table 10-17. 
The table shows an increase in profits of $11,121.92, and a reduction of 
160.46 conveyor hours is possible if management uses LP information 
as a basis for assigning production orders to the two plants. This can 
be achieved through better planning and does not require an additional 
investment in facilities or manpower. It can be obtained from existing 
resources. 

Most of the differences between the actual and the LP programs are 
the result of not shipping from the nearest plant according to policy and 
commercial commitment. A check of the differences between programs 
in the assignment of orders to the two plants (Table 10-18) shows that 
the LP program included many cross shipments from east to west and 
west to east. For example, the 100 W 3030 cabinets for Ward Gomery, 
San Francisco, are produced and shipped from Pittsburgh rather than 
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Table 10-17. Comparison of Actual and LP Programs 



Profit 
(in dollars) 

Con- 

veyor 

hours 

required 

Assignment of capacity by 
conveyor line (in hours) 

Average 

profit 

per 


A 

B 

C, D 

E 

cabinet 
(in dollars) 

LP pro- 
gram 

226,179.10 

5,046.72 

1,497.60 

1,365.00 

791.04 

1,393.08 

3.858 

Actual 

program 

216,057.18 

5,207.18 

1,472.83 

1,346.25 

1,425 00 

963.10 

3.669 



-160 46 

-1-24.77 

4-18.75 

-633.96 

-1-429.98 

-1-.189 


from St. Louis, which is 800 miles closer to San Francisco. The same is 
true for the requirement of Central Stores, Los Angeles; Western Mail, 
Denver; Jensen Company, Minneapolis; and many others. 

The reason for this is that the linear-programming technique com- 
pares the rate at which profit can be made on each of the products on 
each of the lines. These profits include the freight costs involved to each 
destination. The LP calculation then assigns the orders within the avail- 
able capacity of the various production lines according to highest profit 
for the mix. 

The allocation or assignment oi capacity to orders on this basis causes 
some shipments to be made from west to east. For example, the require- 
ment of Morris Supply, Morristown, New Jersey, for 4,000 W 3630 
cabinets is supplied from St. Louis instead of from Pittsburgh. The same 
situation is true for Central Stores, Philadelphia; and Eastern Mail, 
Trenton, New Jersey. The total gain in profit from following this pro- 
gram exceeds the increased costs incurred by a few individual orders. 

The LP program also confirms that either Line C or Line D can be 
closed down completely if the present level of demand continues for 
any length of time. Should management decide, however, that they want 
to continue to operate Line C and Line D at some level of capacity for 
reasons of personnel policy or anticipated sales, the LP technique will 
provide management with a program that will a(xx>mplish the desired 
result at maximum profit under the new policy. The difference between 
the profit under each set of circumstances places a dollar sign on the 
desirability of following the policy. The profit difference is also one 
measure of the money that the firm can afford to invest in new equip- 














Table 10-18. Differences in Assignments of Customers' Orders 
(41 orders run differently) 


Customer 

Cabinet 

size 

Destination 

Best 
assign- 
ment * 

Actual 
assign- 
ment • 

Best 

profit (in 
dollars) 

Actual 
profit (in 
dollars) 

Difference 
(in dollars) 

Central 

W 1530 

Houston 

P-A 

S-C 

1,650 00 

879.00 

771.00 

Stores 

W 1830 

Ck»vel.*ind 

P-B 

P-A 

1,515.00 

1,746.00 

-231.00 


W3030 

Los Angeles 

P-A 

S-C 

9,498.00 

4,780.00 

4,718.00 


W 3030 

Houston 

P-A 


1,071.24 




W3030 

Houston 

S-C 

S-C 

2,422.77 

2,988.00 

505.98 


W3030 

Atlanta 

P-A 

P-B 

2,554.50 

2,207.50 

347.00 


W3G30 

Los Angeles 

S-E 

S-C 

5.924.00 

3,010.00 

2,914.00 


W 3030 

Philadelphia 

S-E 

P-A 

614.40 

665.00 

-50.60 


W 3030 

Cleveland 

S-E 

P-A 

3,067.00 

3,285.00 

-218.00 


W 3018 

Seattle 

P-A 

S-E 

1,654..50 

1,484.00 

170.50 


W 3018 

Atlanta 

P-B 

P-A 

4,630.50 

5,323.50 

-693.00 


W 3018 

Philadelphia 

P-B 

P-A 

1,416.15 

' 1,624.05 

-207.90 

Ward 

W 1530 

San Francisco 

P-A 

S-E 



40.30 

Gomery 

W 1530 

New Orleans 

P-A 

S-E 

1,852.50 

1,590.55 

261.95 


W 1830 

Dallas 

S-C 

S-E 



-559.50 


\V 3030 

San Francisco 

P-A 

S-E 



68.10 


W3630 

Atlanta 

S-E 

P-A 

3.752.40 

3.924.00 

171.60 


W 3030 

Detroit 

S-E 

P-A 



218.00 


W3018 

Atlanta 

P-B 

P-A 

617.40 


92.40 


W 3018 

Kansas City 

P-B 


3,033.75 


101.63 




P-A 

S-K 

541 35 

4,407.20 

67.90 

Morris 

W 3(i30 

Morristown 

S-E 

P-B 

19,2.50 00 

17,580 00 ’ 

“ 1,676.00 

Supply 

W 3018 

Morristown 

P-B 

P-A 


7,022.50 


Apex 

W 1.530 

Mobile 

P-A 

S-E 


mE wSQI 

135.90 

Land 

W 1530 

Birmingham 

J^-A / 

S-E 



54.36 


W3030 

New Orleans 

P-A ^ 

S-E 

1,274.75 


170.25 


W 3030 

Mobile 

P-A 1 

S-E 

766 35 


105.65 


W 3030 

Birmingham 

P-A 

S-E 

553.19 

408.38 

84.81 


W3018 

New Orleans 

F-B 

S-E 

750.75 


-30.25 

Western 

W 3030 

Denver 

I'-B 

S-E 


2,548.80 


Mai] 

W 3030 

Los Ang<»les 

1^-A 

S-E 

1 2,944.38 

2,522.16 

422.22 


W 3030 

Portland 

I’-A 

S-E 

5,223.90 

■sk£Lil 



W 3030 

Salem 

s-f: 

S-C 



1,456.50 


W 2418 

Salem 

I’-A 

S-E 


055.68 

72.72 


W 3018 

Los Angeles 

P-A 

S-E 


2,730.56 

313.72 

Jensen 

W 1530 

Minneapolis 

P-A 

S-E 

684.00 

587.28 

96.72 

Com- 

W 1530 

Detroit 

P-B 

P-A 




pany 

W 1830 

Chicago 

P-A 

S-E 





W3030 

Chicago 

P-A 

S-E 

2,564.50 

iQumj 


Eastern 

W 1530 

Bridgeport 

P-B 

P-A 

452.70 

522.00 

-69.30 

Mail 

W 3630 

Trenton 

S-E 

P-A 

.5,621.76 

13,300.00 

-462.99 


W 3030 1 

Trenton 

P-A 


7,215.25 




W 3030 

Wilmington 

P-A 

P-B 

23,940.00 

20,610.00 

3,330.00 

Stacey 

W 1530 

Philadelphia 

P-B 

P-A 


23,520.00 

-3,690.00 

Con- 








struc- 








tion 



* 





Total 

11,121.92 


*P « Pittsburgh S = St. Louis A, B, C, and E » Production Lines. 
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ment and methods to raise the efiBciency of Line C and Line D at St. 
Louis. 

Once planning management has installed the LP technique it is pos- 
sible to provide them with information to guide their decisions on the 
following: 

1. The best revised program should changes in demand or interrup- 
tion to production occur 

2. A program of planned preventive maintenance 

3. Alternate programs of freight costs and price concessions to be 
competitive in distant markets 

Table 10-19. Orders Run Same in Both Progiams 
(22 orders same in both programs) 


(Customer 

Cabinet 

size 

Destination 

B(‘st 

assign- 

ment 

Ceiitial Stores 

W 3030 

Boston 

P-A 


W3030 

St Louis 

K-C 

Ward G ornery 

W 1530 

Pittsburgh 

P-A 


W 3030 

Pittsburgh 

P-A 


W3030 

Dallas 

S-E 


W3(>30 

Pittsburgh 

P-A 


W 3G30 

New Oilcans 

S-E 

Apex Land 

W 1530 

St Peteisburg 

P-A 


W 3030 

St. Petersburg 

P-A 


W 3030 

Birmingham 

S-E 

Western Mail 

W 1830 

Denver 

S-C 


W3G30 

Denver 

S-E 


W 3630 

Los Angeles 

S-E 

Jensen Com- 

W3030 

Detroit 

P-A 

pany 

W3G30 

Minneapolis 

S-E 


W 3G30 

iort Wayne 

S-E 

Eastern Mail 

W 3030 

Bridgeport 

P-A 


W3030 

Baltimore 

P-A 


W2418 

Baltimore 

P-A 


W3018 

Trenton 

P-B 


W 2418 

Bridgeport 

P-A 

Staeey Con- 

W 2418 

Philadelphia 

P-A 

struction 


» 
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4. The best location for a new plant in terms of raw-material supply 
and destination of finished products 
As in the actual problem, the solution to the Walcab Company prob- 
lem shows that LP methods do provide information which enables man- 
agement to plan more effective use of existing resources and permits 
variations from present practice to be evaluated as a guide to future 
planning. 



CHAPTER 11 


Obtaining the Most Profitable Share of Your Market 



Profit planning, the systematic analysis of markets, products, and facili- 
ties, is an important function of top management. The profitability and 
well-being of a firm is considerably influenced by how effectively the 
planning is done and executed. Effective planning, of course, is de- 
pendent upon accurate, up-to-date information. 

Linear programming is one method available to top management for 
developing and evaluating information about various programs of profit 
under existing, as well as contemplated, conditions. In addition, the 
by-product information provided by the simplex method of solution 
makes it possible for management to* evaluate the profitability of direct- 
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ing sales e£Fort, adding products to the line, and increasing facilities 
under given sets of conditions. 

This was demonstrated dramatically in the case of the Textile Mills 
Company, a textile firm located in the Southeastern part of the country. 
Because of severe competition and small profit margin, the president of 
the firm was vitally concerned with directing sales eflFort and productive 
capacity so as to obtain as profitable a share of the market as possible. 
There were differences of opinion between sales and manufacturing 
executives about the best course of action to be followed under existing 
commercial and operating policies to obtain their share of the market. 
Attempts on the part of the president to resolve the differences were 
complicated by a number of issues and problems. Part of the diflSculty 
arose because sales and manufactiuring executives looked at the prob- 
lem of matching sales demands and plant capacity from different points 
of view. The sales executive, for example, measured plant facilities and 
man power primarily in terms of satisfying the customer with price, 
quality, and shipping date equal to or better than a competitor could 
provide. Where possible, of course, he had his sales force pushing the 
products with the highest margin per yard. From the sales point of 
view, the sales executive found it highly desirable to have a very flexible 
if not a completely elastic plant capacity. ^ 

The manufacturing executive, ou the other hand, looked at the de- 
mands placed on facilities by sales in terms of the effect of those de- 
mands on balanced production, utilization of equipment and man power, 
and other factors that contribute to an efficient operation. The manu- 
facturing executive championed the point of view that the desirability 
of satisfying varying and sometimes unexpected demands of customers 
must be weighed against the additional costs arising from the interrup- 
tions and changes that they bring to an even flow of work through the 
plant. 

There was no question that the heads of both sales and manufactur- 
ing were vitally interested in lower production costs, increased sales, 
and higher profits. The nature of their responsibilities, however, forced 
them to move the firm toward these common goals by pulling in two 
apparently different directions. 

The president, therefore, desired information that would enable him 
to resolve the two points of view without becoming involved in per- 
sonalities. He recognized that he needed some method of evaluating the 
combination of sales demand and plant efficiency in terms of over-all 
benefit to the firm. The worth of customers’ orders and tie-in sales and 
the profit-making potential of present and contemplated equipment had 
to be evaluated in the procesl His problem was then reduced to the 
following statement: 
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Determine the most profitable market for Textile Mills ^ products 
and develop a sales and production program for obtaining as much 
of that market as commercial and production limitations permit. 


BACKGROUND INFORMATION AND DESCRIPTION OF THE 
COMPANY OPERATION 

Textile Mills have a number of plants in one location for converting 
synthetic and natural fibers into cloth (gray goods and fabrics). The 
cloth in turn is processed in subsidiary and customer plants. The firm 
competes for the available business with other textile firms which manu- 
facture the same or similar products. 

Basically, there arc three producing departments, which correspond 
to the three basic steps in the manufacture of the cloth. These depart- 
ments are Carding, Spinning, and Weaving, 

Carding, the first slop in yarn manufacture, removes foieigii matter 
and brushes the fibers and prepares them for further processing. Spin- 
ning converts the fibers into twisted yams for weaving. Weaving is the 
process of forming a woven fabric or cloth on a loom. Fabric is a general 
term for a woven material, such as cloth, lace, or hosiery. Cloths that have 
been woven but have not been finished are called gray goods. 

Because of the commercial policies of customers, the efforts of com- 
petition, the product mix, and the capacity of the mill, management 
anticipates that they can produce and sell approximately 38,000,000 
yards of cloth per year. Through selective selling. Textile Mills can 
affect their product mix within certain limits. 


BASIC ASSUMPTIONS 

For purposes of the problem, let us say that the product line consists 
of 12 products. They are identified in the tables in this chapter by capital 
letters of the alphabet. For example, the first product is identified as 
Product A, the second product as Product B, and so on for the 12 
products. 

The Profit Margin per Yard, supplied hy the accounting department, 
is the difference between the invoice price and the variable manufactur- 
ing costs. Sales expense, general and administration expense, and such 
expenses as insurance, taxes, and supervision are not included in the 
expenses used in computing profit margins. The profit margin is a figure 

-To preserve the confidence of the firm involved, the firm name, the product 
brand the product capacities, and the profit margins have been disguised. The 

problem and situation, however, are real. < 



242 Section Three: Application 

that shows die margin contribution of the sales of a yard of material 
toward absorbing these expenses and earning profits. 

An industry-wide market forecast for the coming year expressed in 
yards has been prepared and reflects the expected demand for the in- 
dustry. The forecast indicates an industry-wide market potential of 
109,500,000 yards for the year. 

Departmental capacities have been adjusted for utilization. Rates of 
production, supplied by the Industrial-engineering Department, and 
profit margins, furnished by the Accounting Department, are considered 
fixed for the time period. This information is shown in Tables 11-1 and 
11 - 2 . 

Table 11-1. Basic Product, Production Data, and Forecast Information 


Table 11-2. Market Forecast and Available Capacity for the Year 

Market forecast for the industry 109,500,000 yd 

Average yield of Carding Department 26,400,000 lb 

Production capacity of Spinning Department 50,000 spindle weeks 

Production capacity of Weaving Department 2,900,000 loom weeks 

The information listed in Table 11-1 has been gathered by product. 
Using Product A as an example and reading across the table, we see that 


Department 


Carding 
(in yards 
per pound) 

Spinning (in 
yards per 
spindle week) 

Weaving (in 

I yards per 
loom week) 

1.35 

960 

15.9 

2.25 

850 

13.5 

1.35 

960 

13.4 

l.()0 

750 

20.0 

1.70 

750 

18.6 

1.55 

375 

8.5 

1.50 

655 

15.5 

1.60 

350 

9.7 

1.23 

582 

13.4 

1.50 

650 

15.0 

1.55 

605 

15.1 

1.96 

i 

720 

20.4 



Profit 

Industry-wide 

Product 

margin 
per yard 
(in dollars) 

market 
forecast 
(in yards) 

A 

.690 

2,500,000 

B 

.655 

4,000.000 

C 

.610 

10,000,000 

D 

.595 

2,000,006 

£ 

.5(K) 

4,000,000 

F 

.527 

12,000,000 

G 

.491 

8,000,000 

H 

.488 

5,000,000 

I 

.457 

6,500,000 

J 

.436 

10,500,000 

£ 

.411 

15,000,000 

L 

.378 

30,000,000 
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the profit margin at the plant is $.690 per yard and the total industry- 
wide demand for that particular fabric has been forecast as 2,500,000 
yards. Continuing across the Product A row in the table, we see that we 
obtain 1.35 yards for each pound of raw material processed in the Card- 
ing Department; that each spindle in the Spinning Department will de- 
liver 960 yards in one week, and that each loom in the Weaving Depart- 
ment will produce 15.9 yards in one week. 

Table 11-2 actually lists the limits to the solution by listing the total 
forecast for the industry for all products in the problem as 109,500,000 
yards per year and the annual capacity of each department based on past 
experience. 

STATEMENT OF THE PROBLEM 

The basic problem is to determine the most profitable market for the 
Textile Mills Company and to develop a program for obtaining as much 
of that market as commercial and production limitations pennit. 

SOLVING THE PROBLEM BY THE SIMPLEX MEYHOD 

There are a number of LP methods available for solving this problem. 
The simplex method of solution will be used to find for management 
which products should be manufactured and in what quantities to obtain 
the highest margin. Further, the method will specify the greatest attain- 
able margin, evaluate possible variations to the best program plan, and 
establish the steps to be taken to obtain even greater profit increases 
from facilities. With this information, management is in a better position 
to make supportable decisions affecting present and future sales and 
manufacturing plans. 

The first part of the problem is to determine the highest-margin 
pioduct mix to sell. The simplex method showed that the highest margin 
was not obtained simply by selling the greatest amount of highest-margin- 
per-yard products that the forecast demand and departmental capacities 
permitted. This came as something of a surprise to management, because 
a number of decisions— especially in competitive-bidding situations— 
were based on that premise. 

Table 11-3 shows the program and profit margin that will result from 
using facilities to produce the forecast demand in order of decreasing 
profit margin per yard, beginning with the highest margin per yard. 
Under this program it is possible to manufacture the forecast demand 
for Products A, B, C, D, and E without exceeding the capacity of any of 
the producing departments. Approximately 9,100,000 yards of the 12,- 
000,000 yards of Product F can be produced before the capacity of the 
Spinning Department is exceeded, thus limiting production to one-half 
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Table 11-3. Program of Highest Profit Margin per Yard by Product 

for the Year 


Product 

Margin 

per 

yard 

(in 

dollars) 

Annual 
industry- 
wide fore- 
cast (in 
million 
yards) 

Annual 
produc- 
tion (in 
million 
yards) 

Annual capacity utilization 

Profit 
margin 
(in mil- 
lions of 
dollars) 

Carding 
(in pounds) 

Spin- 
ning (in 
spindle 
weeks) 

Weaving 
(in loom 
weeks) 

A 

.690 

2.5 

2.5 

1,852,500 

2,600 

157,250 

1.725 

B 

.655 

4.0 

■SI 

1,776,000 

4,720 


2.620 

C 

.610 


bd 

7,410,000 

10,400 


6.100 

D 

.595 

2 0 

Bl 

1,250,000 

2,660 


1.190 

E 

.560 

4.0 

WSM 

2,352,000 

5,320 

215,200 

2.240 

F 

.527 

12.0 

9.1 

5,870,010 

24,300 

1,070,280 

4.796 

G 

491 

8.0 






II 

.488 

5.0 






I 

.457 

6.5 

0 





J 

.436 







K 

.411 







L 

.378 


0 



« 


Total 



31.0 

20,510,510 

50,000 

2,585,130 

18 671 


the product line. On this basis it is possible to produce 31,600,000 yards 
at a profit margin of $18,671,(X)0. 

Very few firms are in a position to produce only those products having 
the largest profit margin per product. The idea is introduced here, how- 
ever, for three reasons: (1) to provide a yardstiek or bench mark against 
which various programs of production and profit can be compared, (2) 
to demonstrate that sales and production decisions based on highest 
profit margin per product do not necessarily result in the maximum 
profit margin for the firm, and (3) to aid in showing how LP can indi- 
cate whether it is possible to do better and, if so, how much better. 

1. Setting up the problem for solution 

The simplex method, like other methods of solution, formal and in- 
formal, requires a clear statement of the problem to be solved. In the 
case of the Textile Mills Company the first problem to be solved is to 
determine the highest-profit-margin program within the forecast and 
capacity conditions. ' 
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The objective equation 

By use of tiie simplex approach and notation for setting up the prob- 
lem for solution (given in detail in Chapter 4) the highest profit margin 
is expressed as follows: 

Let Z = highest profit margin in dollars for the period 

P = amount of each product to be manufactured in the highest- 
profit-margin program. 'Hie amount of each product that will 
yield the highest profit margin is to be determined 
Pi = amount of Product A to be produced in the highcst-profit- 
margin program 
Pa — amount of Product B • 

Ps = amount of Product C 
P4 = amount of Product D 
Pr, — amount of Product E 
Pfl - amount of Product F 
P7 = amount of Product G 
Ps = amount of Product H 
P„ - amount of Product I 
Pio — amount of Product J 
Pii = amount of Product K 
P12 -- amount of Product L 

Any P can have a value of zero or a positive value up to the amount 
of the forecast demand. The simplex method is used to find the amounts 
of the various Ps that will permit the maximum profit margin to be ob- 
tained under the given conditions. 

The capacity limitations 

Departmental capacity and forecast demand limit or restrict the amount 
of potential profit. E.xpressing departmental capacity as a restriction in- 
volves either the yield or the rate of produetion for each product to be 
processed and the hours available for production of those produets. 

The Carding Department has an average capaeity of 26,400,000 pounds. 
Depending upon the product, a pound of raw material will yield a differ- 
ent number of product yards. For example, .741 pounds of material will 
yield 1 yard of Product A. On the other hand, .510 pounds of material 
will yield 1 yard of Product L. The point is not so much the fact that 
different products require different amounts of raw material as the fact 
that LP requires the expression of data in usable units of measmre. 
Table 11-1 shows how production data were expressed for use in the 
plant. Table 11-4 shows how those ^ta were converted for analysis and 
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Table 11-4. Production Data Expressed in LF Units of Measure 
(Reciprocals of data in Table 11-1) 


Product 

Carding 
(in pounds 
per yard) 

Spinning (in 
spindle weeks 
per yard) 

Weaving (in 
loom weeks 
per yard) 

A 

.741 

.00104 

.0629 

B 

.444 

.00118 

.0741 

C 

.741 

.00104 

.0746 

D 

.625 

.00133 

.0500 

E 

.588 

.00133 

.0538 

F 

.045 

.00267 

.1170 

G 

.007 

.00153 

0645 

H 

.625 

.00286 

.1039 

I j 

.813 

.00172 

.0746 

J ' 

.667 

.00153 

.0067 

K 

.645 

.00105 

.0662 

L 

.510 

.00139 

.0490 


solution by the simplex method. This change in basic units neces- 
sitated by the fact that departmental capacity was expressed in pounds. 
Consequently, demand for the product to be run (expressed in yards) 
when multiplied by the yield (expressed in yards per pound) must 
result in pounds, otherwise the data were not usable. This may be more 
clearly seen if we express the correct relationship in formula fashion, 
as follows: 

( yield for demand for\ 

X ) 

Product A Product A / 

yield for demand for 
X 

Product L Product L 

( pounds \ /pounds \ 

X yards ) -1 h { X yards ) 

yard / \ yard / 

Pounds = pounds + • • • + pounds 

Similarly, and for the same basic reason, the rates of production in 
the Spinning Department and the Weaving Department were converted 
as shown in Table 11-4. This situation is typical of the way in which data 
are expressed in many firms a^d emphasizes the importance of examin- 
ing data carefully to make certain that they are expressed in the con- 
venient unit of measure for use by linear-programming methods. On 
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the basis of experience to date, the conversion of data into best units 
of measure requires more care than any other phase of LP analysis and 
solution. 

Departmental capacities expressed in terms of the unknowns and the 
proper units are as follows: 

26.400.000 ^ .741Pi + .444^2 + .741Ps + .625P4 + .588P6 + .645P6 + 

. 6 O 7 P 7 + .G25P8 + .SlSPe + .667Pio + .645Pii + . 6 IOP 12 

This expression, translated into words, states that the sum of the yields 
times the amount of production for all products that can be run in the 
Carding Department is equal to or less than the 26,400,000 pounds’ 
capacity that is available. Likewise, the capacitiea of the Spinning and 
Weaving Departments will be utilized as shown in the following ex- 
pressions: 

60,000 ^ .00104Pi -f- .OOII8P2 + .OOIO4P3 + .OOI33P4 + .OOI33P5 + 
.002G7P6 -h .OOI53P7 -1- .00286P8 + .OOI72P9 -|- 
.OOI53P10 + .OOinSPii + .00139P,2 

2.900.000 ^ .0G29Pi + .0741P2 + .074GP3 + .O 5 OOP 4 + .0538P6 -f 

.1176P,, -f .0G45P7 -I- .1039P8 + .O 746 P 9 + .06G7Pio + 
.0GG2P,, + O 49 OP 12 

The market restrictions 

The forecast for each product represents the anticipated maximum 
industry-wide demand for that product in the forthcoming year. In this 
problem, management wants to make the amount of each product up 
to and including the forecast amount that will provide the highest margin. 

The market restrictions for the various products under forecast condi- 
tions expressed mathematically are as follows. 


Pi ^ 2,500,000 yards 


( the amount of Product A ( Pi ) can be equal to or less than the 2,500,000 
yards forecast). Similarly, 


Pz^ 4,000,000 
Ps ^ 10,000,000 
P4^ 2,000,000 
Pb^ 4,000,000 


P« ^ 12,000,000 
Pt^ 8,000,000 
Ps^ 5,000,000 
P»^ 6,500,000 


Pio ^ 10,500,000 
Pii ^ 15,000,000 
P 12 ^ 30,000,000 


2. Calculating the highest profit margin for the forecast 

The computations can be simplified by multiplying the capacity and 
market restrictions by 1,000, thus eliminating many of the decimal points 
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and zeros. The first iteration is set up in matrix form by converting all 
inequalities to equivalent equalities, arranging the coefficients in proper 
sequence in columnar array, and computing the base-row values. Table 
11-5 in pocket at back of the book shows the completed Iteration 1 
(Program 1) and the eight subsequent iterations calculated in arriving 
at the highest-margin program. 

The highest-margin solution and program 

The final program (Program 9) shown in Table 11-5 represents tfte 
desired or ideal sales program. It is not a summary of orders received 
but rather the first draft of a selective-sales program that top manage- 
ment can review and discuss as a basis for planning to obtain greater 
total profit margin. 

From Table 11-10 it can be seen that Textile Mills Company should 
sell and make Products A, B, C, D, and E to the forecast limit under 
both programs. Under the highest-profit-margin program, however, man- 
agement must bypass 9,100,000 yards of Product F, having a margin 
of $.527, per yard, in favor of 8,000,000 yards of Product G, having a 
margin of $.491 per yard, and 7,883,000 yards of Product J, having a 
margin of $.436 per yard, in order to increase profits. By electing to 
follow and, if possible, by actually following the highest-profiKmargin 
program, management can increase the profit-margin potential from 
$18,671,000 to $21,240,000, an increase of $2,569,000 from a selective- 
selling program that uses the same facilities. The Spinning Department 
limits the amount of product and profit margin that can be obtained 
under tlie given conditions because the 50,000 spindle weeks are com- 
pletely utilized. There are 1,166,000 pounds of unused carding capacity 
and 343,000 weeks of unused loom capacity. This open capacity could 
be profitably used if there were more spinning capacity. 

Under the existing product mix, forecast demand, rates of production, 
and profit margin, it is worth $284.97 in increased profit margin for each 
spindle week of capacity that can be added to the 50,000 spindle weeks 
available. This value is shown in the Base Row of Column Pu of Table 
11-5, Program 9, and it is indicative of the type of by-product informa- 
tion that the simplex calculations provide (the significance of marginal 
values provided by the simplex method is discussed in Chapter 5). The 
marginal value of $284.97 per additional spindle week of capacity will 
continue until the capacity of another department becomes a restriction, 
the operation comes into complete balance, or another product comes 
into the program. The gain that can be expected from increasing spinning 
capacity can be compared with the cost of acquiring that capacity and 
a decision reached on the desiralbility of investing in additional facilities. 

The desired program represents a standard or ideal that is desirable 
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but may not be attainable. In other words, it is one measure of the profit- 
earning capacity of existing facilities. Actually, the desired program 
represents a target that management can use for control purposes and 
as a standard against which to measure other planned and actual pro- 
grams. Differences, if any, in these programs represent a measure of the 
profit margin and production that is forgone because of restrictions in 
sales or demand. The desired program is a guide in directing the efforts 
of the entire organization toward the most profitable portion of the 
market. This guide indicates how to coordinate selective selling, produc- 
tion planning and control, and methods improvements so as to obtain 
the most profitable portion of the market. 


OTHER SALES PROGRAMS FOR MANAGEMENT CONSIDERATION 

When a desired sales program has been established, the next step is 
to develop a sales goal in terms of actual conditions of the industry and 
habits of customers. For example, the Sales Department may point out 
that only 15 of the total number of customers purchase Products A, B, 
and C. Furthermore, it may not be realistic to expect to obtain the 
16,500,000 yards involved because they are traditionally split among 
several mills by the purchasing firms who make it a practice to have 
sevc'ral sources of supply. It may, for example, be possible to obtain 
only 6,000,000 yards of the total. And, to do tliis, it may be necessary 
to produce 9,000,000 yards of cither Product J or Product F. We know 
from the simplex analysis that sales effort .should be directed toward 
obtaining the entire amount of Product J rather than Product F, despite 
the fact that Product F has a profit margin per yard of $.527 compared 
to a profit margin of $.436 for Product J. 

Similarly, we may find that a particular group of customers represent 
80 per cent of the potential use for Products D and E. Here again for 
commercial reasons it may be possible to obtain only 2,000,000 yards 
and 4,000,000 yards of either Product G or Product H. Again, sales effort 
should be directed toward Product G rather than Product H. 

Linear programming can be used to develop revisions of sales pro- 
grams so that as large a profit margin as possible can be obtained under 
different commercial conditions. For example, management knows that 
the Textile Mills Gompany cannot sell the entire amount of the products 
listed in the desired or ideal sales program. If, however, the Sales De- 
partment forecasts the amounts of those products that they believe they 
are capable of selling, then linear-programming methods can be used to 
indicate the other products that. should receive concentrated selling 
effort so as to maintain the profit margin as high as possible. 



250 


Section Three: Application 


1. Revised sales program 1 

With the decision made to produce the amounts of Products A, B, C, 
D, E, G, and J, Ksted in Part A of Table 11-7, the problem now is how 
to use the remaining capacity to obtain as much profit margin as 
possible. This can be done by deducting the capacity required to pro- 
duce the listed amounts of these products and allocating the remaining 
capacity among the other products at highest profit margin, using the 
simplex method. 

The new problem, when set up in matrix form, is given in Table 11-6. 
The answer to the problem shows that the highest profit margin is ob- 
tained by using the remaining capacity to manufacture 20,035,971 yards 
of Product L, which has the lowest profit margin per yard of any product 
in the line. The resulting profit increase in profit margin will be $7,573,- 
597. The selection of any other product in the line will bring a smaller 
profit-margin increase despite the fad that the profit margins of all other 
products is higher. 

By using the remaining capacity to manufacture Product L, the re- 
vised sales program will return a total profit margin of $17,178,597 on 
a total production of 37,040,000 yards. The limiting factor on production 
and profit is again the Spinning Department. The information about Sales 
Revision 1 is summarized in Sections A and B of Table 11-7. 

2. Revised sales program 2 

If management believes that it Ls possible to obtain only 15,000,000 
yards of Product L, then capacity will be available for the manufacture 
of yet other products. The products which will add the largest amount to 
the profit margin can be determined again by going through the same 
computational process with revised data. 

Using Table 11-7 as a base, we can allocate the remaining capacity 
among other products so as to obtain the largest addition to profit margin. 
When the revised conditions have been included, the problem so set up 
for solution by the simplex method is given in Table 11-8. 

The answer given in Part B of Table 11-9 shows that the greatest in- 
crease in profit margin results when the unused capacity is devoted to 
producing 4,070,000 yards of Product I. The resulting profit margin from 
Product I totals $1,859,990, which when added to the previous program 
profit of $15,275,000 gives a profit margin for the revised program of 
$17,134,990. 

Table 11-10 shows a comparison of a number of sales programs that 
management can consider in aligning production facilities to obtain as 
large a margin of profit as possible. 

The over-ajl conclusion to be drawn from the table is that profit margin 



Table 11-6. Solution and Program for Sales Revision 



Hiirhest margin (in i i 

mllion dollars) 7.574 0 271.94 0 | 0 0 0 0 0 199.14 289.17 10.59 37.69 
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Table 11-7. Revised Sales Program 1 


Product 

Revised 
amount 
(in million 
yards) 

Capacity utilization 

Profit 
(in dollars) 

Carding 
(in pounds) 

Spinning 
(in spinning 
weeks) 

Weaving 
(in loom 
weeks) 

A 

1.0 

741,000 

1,040 

62,900 

Hlill 

B 

2.0 

888,000 

2,360 

148,200 


C 

3.0 

2,223,000 

3,120 

223,800 


D 

2.0 


2,660 

100,000 


E 

4.0 

2,352,000 

5,320 

215,200 


(J 

3.0 


4,590 

193,500 


J 

2.0 

1,334,000 

3,060 

133,400 


Total 

17.0 

10,788,000 

22,150 








HB 

Unused 



/ 



capacity 


15,612,000 

27,850 

1,823,000 








Product L 

20.04 

10,218,345 

27,850 

981,763 

7,573,597 

Total 

37.04 

21,006,345 

50,000 

2,058,763 

17,178,597 
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Table 11-8. Solution and Program for Sales Revision 2 



1 



0 

0 

0 



0 

527 

488 

457 

411 


I 

Pt 


Pu 

Pit 

Pll 

Pis 

Pu 

Pit 

Pt 

Pt 

Pt 

Pu 



7,962 








645 

625 

813 

645 

0 

Pu 

7 


1 


k 




2 67 

2.86 

1.72 

1.05 

0 

Pib 

1,150 



1 





117.0 

103.9 

74.6 

66.2 

0 

Pit 

12.0 




1 




1 




0 


50 




1 





1 



0 

Pu 

6.5 





1 

1 



» 

1 


0 

P29 

15.0 




1 

1 


1 




1 


■ 

■I 



0 

0 

0 

0 

0 

-527 

-488 

-457 

-411 

0 

Pli 

7,631 

1 




■ 


■ 

-616.8 

-727.0 

0 

-134.91 

457 



0 

.5814 

0 


0 

0 

0 



1 

.9593 

0 

P]h 

1,120 



1 






-20.16 

m 

- 5.86 

0 

Pu 

12 0 




1 




1 


0 


0 

Pis 






1 




1 

0 


0 

PlA 

H 






1 




0 


0 

Pit 

14.6 







1 



0 

-.9593 

Highest margin (in 
million dollars) 

1 860 

0 

265.70 

0 

0 

0 

0 

0 

182.26 

271.99 

0 

27.40 
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Section Three: ' Application 
Table 11-9. Revised Sales Program 2 


Product 

Revised 
amount 
(in million 
yards) 

Capacity utilization 

Profit 
(in dollars) 

Carding 
(in pounds) 

Spinning 
(in spinning 
weeks) 

Weaving 
(in loom 
weeks) 

A 

1.0 

741,000 

1,040 

62,900 

690,000 

B 

2.0 

888,000 

2,360 

148,200 

1,310,000 

C 

3.0 

2,223,000 

3,120 

223,800 

1,830,000 

D 

2.0 

1,250,000 

2,660 

100,000 

1,190,000 

E 

4.0 

2,352,000 

5,320 

215,200 

2,240,000 

G 

3.0 

2,000,000 

4,590 

193,500 

1,473,000 

J 

2.0 

1,334,000 


133,400 

872,000 

L 

15.0 

7,650,000 


735,000 

5,670,000 

Total 

32.0 

18,438,000 

43,000 

1,749,100 

15,275,000 







Unused 






capacity 


7,962,000 

7,000 

1,150,900 


I 

4.07 

330,891 


30,3()2 

1,859,990 

Total 

36.07 

1 

18,708,891 


1,779,462 

17,134,990 


per yard is not the best guide to planning sales campaigns that utilize 
productive capacity most eflFectively. 

A comparison of the programs for highest profit margin per yard and 
for the highest profit margin brings out a rather startling profit-margin 
difl^erence of $2,570,000, which is a 13 per cent increase in profit margin 
from the same facilities— by a selective-selling campaign. 

Comparing Revised Sales Program 1 with Revised Sales Program 2, 
we see that we can obtain virtually the same profit margin from cither 
program. Under program 2, however, that profit margin is obtained 
from one million yards less than the yards produced under program 1. 
With this type of information there should be httle doubt about the de- 
sirability of program 2. 

By analyzing sales situations in this manner it is possible to establish 
sales and manufacturing objectives that are realistic. We know that the 
desired program is not likely to be obtained, but certain specific informa- 
tion can be developed to guide management thinking as follows: 
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Table 11-10, Comparison of Alternative Sales Programs 
(In millions) 


Prod- 

uct 

Industry 

forecast 

1 

In order of hiKhest 
margin per yard 

Highest 
profit margin 

Revised 
Program 1 

Uevi 'd 
Program 2 

Quantity 

1 

Piofit 

Quantity 

Profit 

Quantity 

Profit 

Quantity 

Profit 

A 

$ 2.5 

2.5 

$ 1.725 

2 5 

S 1 725 

1.0 

■ 

1.0 


n 

4.0 

4.0 

2 020 

4.0 

2.620 


1.310 


1.310 

c 

10. 0 

10.0 

6 100 

10.0 

6.100 

mSM 

1.830 

3.0 

1 830 

D 

2.0 

2.0 

1.190 

2.0 

1 190 

WSm 

1.190 

2.0 

1 190 

E 

4.0 

4.0 

2.240 

4.0 

2.240 

4.0 

2.240 

1.0 

2 210 

F 

12 0 

9.1 

4 790 

0 

0 

0 

0 

0 

0 

G 

8 0 

0 

0 

8.0 

3 928 

3.0 

1 473 

3 0 

1 473 

H 

5.0 

0 

0 

0 

0 

0 

0 

0 

0 

1 

6.5 

0 

0 

0 

0 

0 


4.07 

1.856 

J 

JO. 5 

0 

0 

7.883 

3.437 

2.0 

.872 

2.0 

.872 

K 

15 0 

0 

0 

0 

0 

0 

0 

0 

0 

L 

30.0 

0 

0 

0 

0 

20.04 

7.57i 

15.0 

5.670 

Total 

siog.5 

31.6 

$18,671 

38 383 

$21,241 

37.04 

$17,179 

36.07 

$17,135 


Table 11-11. Comparison of Capacity Utilization under Various 

Sales Programs 
(In dollars) 


Department 

Highest 
margin 
per yard 

Highest 

margin 

Revised 
Program 1 

Revised 
Program 2 

Carding 

Spinning 

Weaving 

20,510,510 

50,000 

2,585,130 


21,006,345 

60,000 

2,058,763 

18,768,891 

50,000 

1,779,462 
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Section Three; Application 

1. A selective-sales program can be developed that will permit the 
highest profit margin possible under the existing commercial restrictions. 

2. The Sales Department has been made aware of the interrelation- 
ship of product mix and profit margin per production period. 

GENERAL STEPS FOR DEVELOPING A PROGRAM TO OBTAIN THE MOST 
PROFITABLE SHARE OF THE MARKET WITHIN SALES 
AND AAANUFACTURING RESTRICTIONS 

The general steps for developing company-w^de programs for align- 
ing sales and manufacturing effort with the most profitable portion of 
the market arc given in Table 11-12. 

Table 1 1-12. A Company-wide Program for Aligning Sales and Manufacturing 
witli the Most Profitable Portion of the Market * 

1. Forecast by product the total sales demand for the market served. 

2. Determine the program which will produce the highest atUinahle margin within 
the limits of the forecast and plant capacity. 

3. Modify this program as required to arrive at realistic sales goals. 

4. Determine the plant capacity required to meet these sales requirements. 

5. Compare the costs of increased capacity with the additional profit to I5h gained 
when capacity limits sales. 

6. Adjust the final sales objective or increase capacity according to the cost com- 
pari.son. 

7. Plan engineering studies to increase pil^duction and reduce costs where desired. 

8. Develop a sclective-8ak*s program to meet sales objectives. 

9. Develop the sales and manufacturing procedures and reports required to sell and 
produce the most profitable pro<luct mix. 

10. Measure the performance of sales, engineering, and production against final sales 
objective, planned manufacturing capacity and utilization, and desired cost reductions. 

11. Correct sales, engineenng, or production programs as required to maximize profits. 



CHAPTER 1 2 


Stabilizing Production and Employment Levels 

at Least Cost 



In the middle 1950s, stabilization of production and employment has 
assumed new importance— especially for firms having a seasonal or 
cyclical demand for their products. The issues of supplemental unem- 
ployment pay-popularly termed GAW (for “guaranteed annual wage”) 
— are causing management to intensily efforts to find equitable solutions 
to meet the situation. The problem ot establishing relatively stable levels 
of production and employment is not new. For some time, management 
has sought ways to level production loads that keep workers continuously 
employed and avoid tying up money in products that cannot be sold. 

Some of the measures that have been taken to offset seasonal sales 
patterns include diversifying the product line, subcontracting, accumu- 
lating finished-goods inventory, offering discounts for purchases in ad- 
vance of the season, hiring temporary and part-time workers, and the 
like. Whatever the method used to offset the effects of seasonal demand, 
it is strictly up to management to plan operations that solve the prob- 
lem— preferably at least cost. 

One of the stabilizing methods that management can put into effect 
quickly is the accumulation of in>4entory in slack periods for use and 

257 










258 Section Three: Application 

sale in busy periods. This method has its hazards, however. It involves 
assuming a sales forecast for the length of the sales cycle, and it ties up 
company funds in merchandise held for future sales. It requires some 
flexibility to anticipate changes in forecast and to reestablish production 
plans to offset or meet the changes successfully. It also requires select- 
ing diose items to carry in inventory that will meet demand and hold 
carrying costs to a minimum. 

Linear-programming methods have been and are being used to solve 
this problem at minimum inventory carrying costs. Adjustments to 
changes in sales forecast can be made quickly and anticipated if de- 
sired. By the use of LP methods this problem csin be solved in a matter 
of a few hours for any desired variation from original forecast and em- 
ployment levels, and management can have supportable information on 
which to plan. 

A case in point concerns the Camtor Company (a fictitious name used 
to represent the firm that was involved in the real problem). The prob- 
lem that management wanted solved— stated as an objective— is as follows: 

Determine the least-cost program that satisfies a fluctuating sales 

demand from a given amount of plant capacity and a relatively 

fixed level of employment, taking into account inventory accumula- 
tion costs and the option to make or buy. 

The actual problem to be solved, then, is to plan a production pro- 
gram which will relieve the overload of the peak period and fill in the 
slack of the low period at least cost or penalty. The balancing is to be 
done by making some items ahead of the need and/or by purchasing. 
Figure 12-1 shows pictorially the ups and downs of tlie sales cycle of 
the firm. 

From the standpoint of executive thinking, the problem was compli- 
cated by a number of conditions which had to be resolved successfully 
before a solution by LP methods would be acceptable. These conditions 
were as follows: 

1. Loss of trained personnel. When the slow period came in the early 
part of each year, it was necessary to furlough some of the employees 
that had been hired and trained for previous peak periods. When it 
came time to recall the furloughed workers, few of them returned so 
that new employees had to be trained. This resulted in a recurring train- 
ing expense which was costly because of the precision and quality re- 
quirements of the product. In addition to the preventive aspects, man- 
agement was also sufficiently interested in their employees to want to 
provide stable employment the» year round. 

2. Unused items. No matter how carefully plans were laid to meet 
peak demand, it invariably happened that there was an oversupply of 
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some parts and a number of unfilled orders that could have been turned 
into sales at the peak had the right parts been 'available. It was expected 
that this would happen because it was not always possible to forecast 
the peak amount of sales far enough in advance to allow the lead Hma 
for making or purchasing certain parts. 

3. Fluctuating forecasts. The Sales Department is required to fore- 
cast 6 months to 1 year in advance. This is difficult to do and yet has to 
be done reasonably accurately because purchases with long lead times 
from foreign countries are involved. The Sales Department does pro- 
vide a forecast, which is revised periodically to reflect changes in de- 
mand as soon as they become known. In addition, releases are issued 
quarterly to manufacturing. One of the problems was how to best meet 
the revisions, especially as the peak period approached. Another prob- 
lem was how to make a hedge in the event the forecast proved to be in 
error. 

4. When to start. Since there was a question of lead times and since 
there was some uncertainty about how many of each part would be 
needed to meet peak sales, it was difficult to decide when production 
lots should be started in anticipation of the peak load. For several years, 
management had the feeling after the peak had passed that a better 
job of meeting peak demand could have been done had they started 
earlier. The next year, however, it was again a problem to decide just 
when to start and not incur additional inventory costs or end up with 
unused parts. 

5. Purchase or make. Management had the option to purchase or make 
approximately one-half of the parts that went into the product line. 
In some cases there was a profit advantage to purchasing; in others the 
profit advantage came from making. Best use of the option was not being 
made because the uncertainty of peak requirements made it difficult to 
plan the use of machines, which in turn influenced purchases. 

These were some of the problems that management was attempting 
to resolve in formulating a production, purchasing, and personnel plan 
that would meet company profit objectives successfully. 

These problems are shown and solved successfully in the Camtor 
Company problem which follows. The problem presented here is quite 
similar to the actual problem, but scaled down for practical presen- 
tation. 

The problem and its solution are presented in several parts. The first 
part presents the background information about the company, such as 
its products, inventory carrying costs, profit advantage to purchase, and 
the like. This information sets the stage for a restatement of the problem 
and the discussion of the answer. * 

The second part presents Program 1 and assignment of orders together 
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with the mininium-cost answer. The total cost or penalty of accuinulat> 
ing inventory and the program to be followed to obtain minimum cost 
are also given. In addition, the second part contains a discussion of the 
answer and programs and possible variations to them. 

BACKGROUND INFORMATION AND DESCRIPTION OF THE PROBLEM 

The Camtor Company manufactures a quality line of cameras and 
projectors in the middle-price range. 

All the cameras and projectors are produced in one plant and dis- 
tributed to dealers and retail outlets on a national basis. 

The sales of cameras and projectors follow a seasonal pattern that 
peaks in late October, November, and early December, reflecting the 
Christmas trade. The low part of the cycle occurs during January and 
February, with a gradual upswing in the cycle starting with late March 
and continuing through April and May to meet the vacation demand. 
After that there is an accelerated increase until the October-to-December 
peak is reached again. 

An investigation shows the same general pattern of fluctuating demand 
for all models. The exact pattern of demand is different for different 
models, however. 

Manufacturing to satisfy the seasonal market pattern causes varia- 
tions in the number of people required. This creates some difliculty in 
the case of skilled people who do naif always return when called back 
after being furloughed. 

Of the parts that go into the various models, some arc manufactured, 
others are purchased, and a number of them can be made or purchased. 
The company makes it a practice to use the make-or-buy option to level 
employment where possible and to meet or offset the effects of unex- 
pected changes in demand. 

Production releases are issued quarterly by the Sales Department to 
the Manufacturing Division. Each release authorizes production of about 
3 months’ supply of cameras and projectors. The Production and Inven- 
tory Control Department uses the releases as the basis for planning. 

The Production and Inventory Control Department specifies which 
parts are to be made and which are to be purchased, orders material, 
schedules and loads machines, and plans and follows through on the 
manufacture of the required number of completed models. Responsi- 
bility for the finished-goods inventory is assigned to the Sales Depart- 
ment. 

Inventory is accumulated in anticipation of the peak demand. Inven- 
tory accumulation also helps to level production and maintain a reason- 
able level of employment. 



StahQizing Production and Employment Levels at Least Cost 261 

Management makes every effort to provide a stable level of employ- 
ment for its people. When necessary it has been the practice to work 
overtime and purchase certain parts rather than to hire more people 
during peak periods and furlough them during slow periods. 

For those parts that can be either made or purchased, information is 
available which indicates the relative Profit Advantage (PA) of making 
the parts as opposed to purchasing them. 

An inventory study has been made which has provided information 
relating to the cost of carrying inventory, the economic lot quantity to 
purchase, and economic amounts to hold in reserve. 

A breakdown of the information necessary to solve the problem follows. 

1. Parts list 

The parts which have a purchase-make option and which must be 
manufactured are shown in Table 12-1. This table also sliov's the profit 
advantage (PA), the product on which the part is used, production 
hours for producing the parts for a unit of produ<;t, and the cost of 
carrying inventoi'y. A discussion of the information contained in the 
columns of Table 12-1 is as follows: 

Products and parts 

In this problem only two products— a camera and a projector— and 
the 30 parts used in their assembly arc considered to facilitate presenta- 
tion. Some of the parts arc used on both the camera (C) and the pro- 
jector (P). These are indicated by the entries in the second column 
of the table. 

Hours per unit 

The values listed in the Hours per Jnit Column represent the number 
of hours required to produce sufficient parts for a unit of production. 
In order to work with less cumbersome figures, an arbitrary unit has 
been set up. In the case of cameras, 1 unit is equal to 100 cameras, and 
for projectors, 1 unit is equal to 50 projectors. The hours required are 
expressed in terms of one of these units. For example, in the case of 
Part 6 used on cameras, the entry in the column is 80. This means that it 
requires 80 hours to produce the amount of Part 6 parts needed for 100 
cameras. The 80 hours are arrived at as follows: 

1. There are 4 of Part 6 used in each camera. 

2. It takes .2 hour to produce each part. 

3. It takes 4 X >2 = .8 hour to produce the amoimt of Part 6 needed 
for each camera. 

4. On a 100-camera-unit basis, the time per unit is .8 X 100 = 80 hours. 
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Table 12-1. Paits-list Information 


Part 

no. 

Prod- 

uct 

Hours ] 

c 

jer unit 

p 

PA per hour 
(in dollars) 

CCII per 
quarter for 1 
hr production 
(in dollars) 

1 

c 

100 


20.00 

1.25 

2 

p 


60 

15.00 

1.46 

3 

c 

20 


10.00 

.833 

4 

p 


80 

7.75 

3.12 

5 

p 


20 

6.50 

.417 

6 

c 

80 


6.50 

.104 

7 

c 

15 


6.00 

.417 

8 

CP 

50 

30 

6.00 

.146 

9 

p 


10 

5.75 

.104 

10 

1 c 

16 


5.00 

.125 

11 

1 

c 

30 


4.50 

.083 

12 

p 


10 

4.25 

.833 

13 

CP 

20 

20 

3.75 

.017 

14 

p 


20 

3.60 

.073 

15 

c 

20 


2.00 

.625 

16 

c 

10 


1.75 

.417 

17 

P 


10 

.75 

.250 

18 

P 


20 

.00 

.042 

19 

p 


10 

-.75 

.104 

20 

CP 

20 

10 

-1.00 

.012 

21 

P 


10 

-3.00 

.059 

22 

c 

40 


-3.25 

.417 

23 

c 

20 


M 

.625 

24 

c 

70 


M 

6.25 

25 

p 


40 

M 

.625 

26 

c 

70 


M 

.833 

27 

p 


50 

M 

2.08 

28 

CP 

10 

5 

M 

.208 

29 

p 


14 

M 

.083 

30 

i 

c 

1 

20 

1 

M 

1 

.083 


Totals: 610 hr per unit of C 
400 hr per unit of P 
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Profit advantage 

The Profit Advantage (PA) represents the advantage in profit gained 
by making the part rather than buying it. A PA for any part is com- 
puted by calculating the difference in unit cost between manufacturing 
and purchasing and then multiplying this difference by the number of 
pieces produced on a machine in an hour. The product is expressed in 
dollars per hour and is the profit advantage of manufacturing the part. 
The appearance of M in the PA Column means that the part cannot be 
purchased and must be made (A/). 

Cost of carrying inventory investment 

The values appearing in the Cost of Carrying Inventory Investment 
(CCII) Column in Table 12-1 represent the cost of carrying 1 hour’s 
production in inventory for a quarter. These have been determined 
by a separate inventory study. Each value has been determined from 
the following formula: 

Standard cost per piece X Pieces per hour 

1 

X X H (carrying cost per year) 

4 (quarters per year) 

= CCII per quarter for 1 hour’s production 

Table 12-3 gives the information used in arriving at the cost of carrying 
1 hour of production of each, part in inventory by quarters of the year. 
The cost to carry is considered to be zero when a pait is made in a 
quarter for use in that quarter. 

2. Machine-time requirements to meet demand 

The number of parts required in each quarter expressed in hours of 
machine time are shown in Table 12-2. These figmes represent the de- 
mand for machine time by quarters. 

Bracketed figures mean that the part is used in both cameras and 
projectors. 

The total overload figure of 7,994 hours must be purchased if sales 
demand is to be met. 

Capacity in this problem also represents a level of man-hours or em- 
ployment, since it requires a certain number of men to operate and 
service machines. 

A flow chart of the general manufacturing process in shown in Figure 

12 - 2 . 
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Table 12-2. Requirements 
(In hours of machine time) 



Quarter 

Total 


1 

2 

3 

4 


Units C 

5 

7 

9 

10 

31 

P 

6 


8 

10 

31^ 

Part 1 

500 

700 

900 

1,000 

3,100 

2 

300 

375 

400 

500 

1,575 

3 

100 

140 

180 

200 

620 

4 

480 

600 

640 

800 

2,520 

5 

120 

150 

160 

200 

630 

6 

400 

560 

720 

800 

2,480 

7 

75 

105 

135 

150 

465 

8 

/250 

350 

450 

500\ 

2,495 

\180 

225 

240 

300/ 

9 

60 

75 

80 

100 

315 

10 

75 

105 

135 

150 

465 

11 

150 

210 

270 

300 

930 

12 

60 

75 

80 

100 

315 

13 

/lOO 

140 

180 

200\ 

1,250 

1120 

150 

160 

200/ 

14 

120 

150 

160 

200 

630 

15 

100 

/40 

180 

200 

620 

10 

50 

70 

90 

100 

310 

17 

60 

75 

80 

100 

315 

18 

120 

150 

160 

200 

630 

19 

60 

75 

80 

100 

315 

20 

flOO 

1 60 

140 

75 

180 

80 

200\ 

100/ 

935 

21 

60 

75 

80 

100 

315 

22 

200 

280 

360 

400 

1,240 

23 

100 

140 

180 

200 

620 

24 

350 

490 

630 

700 

2,170 

25 

240 

300 

320 

400 

1,260 

26 

350 

490 

630 

700 

2,170 

27 

300 

375 

400 

500 

1,575 

28 

/50 

\30 

70 

38 

90 

40 

100\ 

50/ 

468 

29 

84 

105 

112 

140 

441 

30 

100 

140 

180 

200 

620 

Total requirements 

5,504 

7,338 

8,762 

10,190 

31,794 

Capacity * 

5,600 

5,800 

6,000 

6,400 

23,800 

Overload 

-96 

1,538 

2,762 

3.790 

7,994 


•Capacity i^ the effective available capacity allowing for down time, setup, and 
expected production efficiency. 
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BASIC ASSUMPTIONS FOR COMPUTATIONAL PURPOSES 

In addition to the general background information, certain assump- 
tions are made that have an important effect on the computation. This 
information is as follows: 

1. There must be a cyclical pattern of demand, and the peak of the 
demand must be at the end of the period being considered. 

2. Finished parts inventory— except for planned reserves— is not carried 
beyond the peak period. This is another way of saying that the inven- 
tory build-up that is accumulated in anticipation of the peak is assumed 
to be used up or exhausted by the time the peak is passed. 

3. Annual demand exceeds the capacity of the plant to produce. The 
effect of various levels of capacity can be explored, however. For exam- 
ple, if capacity has been established on a two-shift basis in the past, a 
one-shift basis with a purchase opti m can be calculated to see which 
is the more profitable. 

4. Capacity is permitted to vary some to reflect normal turnover and 
transfer of personnel. If desired, capacity can be treated as a constant— 
the same for all 4 quarters. 

5. Each part can be run on only one machine. In general there are 
very few alternate pieces of equipment on which the various parts can 
be run. The alternates or choices in this problem are purchase and make- 
ahead in a given number of time periods. 

6. All costs are based on the cost of making the item in the quarter 
for which it is required as zero. Costs of make-ahead or purchase are 
expressed as penalties or gains in relation to this zero. Since the demand 
exceeds the capacity, the objective is to relieve the production overload 
with the minimum total penalty by making ahead and purchasing parts 
in the proper quantities at the right time. 
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7. The penalty f(» relieving 1 hour of overload is as follows: 

a. By purchasing— the penalty is equal to the profit advantage per 
hour. This is another way of saying that when an item is purchased on 
which there is a purchase-make option, an amount of profit is forgone, 
which is in effect a penalty. 

b. By making ahead— the penalty is the cost of carrying in inventory 
parts that are made for a future period. Quantities of parts are expressed 
in terms of 1 hour’s production. 

8. The time period involved in 1 year is divided into quarters. The 
low point of the market cycle is in the first quarter. The peak is reached 
in the fourth quarter with a gradual build-up in between. 

STATEMENT OF THE PROBLEM 

The problem is as follows: 

Determine the most profitable way to meet a fluctuating sales de- 
mand from a relatively fixed amount of plant capacity (level of 

employment), taking into account the option to make or buy and 

inventory accumulation costs. 

The actual problem to be solved is to find the least expensive program 
to level out the production load by relieving the overload of the peak 
period and filling in the underload of the slow period by making ahead 
of schedule certain items and using ^e purchase-make option. 


SOLVING THE PROBLEM BY THE MODI METHOD 

The key to setting up and solving this problem is the use of common 
units of measure for the penalties involved in carrying items in inventory. 
There is a stated penalty for making an item in a quarter before it is 
required and carrying it in inventory. Table 12-1 gives the penalty by 
part number for carrying in inventory for 1 quarter the parts made in 
1 hour. For example, the value of the number of parts of Part 10 made 
in 1 hour is $3.00. It costs one-sixth of the value of material, or $.50, to 
carry this amount of material in the inventory 1 year. And it will cost 
$.125 to carry this material in the inventory 1 quarter (of a year). This 
is the figure given in the right-hand column of Table 12-1. The penalty 
for each hour spent making Fart 10 in the first quarter for use in the 
fourth quarter would be (4 — 1) X $.125, or $.38. 

There is also a penalty for purchasing the amount of an item that 
can be made in 1 hour. For example, it is possible to make 60 pieces of 
Fart 21 in 1 hour. Each piece costs $.05 more when purchased than when 
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manufactured. In some other plant 1 hours machine time can be pur* 
chased by buying 60 pieces of this item. The penalty or extra cost for 
buying this hour of machine time is 60 X $ 05, or $3.00. 

It is necessary to purchase approximately 8,000 hours’ capacity in other 
plants. This capacity should be purchased by buying the items that have 
the least penalty per hour. This penalty per hour is given in the PA 
per Hour Column of Table 12-1. In order to level production it is also 
going to be necessary to make some items several months before they 
are needed. Here, too, the objective is to make the items ahead of de- 
mand that carry the lowest amount of penalty. 

1. Setting up the problem for Solution 

In the actual problem the modi method of solution was used. It was 
chosen primarily because of the frequency with which the problem was 
required to be solved Further, the punched-card equipment could be 
used to print the problem information in modi table form, which facili- 
tated calculations. The problem must be set up on. a yearly basis to 
encompass a complete cycle. This is necessary if the valleys in the pro- 
duction cycle are to be filled in by making parts in the quarters with a 
low amount of demand for use in quaiters with a high amount of 
demand. 

The problem when set up for solution by the modi method is given 
in Table 12-3. The year has been divided into manufacturing or pro- 
duction periods which refiect the time of the year in which the various 
parts are needed. In tliis problem, the Camtor Sales Department issues 
quarterly releases to the Production-planning Department so that the 
year is divided into 4 quarters (the year could be divided into twelve 
1-month periods or six 2-month periods). These quarters represent the 
periods in which parts can be made. 

Since there is an option to make or purchase, purchase is shown as 
if it were another period of time in which parts could be made. The 
Purchase Hours Column in reality takes up the slack between the amount 
required and the amount that can be made. That amount must be pur- 
chased, otherwise delivery promises will not be kept. 

The parts that are needed for use in the cameras and projectors during 
the year are listed in rows. Since parts will be needed or required in each 
quarter, each part row has fovu subrows— one for each quarter. 

Listing the parts in a particular order in the rows will make the prob- 
lem more manageable. If you return to the parts list shown in Table 
12-1, you will see that some parts have a high profit advantage. It is 
logical to assume that these will be made in order to take advantage 
of the high PA. 
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at Least Inventory Carrying Cost 
Camtor Company 
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Table 12-3. First Program and Assignment of Parts for Stabilizing Production 
at Least Inventory Carrying Cost (continued) 

Camtor Company 
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Table 12*3. First Program and Assignment of Parts for Stabilizing Production 
at Least Inventory Carrying Cost (continued) 

Camtor Company 


Total 

liouta 




630 




2,480 

Requirement 

hours 









120 

150 

160 

200 

400 

560 

720 

800 

Purchase 

hours 

- 6.60 

- 6.50 

- 6.60 

- 6.50 

- 6.60 

- 6.60 

- 6.60 

- 6.50 
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Table 12-3. First Program and Assignment of Parts for Stabilizing Production 
at Least Inventory Carrying Cost {continued) 

Camtor Company 


Total 

hours 




930 




wH 

CO 

llequirement 

hours 









150 

210 

270 

300 

09 

75 

s 

100 

Purchase 

hours 

1 

-4.50 

-4.50 

-4.50 

-4.25 

»o 

1 

-4.25 

-4.25 

(D 

(D 

(D 


m 




Make hours by quarter 
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1 
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1.25 -.83 -.42 0 (100) -1.75 100 310 






























































































Table 12-3. First Program and Assignment of Parts for Stabilizing Productfon 
at Least Inventory Carrying Cost (cotMmted) 

Camtor Company 
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278 Section Three: Application 

Other parts have a negative profit advantage, and it is logical to as- 
sume that these will probably be purchased. 

Still other parts cannot be purchased and must be made. These are 
designated by the letter M in the PA Column, meaning “Must be made— 
Must not be pmchased.” 

The order in which the parts are assigned to rows is as follows: 

1. All parts which must be made are listed first. These include Parts 
23 to 30. 

2. All remaining parts in order of decreasing PA are listed as shown 
in Table 12-3. 

The remaining information in Table 12-1 is used as follows: 

1. The PAs are listed in the small boxes in the Purchase Hours Column. 
For example. Part 1 has a PA of $20 irrespective of the quarter in which 
it is purchased. Therefore the value $20 appears in each box of the Pur- 
chase Hours Column opposite Part 1. The PAs are given a minus sign 
because they represent a penalty for purchasing instead of making. The 
parts which had a minus PA now have a plus PA under these conditions. 
In effect all PAs have been multiplied by a minus one ( — 1 ) . 

The cost of carrying inventory investment values are listed in the 
cost boxes in the Make Hours Columns. Any part made in a quarter for 
use in that quarter has a zero CCII. For example. Part 23 made* in the 
first quarter for the first quarter has a zero (0) in the cost box in the 
square corresponding to the intersection of the row and column. Part 23 
made in the second quarter for the /Second quarter also has a zero in 
the cost box. On the other hand. Part 23 for the first quarter cannot he 
made in the second quarter because by then the first quarter would 
have already gone by. Consequently, the cost box is blanked out or is 
assigned a value of — M, which indicates “Must not happen.” Also hold- 
ing a part in inventory is prohibitive by price and by the ground rules 
set up. Part 23 made in the first quarter for the second quarter would 
involve an additional penalty or cost of carrying the part in inventory 
for a quarter. In this case the value listed in the cost box would be 
—$.625. If Part 23 were made in the first quarter for the third quarter, 
the value in the cost box would be 2 X -625 = $1.25. The —$1.25 repre- 
sents the penalty or cost of carrying 1 hour’s production in inventory for 
6 months, or 2 quarters. 

Table 12-2 contains the requirements for parts in hours by quarter. 
These are inserted in the appropriate place in the Requirement Hours 
Column of Table 12-3. Table 12-2 also contains the adjusted or effective 
capacity by quarter. These values are placed in the bottom row of Table 
12-3 in the appropriate quarter column. The total overload values shown 
in Table 12-2 are the difference between the number of hours of pro- 
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dudion needed to satisfy the demand and the number of hours of pro- 
duction available. The difference is the number of hours of production 
that needs to be purchased from outside suppliers. The total overload 
hours, or purchase value— in this case 7,994 hours— are placed at the 
bottom of the Purchase Hours Column of Table 12-3. 

At this point, all information has been placed in the table, and the 
actual assigning of production to quarters can be carried out and the 
problem solved. 

2. Calculating the program of least inventory carrying cost 

There are a number of ways in which the capacity can be assigned. 
One way that has proved successful is to assign or load the quarters by 
first assigning the items to be purchased. The procedure for doing this 
is to start at the bottom of the Purchase Column and move up the 
column, accumulating purchase hours until the required number has 
been reached or purchased. This in effect establishes a cutoff point, and 
the quarters are then loaded for make requirement otarting at the top 
and working down until the available capacity has been assigned. After 
all columns and rows are checked to see that requirements, capacities, 
and purchases have been met, the problem is then solved by the modi 
method as described in Chapter 3. In this problem, four problems 
(matrices) are being solved at one time. Table 12-4 gives the least- 
penalty solution and program for meeting the forecast under the condi- 
tions of the problem. 

INTERPRETATION AND SIGNIFICANCE OF THE BEST PROGRAM 

The best program— the one that minimizes the penalty while main- 
taining a relatively fixed level of capacity (employment)— is obtained 
by making certain items ahead of time to level production rather than 
going by straight purchase-make decisions. The program also indicates 
what items should be made ahead, in what quantities, and in which 
quarters to minimize inventory carrying costs. 

A breakdown and analysis of the least-cost program by quarters is 
as follows : 

1. Program for the first quarter of the year 

The problem for the first quarter, shown in Table 12-5, indicates that 
it is necessary to produce some items for later quarters as early as the first 
quarter. In the program of least penalty, 359 hours of first-quarter ca- 
pacity are assigned for production of parts for the fourth quarter. With- 



Table 12-4. Program of Least Inventory Cost to Stabilize Production 

Camtor Company 
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Table lZ~i. Program of Least Inventory Cost to Stabilize Froductioa ( 

Camtor Company 
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Table 12-4. Program of Least Inventory Cost to Stabilize Production {continued) 

Camtor Company 
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Total 

hours 





315 




465 

1 

1 

1 

930 

Requirement 

hours 








195.00 

750.00 

675.00 

945.00 

1,215.00 

8 

1 

s 


8 

100 

{2 

105 

135 

150 

150 

210 

270 

300 

-{ 

1 

f 

ji 


-4.79 

-6.75 

-5.75 

-5.75 

-5.75 

S 

1 

-5.00 

8 

id 

1 

-5.00 

-4.50 

-4.50 

-4.50 

-4.50 

o 

o 

o 

o 

o 

o 

0 

(i) 

(§) 

1 ^ 

© 

v3/ 

Make hours by quarter 

Fourth 

quarter 

+.31 

5? 

1 

1 

1 

o 

1 

1 

1 

o 

1 

1 

1 

o 

■ 

1 

1 

o 

1 

1 

1 

o 

1-4 

+ 

1 

1 

1 

o 

CO 

+ 

Third 

quarter 

94 

+ 

1 

1 

o 

o 

1-4 

r 

1 

1 

o 

-.13 

1 

1 

O 

8 

1 

■ 

1 

1 

o 

1-4 

f 

1 

1 

0 

o 

i-H 

\ 

1 

1 

g 

+ 

+.50 

Second 

quarter 

o 

1-1 

+ 

1 

o 

01 

94 

l' 

1 

o 

eo 

1-4 

I* 

-.25 

1 

O 

8 

1 

1-4 

|‘ 


I 

0 



/»oN 

(c> 

yrH/ 

• 

1 

1^ 

CJ 

\ 

1 

+.39 

+.39 

+.39 

First 

quarter 

o 

O 

o 

r 

s 

r 

tH 

CO 

r 

o 

CO 

rH 

\ 

8 

1 

8 

1 

O 

8 

1 

1-4 

r 

8 

1 

0 

o 

1^ 

r 

8 

1 

-.31 

1 


1-4 

w 

\ 

w 

l’ 

+.29 

+.29 

+.29 

+.29 


Row 

S 8 eo 

® r r r 

HE 

+.29 

+.29 

+.29 

+.29 


■ 

C9 

eo 

fl 

B 


CO 

fl 

fl 


eo 


Part 

no. 

* e> 

o 

rH 







































































































































































































































































































































Table 12-4. Program of Least Inventory Cost to Stabilize Froductimi (cotUittued) 

Camtor Company 
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Section Three: Application 
Table 12-5. Purchase-make Program for First Quarter 


Part 

Make 

Part 

Purchase 

1 

5(X) hr for first (|uarter 

11 

150 hr for first quarter 

2 

300 hr f<jr first quarter 

12 

(50 hr for first quarter 

3 

100 hr for first quarter 

13 

220 hr for first quarter 

4 

480 hr for first quarter 

14 

120 hr for first quarter 

5 

120 hr for first (quarter 

15 

100 hr for first quarter 

6 

400 hr for first (luarter 

16 

50 hr for first quarter 

6 

560 hr for second quartt’^r 

17 

GO hr for first quarter 

0 

19 hr for fourth quarter 

18 

120 hr for first (quarter 

7 

75 hr for first quarter 

19 

60 hr for first quarter 

8 

430 hr for first quartc^r 

20 

1(50 hr for first quarter 

9 

(50 hr for first tiuarter 

21 

60 hr for first (quarter 

10 

75 hr for first quarter 

22 

200 hr for first quarter 

1 

23 

100 hr for first quarter 

1 


21 

350 hr for first quarter 



25 

240 lir for first quarter 



2(5 

350 hr for first quarter 



27 

300 hr for first quarter 



28 

80 hr for first quarter 



29 

84 hr lor first quarter 



29 

105 hr for sc'cond quarter 



29 

112 hr for third quarWr 

/ 


29 

140 hr for fourth quarter 



30 

100 hr for first quarter 



30 

140 hr for second quarter 



30 

180 hr for third quart«'i 



30 

200 hr for fourth quaiter 



Total 

5, coo hr 

Total 

l,3()0 hr 


First-quarter Ilouis Ashigned to Make-ahead foi Other Quarters 


Part 

Hours for 
second quarter 

Part 

1 

Hours for 
third quarter 

Part 

Hours for 
fourth quarter 

6 

560 

29 

112 

(> 

19 

29 

105 

30 

180 

29 

140 

30 

140 



30 

200 

Total 

805 

1 

292 

1 

359 


Total make-ahead hours: 1,456 
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out the LP solution, it is not obvious that certain parts for the fourth 
quarter must be produced in the first 3 months of the year if the fore- 
cast is to be met at minimum cost. The number of hours of production 
and the particular parts that should be produced ahead of need are even 
less obvious. Yet the LP solution specifies them clearly and provides 
management with a specific time to begin production to meet fourth- 
quarter demand. Parts to be produced in the first quarter for the fourth 
quarter are Part 6, 19 hours; Part 29, 140 hours; and Part 30, 200 hours. 

The first-quarter program also includes production for the third and 
second quarters. The third-quarter items take 292 hours— which is less 
than the fourth quarter. The parts to be produced for the third quarter 
are Part 29, 112 hours; and Part 30, 180 hours. 

The second-quarter items take 805 hours. The parts to be produced 
for the second quarter are Part 6, 560 hours; Part 29, 105 hours; and Part 
30, 140 hours. 

The number of hours of production to be purchased in the first quarter 
totals 1,360 hours. This means that less penalty or cqst is incurred by 
using capacity to make parts for later quarters and absorbing the in- 
creased inventory cost than by making the items that are purchased for 
first-quarter use. 

2. Program for the second quarter of the year 

Like the first-quarter program, certain parts are required to be made 
in the second quarter for use in the third and fourth quarters to mini- 
mize penalty, or cost, in meeting the forecast. Parts that are required 
to be made for the third quarter are Part 6, 720 hours; and Part 9, 80 
hours. Parts to be produced in the second quarter for the fourth quarter 
are Part 6, 172 hours; and Part 9, 100 hours. The purchase items for 
the second quarter are Parts 11 to 22, totaling 1,805 hours. 

3. Program for the third quarter of the year 

The 509 hours of make-ahead in the third quarter are assigned to pro- 
ducing Part 6 requirements for the fourth quarter. The purchase items 
for the third quarter are again Parts 11 to 22, plus a part of the require- 
ment of Part 10. The other portion of Part 10 requirements is made in 
the third quarter. 

4. Program for the fourth quarter of the year 

There are no make-ahead items in the fourth quarter since the fourth 
quarter is the last one considered under the current program. The items 
to be purchased are Parts 10 to 22. The total hours of production to be 
purchased in all 4 quarters amount to 7,994 hours. The number of hours 
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Section Three: Application 


Table 12-6. Purchase-make Program for Second Quarter 


Part 

Make 

Part 

Purchase 

1 

700 hr for second quarter 

11 

210 hr for second quarter 

2 

375 hr for second quarter 

12 

75 hr for second quarter 

3 

140 hr for second quarter 

13 

290 hr for second quarter 

4 

600 hr for second quarter 

14 

150 hr for second quarter 

5 

150 hr for sc'cond quarter 

15 

140 hr for second quart<'r 

6 

720 hr for third quarter 

16 

70 hr for second quaiter 

6 

172 hr for fourth quarter 

17 

75 hr for second quarter 

7 

105 hr for second quarter 

18 

150 hr for second quarter 

8 

575 hr for second quarter 

19 

75 hr for second quarter 

9 

75 hr for m^cond quarter 

20 

215 hi for second (luaiter 

9 

80 hr for third quarter 

21 

75 hr for seconil (juaitei 

9 

100 hr for fourth quarter 

22 

280 hr ioi second quarter 

10 

105 hr for second quarter 



23 

140 hr for second quaitor 



24 

490 hr for second quaiter 



25 

300 hr for second quai ter 



26 

490 hr for second quarter 



27 

375 hr for second quart<'r 



28 

108 lir for second quarter 



29 

0 hr for second f|uai ter 

/ 


30 

0 hr for second quart ei 



Total 

5,800 hr 

'rotal 

1,80.> III 


Second-quarter Hours Assigned to Make-ahead foi Otliei (^nailers 


Part 

Hours for 
third quarter 

Part 

Hours for 
fourth quarter 

6 

720 

6 

172 

9 

80 

9 

100 

Total 

800 


272 


Total make-ahea<l hours: 1,072 
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Table 12-7. Purchase-make Program for Third Quarter 


Part 

Make 

Part 

Purchase 

1 

900 hr for third quart<‘r 

10 

39 hr for third quarter 

2 

4O0 hr for third quarter 

11 

270 hr for third quarter 

3 

180 hr for third quartc»r 

12 1 

80 hi for third quarter 

4 

040 hr for third quarter 

13 1 

340 hr for third quarter 

5 

100 hr for third quarter 

14 1 

100 lir for third quarter 

6 

509 hr for fourth quarter 

15 ' 

180 hr for third quarter 

7 

135 hr for fourth quarter 

10 

90 hr for third quarter 

8 

090 hr for fourtli quarter 

17 

80 hr for third quarter 

9 

0 hr for fourth quarter 

18 

100 hr for third quarter 

10 

90 hr for fourth quarter 

19 

80 hr for third quarter 



20 

200 hr for third quarter 

23 

ISO hr for fourth quarter 

21 

80 hr for third quarter 

21 

030 hr for fourth quartt^r 

22 

3()0 hr for third quarter 

25 

320 hr for fourth quarter 



2() 

030 hr for fourth qimrter 



27 

400 hr for fourth quarter 


1 

28 

130 hr for fourth quarter 


1 

29 

0 hr for fourth ejuarter 



30 

0 hr for fouith quarter 



Total 

f),000 hr 

Total 

2,179 hr 


Thir(l-(|uarti*r Hours Assigned to Make-ahead fc»r Other Quarters 


Part 6: 509 hr for fourth quarter 
Total niake-ahcad: 509 

There is no make-ahead in the fourth quarter. 
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Section Three: Application 

Table 12-8. Purdiase-make Program for Fourth Quarter 


Part 

Make 

Part 

Purchase 

1 

1,000 hr for fourth quarter 

10 

150 hr for fourth quarter 

2 

500 hr for fourth quarter 

11 

300 hr for fourth quarter 

3 

200 hr for fourth quarter 

12 

100 hr for fourth quarter 

4 

800 hr for fourth quarter 

13 

400 hr for fourth quarter 

5 

200 hr for fourth quarter 

14 

200 hr ^r fourth quai ter 

6 

100 hr for fourth quarter 

15 

200 hr for fourth quai ter 

7 

150 hr for fourth quarter 

16 

100 hr for fourth quarter 

8 

800 hr for fourth quarter 

17 

100 hr for fourth quarter 

9 

0 hr for fourth quarter 

18 

200 hr for fourth (quarter 

10 

0 hr for fourth quarter 

19 

100 hr for fourth quarter 



20 

300 hr for fourth quarter 

23 

200 hr for fourth quarter 

21 

100 hr for fourth quai tor 

24 

700 hi for fourth quarter 

22 

400 hi for fouith quarter 

25 

400 hr for fourth quarter 



26 

700 hr for fourth (iiiarter 



27 

500 hr for fourth quaiter 



28 

150 hr for fourth quarter 



29 

0 hr foi fourth quarter 



30 

0 hr for fourth quarter 



Total 

0,400 hr 

Total 

2,650 hr 



/ 



purchased per quarter have doubled from 1,360 hours in the first quarter 
to 2,650 hours in the fourth quarter. 

5. Total make ahead 

A summary of the hours assigned to make and purchase by quarter 
is given in Table 12-9. 


Table 12-9 Total Hours Purchase-make to Meet Forecast at Minimum Cost 


Quart(»r 

Total hours make 

Total hours purchase 

Firot 

5,600 

1,360 

Second 

5,800 

1,805 

Third 

6,000 

2,179 

Fourth 

6,400, 

2,650 

Total 

23,800 

7,994 



Stabilizing Production and Employment Leoels at Least Co^t 293 
Penalty 

Tlie inventory penalty incurred by making ahead to level production 
is as follows: 


Part 29: 

105 X .08 

8.40 



112 X .17 

19.04 



140 X .25 

35.00 

Part 30: 

140 X .08 

11.20 



180 X .17 

30.60 



200 X .25 

50.00 

Part 

6: 

560 X .10 

56.00 



19 X .31 

5.89 



720 X .10 

72.00 



172 X .21 

36.12 



509 X .10 

50.90 

Part 

9: 

80 X .10 

8.00 



100 X .21 

21.00 



Total 

404.15 


This penalty represents the additional cost of carrying inventory to meet 
a fairly stable level of production and employment. 

At this point the program of least penalty— exercising a ijurchase-make 
option and accumulating inventory— provides the following information 
to management for planning purposes. 

1. A definite program which specifies which items to make ahead and 
the amount to carry in inventory. 

2. The penally, or co.st in dollars and cents, shown in Table 12-10 as 
Program 1, for conforming to the program. This cost can be compared to 
the training, clerical, scrap, and unemployment costs involved in fur- 
loughing and hiring personnel. 

3. A definite time has been established at which the various parts 
must be started to meet forecast. This eliminates the uncertainty about 
when to start. 

4. A program of purchasing can be worked out in advance. 

5. There will be no unused parts left over at the end of the year- 
provided the forecast is accurate. 

Now that the problem has been set up and a formalized method estab- 
lished for solving it, management can test and explore various alternative 
programs, as well as keep abreast of changes as they become known- 
including unplanned failures in equipment, unforeseen changes in de- 
mand, and unplanned changes in price. 
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Section Three: Application 


ALTERNATIVE PROGRAMS 

Useful information for management planning can be obtained by con- 
sidering variations to the basic program. 

Program of least inventory cost to stabilize production 

Some of the least-inventory-cost variations that can be considered arc 
as follows: 

1. Scheduling an exactly constant load 

2. Increasing the forecast 10 per cent as a hedge 

3. Revising the program for the last 4 months to correct for earlier 
unplanned variations 

4. Determining the profit-making potential of new machinery 

5. Correcting for decrease in forecast— last 6 months 

6. Determining the economy of overtime operation during the peak 
period 

1. Scheduling an exactly constant load of 5,800 machine hours per 
quarter ^ 

In some instances management may want to know what is involved in 
stabilizing available machine hours at one level for the entire year. 
Table 12-10, Program 2, shows the vai^tions resulting from establishing 


Table 12-10. Comparison of Alternative Programs 




Make-ahead hours 



Purchase 

Inventory 

(makc- 

ahead) 

penalty 

(in 

dollars) 

Total 

(m 

dollars) 

ProftraiTi 

First 

rjiiarier 

Second 

quarter 

Third 

quarter 

Fourth 

quarter 

Items 

Hours 

Penalty 

(in 

dollars) 

Program 1 
Small-capac- 
ity varia- 
tions per 
quarter 

1.45C 

1,072 

509 

3,037 

50 

7,994 

9,233.75 

404.15 

9,637.90 

Program 2 

5,800 hours’ 
capacity 
per 

quarter 

1,791 

1,252 

405 

3,448 

57 

8,594 

12,479.00 

571.13 

13,050.33 

Program 3 

10 per cent 
increase in 
sales 

1,189 

498 

530 

2,247 

59 

11,293 

23,977.50 

294.84 

24,272.34 

Program 4 
Revised last 

4 months 

^0 

0 

0 

10 

57 

4,434 

8,612.50 

.40 

8,612.90 
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available machine hours at a constant level of 5,800 hours per quarter. 
Any number of machine hours can be assumed. The number 5,800 was 
chosen arbitrarily in this case to show the kind of analysis that can be 
made. For a 5,800-hour-per-quarter program, the table shows a 10 per 
cent increase in the number of make-ahead hours— 3,037 to 3,448, despite 
fewer total machine hours— 23,200 to 23,800. This results in an increase in 
the inventory carrying costs— $404.15 to $571.13— and in the number of 
items purchased— 50 to 57. The additional items of purchase are signifi- 
cant because they represent items that have a high profit advantage if 
made. The purchase profit forgone (penalty) is $3,100 greater for the 
year. 

The specific programs for the first quarter are almost identically the 
same except for Parts 6, 9, and 10. In the 5,800-hour program, 354 hours 
of production for the fourth quarter are made ahead compared to 19 
hours. Also Parts 9 and 10 are purchased instead of made in the first 
quarter. In general, the programs for the remaining 3 quarters compare 
about the same way. The important observations to b(5 obtained from the 
comparisons are as follows: 

1. Comparisons can be made between programs by choosing any rea- 
sonable number of available machine hours per quarter. 

2. A specific program of make-ahead and piurchase, together with the 
penalties and costs, is provided. 

3. Once a program is set up, effort need be concentrated in only a 
few parts, and the program indicates which ones. In the two programs 
considered, the same few parts come up for attention. 

4. It is important to get off to a good start early in the year. Both 
programs show the heaviest make-ahead schedule in the first quarter 
and spell it out specifically. This perhaps more than any other single 
piece of information is most important to management planning. It is 
difficult to make up in the fourth quarter for steps not taken in the early 
part of the year. When they can be made up it usually involves consider- 
able additional expense. 

2. Increasing the forecast 10 per cent as a hedge 

Both Program 1 and Program 2 indicate the importance of making 
ahead in the first quarter to level production and meet a peak fourth- 
quarter demand. 

Knowing the importance of the first quarter, management may want 
to consider for their own thinking the program that would satisfy a 10 
per cent increase in forecast as a hedge- should it develop. This can be 
worked out without much difficulty once the initial program is set up. 

Table 12-10 gives a summary comparison of Program 1 and Program 
3— the basic program to a 10 per cent increase. In general, it bears out 
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the importance of making ahead in the first quarter. Over all, the pro- 
gram to hedge on the forecast, however, has considerably fewer make- 
ahead hours— 3,037 to 2,217, Consequently, the inventory carrying costs 
on make-ahead parts is substantially less— $404.15 to $294.84. On the 
other hand, the purchase items show a substantial increase— 50 to 59— 
and they include items that have a high profit advantage to make over 
purchase. As a result of buying more purchase hours— 7,994 to 11,293— the 
purchase penalty (profit forgone by purchasing instead of making) 
more than doubles— $9,233.75 to $23,977,50, even in the program of least 
penalty. This shows at least for this problem that a 10 per eent hedge 
involves more than just a proportionate increase in risks and stresses the 
importance of knowing just what is involved. 

A comparison of the specific schedules of Programs 1 and 3 shows that 
the basic program of make-ahead for the first quarter is the same, allow- 
ing for 10 per cent increase in quantity. In Program 3, Parts 9 and 10 are 
purchased instead of made. The fact that the make and make-ahead are 
the same for both programs indicates that management can, if they 
want to, go ahead and take the hedge for the first quarter and then 
take a second look toward the end of the quarter to see what should be 
done in the light of what actually happened and the new forecast for 
the remainder of the year. 

In general, the importance of making ahead is shown again by Pro- 
gram 3. In addition, the fact that the nrogram provided is one of least 
penalty for the circumstances is also important from the standpoint of 
dollars and cents. The startling difference in the cost of purchase and 
make-ahead hours— $9,637.90 to $24,272.34— provides a basis for con- 
sidering the purchase of new machinery The total penalty of $24,272.34 
is the difference between being able to make everything in the quarter 
in which it is required and the /east-penalty program to take the hedge. 
This penalty value represents additions to profits that could be obtained 
if machinery and man power were available to satisfy each quarter’s 
requirements as needed. In effect, this value represents an amount that 
could be invested in new machinery and returned the first year under 
the conditions of the program. 

3. Revising the fourth-quarter program for unplanned variations 

If it develops, as the year progresses, that demand is going to be higher 
than anticipated, a least-cost program can be worked out to meet the 
new conditions. For example, assume that there has been an unexpected 
increase in demand during July and August, and a similar increase is 
in prospect for the last quarter. Ih total, let us say that this amounts to 
a 10 per cent increase over the previous forecast. Calculating a revised 
program for the last 4 months- September, October, November, and 
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December— shows that one-third of the hours needed are purchased. For 
all practical purposes as many parts as possible are made as needed with 
only 10 hours being made ahead. In general, the same parts are made 
and purchased as were made and purchased in each of the other pro- 
grams compared to Program 1. 

4. Other alternative programs 

Many other variations on the original program can be explored to 
provide management with information on which to base decisions. Some 
of the ones that would probably be of value are: 

1. Including additional machine capacity to determine the program 
that would make best use of new machinery and the additional profit 
that could be obtained. 

2. Including the possibility of overtime operation for relief of peak 
overload to determine whether purchasing is more costly than overtime. 

3. Planning a program using a specified portion of available overtime 
capacity so that cutbacks can be made in the third and fourth quarters 
without layoffs or purchase-order cancellations. 

4. Computing a program based on a constant level of demand. Such 
a program would be necessary if seasonal fluctuations were to be met 
by an accumulation of finished-goods inventory. The comparison of this 
program with Program 1 would be one factor in determining whether 
such a program was desirable. 

5. In the actual case which the Camtor problem represents, an interest- 
ing variation was made. There were three different machine groups in- 
volved, so there were three pioblems. The three were interrelated, how- 
ever, because the three groups of machines were all run by the same 
crew, and there were not enough meii to run all the machines all of the 
available time. 

To determine which of the machine groups should have idle time, the 
three problems were superimposed and linked together through a balanc- 
ing dummy which represented the idle time caused by man-power limita- 
tions. 


GENERAL COMPARISON OF THE VARIOUS LEAST-COST PROGRAMS 

The four programs discussed reveal interesting general comparisons 
for management thinking. Table 12-10 gives a comparison of alternative 
programs as follows: 

1. Irrespective of the program, it is important to start make-ahead 
items early in the year. Programs can be revised to reflect changes— either 
upward or downward as the year progresses. But unless the best start is 
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made, it is difficult to adjust for it later in the year vdthout incurring 
undue expense. 

2. It is necessary to consider only a few parts, once a program has 
been set up and calculated. This permits concentrated attention to be 
put on a few important items with resulting benefits. 

3. The penalty involved in the various programs represents a profit 
advantage that could accrue if additional machine capacity were avail- 
able. The penalty value, then, is one yardstick by which the purchase of 
new equipment can be justified and evaluated. 

4. The hedge on the forecast is taken up for the most part by pur- 
chases. By knowing what these are, by part and amount and time needed, 
it is possible to work out programs with vendors in advance and limit 
liability in taking the hedge. 

5. In all cases, it is not necessarily the items with the least individual 
carrying cost that are made ahead and carried in inventory. For example. 
Part 13 (Program 1 )— lowest inventory cost in the program— is not made 
and carried. Similarly, inspection of Program 1 will show other parts 
treated the same way. 


GENERAL USEFULNESS OF LP INFORMATION TO MANAGEMENT » 

The primary results of the LP solution provide for the conditions of 
the problem, a specific program of mal^, make-ahead, and buy for mini- 
mum penalty. Since the cost of deviations from this program can be 
calculated readily, management has a solid, factual basis for week-to- 
week scheduling. 

The total penalty associated with any of the computed programs pro- 
vides a measure of the costliness of the limitations that management has 
imposed. The basic, or “zero,” condition occurs when all items are made 
in the quarter in which they are needed. This would require the machine 
capacity to be as flexible as the demand, so that it would be capable of 
making all the items with a positive manufacturing profit advantage in 
any quarter. 

The total penalty of any of the calculated programs represents the 
price which management pays because the zero condition cannot be met. 
This provides management with a general indication of the cost of 
capacity limitations. 

In this, as in all LP applications, other values appear that are of 
equal or even greater importance than the primary solution. The prepara- 
tion of data for the LP solution required the analysis of certain data that 
had not been properly analyzed bdfore. This new look at old information 
gave management an entirely different perspective. 

The best example of this was in the purchase-make cost comparison. 
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For this comparison it was necessary to determine accurately the actual 
cost of a purchased item— including freight, cost of purchasing, receiv- 
ing, and inspecting— and the cost of carrying the inventory resulting from 
the size of the delivery lot, as well as the purchase price. This was com- 
pared with the actual cost of the manufactured item, including material 
(with in-freight and storage), labor, burden, setup, cost of scheduling 
and shop ordering, and the cost of carrying the inventory resulting fiom 
the size of the manufacturing lot. This comparison was far more realistic 
than the too-often-used pmehase price versus standard manufacturing 
cost. 

Further value to management was provided by translating these com- 
pari-ions into terms that were usable in the problem. Since the problem 
was the allocation of machine time, the purchase-make cost comparisons 
were converted into profit advantage per hour of machine operation. 
Tliis made all of them directly comparable. 

A list of items, arranged in descending order of profit advantage, 
provides management with a sound basis for decidiirg which items to 
make and which to purchase. 

This type of analysis is not linear programming, and no knowledge 
of linear programming is required to develop such cost comparisons. 
It is significant, however, that these figures were not developed until 
planning personnel, thinking in terms of linear programming, developed 
them to use in the modi matrix. U.sing the PA per machine hour as a 
basis for purchase-make decisions saved the company $54,000 in the 
first 3 months. 

The list of items in descending order of PA per machine hoim is also 
useful for guiding management thinking in long-range jilanning. The 
general nature of the list shows the r- dative economy of the operation 
in comparison with vendors. For any given forecast, each item on the 
list represents a certain machine load. The available machine capacity 
therefore determines how far down on the list items can be made. The 
profitability of additional machine capacity can be examined in terms of 
how it shifts the dividing line. 

When the PA list is used in the mod*’ matrix to plan for fluctuating 
demand, linear programming shows that it is most profitable to draw 
the purchase-make dividing line at about the same level each quarter. 
Most of the demand fluctuation is then taken up by make-ahead. This 
occurs because the inventory carrying cost involved is smaller than the 
increment in penalty incurred by moving from one item on the PA list 
to another. 

Examination of these relationships affords management an excellent 
perspective in p lanning and avoids improper empha^ on the various 
factors. 
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The results of this LP analysis have also proved to be important to 
management in evaluating conditions that were not considered in the 
calculations. For example, management could not place a value on a 
constant work load. When the cost of achieving it was calculated, how- 
ever, management was able to decide whether or not they were willing 
to spend that amount. 

These examples illustrate some of the ways in which a linear-program- 
ming application such as the Camtor problem can provide sound, factual 
data for management decision. 



CHAPTER 13 


Putting Linear Programming to Work: 
Problems, Possibilities, Predictions 


The growing number of articles, seminars, and panel discussions devoted 
to linear programming indicates a widening interest in its use in business. 

It is a large order, however, to go from interest to actual use. On the 
way there are many problems and obstacles that must be met success- 
fully if management people are to realize the fullest' benefits that are 
possible to them and their firms. Fortunately, experience in application 
has made it possible to identify most of the problems and obstacles and 
meet their challenge successfully. 

PROBLEMS IN INTRODUCING AND APPLYING LP 

As with anything new, quite a number of people will tend to resist 
the use of LP primarily because it is strange. This situation is likely to 
be worse than it would be otherwise because of the term Linear Pro- 
gramming. As we said in the Introduction, the name gives no clue to 
management people about what it is, where it can be used, or its po- 
tential for improving management practice, information, and decisions. 
Unfortunately, we are stuck with the name, a name that conveys no 
meaning or message to most people in business. Consequently, there is a 
very real communications hurdle to overcome at the present level of 
understanding and acceptance. 

The communications hurdle, and otijci problems involved in putting 
LP to work in business, should be less difficult for firms that have a 
functioning OR group than for those that do not have such a group. It is 
quite likely that LP has been discussed and used in a number of such 
firms, so that management people have had some exposure to discussion, 
even if they have not been in on the application. Of course, where ap- 
plication has been successful, the problems of getting understanding, 
acceptance, and additional areas for application are much easier to solve. 

The same situation is likely to be true— perhaps to a lesser extent-in 
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firms in which people are applying LP to specific areas without a formal 
OR setup. But where little or nothing has been done— with the possible 
exception of attending a seminar or reading an article— introducing and 
applying LP will require careful planning to be effective. 

It is to the people in the last category that most of the following sug- 
gestions for putting LP to work are directed. Those in the first two cate- 
gories also may find a useful suggestion or two. 

Experience so far indicates that to get the most out of LP requires 
the solution of two major groups of problems. First are the direct prob- 
lems of providing the personnel, the know-how, and the data for setting 
up and solving problems. Second, to attain the most benefits from the 
use of LP, it must be assimilated into the organization as a working tool 
and as an integral part of management thinking. 

Problems in the first group pose some difficulty, but they can be solved 
by staff specialists trained for the purpose. The second group is more 
troublesome and requires attention to matters of organization, com- 
munications, and long-range planning. In fact, solving the second group 
of problems may well depend on having used the proper approach to 
the first group. 

It is possible, for example, to start into LP by having a consultant or 
other outside authority come in, study a problem, develop data, and work 
out a solution. This approach would provide a solution to a specific, 
current problem. It would not, howe^j/er, help the company, except per- 
haps in a limited way, to use LP in the future. Neither would it provide 
a basis for integrating LP into the thinking of the management group. 

Even in the first attempts at applying LP, it is essential that the analysis 
of the problem, the application of data, and the interpretation of results 
is done by those in the organization who are normally responsible for 
these activities. In this way, LP becomes a tool of the management or- 
ganization rather than a gimmick for a one-shot demonstration. If con- 
sultants are used, their function should be teaching, coaching, and co- 
ordinating— not doing the work— if the firm is to obtain the most effective 
results in the long run. There may be some cases where this is not true, 
but they will be the exception rather than the rule. 

In getting started, then, management can lay a good foundation for 
future benefits by making sure that LP know-how is brought into the 
working organization through good training and practice. 

It is best to have several people trained in LP even though only a few 
are to spend full time working on LP problems. The more widespread 
the knowledge of LP is in the beginning, the easier will be the gathering 
of information and selling of results. Furthermore, having several trained 
people will cpable the person who is tackling a problem to get advice, 
assistance, and the benefit of group thinking when necessary. 
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When people are being selected for training, it is possible to minimize 
future data-gathering difficulties by including personnel from the areas 
of the organization which will have to furnish data. For example, prob- 
lems of getting cost information in usable form are greatly simplified 
if one or more cost accountants and industrial engineers have had LP 
training. 

1. Using LP os a management tool 

Proper training of selected personnel and the impetus provided by 
the interest of an executive with authority in the area of the problem 
are the basic ingredients of a first linear-programming application. A 
successful first project will do much toward developing interest and 
initiative in further application. When this happens, it is important that 
management be prepared to capitalize on this momentum to expand the 
area of LP applications. To do this, management must cop(' with the 
problems in the second group. These problems fall generally into three 
areas: .. 

1. Fitting LP into the organization 

2. Developing awareness and use of LP 

3. Communicating efiectively with others 

By careful planning to meet these problems, management will assure 
maximum benefits from their efforts to introduce and apply LP. 

2. Fitting LP into the organization 

Since LP is a method for evaluating pros and cons that assist in de- 
cision making, the authority and responsibility for decisions must be 
considered when fitting the LP activity into the organization. There 
is no one organization arrangement thit is “right” for LP. The fact that 
the LP specialist needs to have a relatively free hand in examining prob- 
lems and gathering data and must often work across department and divi- 
sion lines has led some companies to put LP work directly under one of 
the general executives. 

One of the advantages of this location is that it makes it easier to 
obtain needed information and gives status and importance to projects 
that are undertaken. Fitting LP into the organization in this way seems 
to be confined to the larger firms— those generally having OR groups. 
Another advantage of the central location is that larger problems with 
larger potential are more likely to be undertaken under this arrangement 
than when the activity is located further down the management ladder. 
Frequently, the broader problems and applications require greater time 
to work out because of their size, and the results may be a longer time 
in coming. This will not be a problem if management is willing to wait 
lor results or considers the application effort as an investment in business 
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research which may or may not pay a return. Quite frequently a manage- 
ment geared to day-to-day activity may become impatient for results 
if they are not forthcoming in a relatively short time. If this will be a 
problems, it may be well to consider an application that can be confined 
to one problem area as a door opener. To do this, many firms have set 
up LP activities as part of a manufacturing, production-control, salcs- 
planning, or other functional area. Under this arrangement the LP work 
tends to be confined to problems within the functional area but serves 
the purpose of demonstrating the potential without “waiting a year” for 
results to appear. 

Much of the application to date has been in these functional areas— 
and with considerable benefit. The selection of more specialized areas, 
such as production planning or purchase-make, has resulted in highly 
satisfactory results in a relatively short time. This approach has the 
advantage of providing a profitable application with measurable results 
without large investments in lime and talent. A successful application, 
even a small one, makes it easier to extend and expand LP and OR to 
other areas and problems than if there were no results to point to. This 
is particularly true when management can use the savings or profits to 
underwrite or finance the other projects. The old adage “Nothing suc- 
ceeds like success” applies to LP applications as well as to other situa- 
tions. 

Irrespective of whether a large-scale^r small-scale application is made, 
the people who do the LP work should serve as staff specialists to the 
line organization. LP people provide information. The line people have 
to do something about it if re.sults are to be obtained. 

3. Introducing LP to the organization 

Acceptance and use of anything new is directly related to how well 
it is understood by the people who are likely to come into contact with 
it. For this reason, priority and attention should be given to acquainting 
people within the organization with LP and its possible uses for helping 
them and the firm. 

One way to do this is to have competent people make a survey to 
determine where and if LP can be used. The survey should point out 
the areas of application, the information that is needed, the priority and 
order in which installation steps are to be taken, an estimate of the pos- 
sible results and benefits that can be anticipated, and the time and costs 
involved. On the basis of the findings of the survey, management can 
then decide whether or not to go ahead with using and installing LP. 

There have been a number of situations in which management was 
sufficiently convinced of the potentialities that a decision was made to go 
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ahead without making a survey. Under these circumstances, the first 
step in introducing LP is to acquaint the organization with it and equip 
selected people to use it. Generally, this procedure is carried out in two 
steps. One step involves “technical” training for those people who will do 
the work. The other step involves “appreciation” training for two groups 
of people, those who will supply information and those who will twc the 
information to assist them with planning and decision making. Providing 
appreciation-type meetings or sessions for those expected to supply in- 
formation will enable them to cooperate more effectively than they 
otherwise could. Holding appreciation sessions for executives and man- 
agers will enable them to see the lo^gic of LP, understand what LP people 
do and the information they need to do it, and recognize possible ap- 
plications of benefit to the firm which may never be appiuent to people 
lower in the management echelon. All these activities will increase the 
confidence of the executive and manager in the infoimation provided 
by the LP people, which means that it is more likely to be considered 
and used when decisions are made. Certainly an understanding and 
awareness of the uses, limitations, and potential of LP can be a powerful 
force for its adoption and application. It will also tend to eliminate de- 
fensiveness, if any, on the part of those people who might look upon 
the improvement from using LP as a criticism of their way of operating 
and managing. When this kind of awkwardness comes up, either visibly 
or invisibly, and it will from time to time, one of the following sugges- 
tions may help to smooth the ruffled feathers. 

1. Stress the newness and the progress and benefit that have come 
from trying new methods and developments in the past. 

2. Point out that LP is a powerful new tool that will provide informa- 
tion that simplifies the work of org. nizing information and making 
decisions. 

3. Explain applications and examples of the use of LP in other firms 
having similar problems and the benefits that resulted. 

4. Communicating effectively with others 

The safest assumption to make in applying LP at this stage of de- 
velopment and acceptance is to assume that there will be a communica- 
tions problem. This is likely to be as true in firms that have had OR 
experence as it is in firms that have not. 

The basic problems of communications come from the people who 
know and do linear-programming work and who use words in talking 
about LP that people in business may not understand. Management 
people, on the other hand, are not accustomed to talking and thinking in 
terms of LP mathematics, and, unforhmately, the LP man often is not 
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well enough versed in business terminology and thinking to make his 
points clear to management in management terms. Bridging the com- 
munications gap and developing a common language and imderstanding 
is an essential step for enduring and successful applications. Of course, 
the training will help to overcome the problem, as will successful ap- 
plication. The essential first step, however, is to recognize that a com- 
munications problem does exist and then take the steps to meet it head 
on. Meetings, training sessions, discussions, and question periods will all 
help to introduce LP to the organization. 

POSSIBLE APPLICATIONS: WHERE TO START 

People in business will find many uses for linear programming as they 
become better acquainted with its potentialities and possibilities. Each 
working installation will encourage others. Because the use of LP 
strengthens a firm’s competitive position, other firms learning of their 
competitor’s progress will be forced to keep abreast of developments and 
applications. 

The applications discussed in the preceding chapters, particularly in 
Chapters 10, 11, and 12, point to some of the problems that management 
people have tackled successfully with considerable benefit to their firms. 
In Chapter 1 we pointed out many areas in which successful application 
has been made. For convenience, they are repealed here because they 
represent places at which a start can be made. 

1. Determining most profitable product mix to be obtained from 
existing facilities 

2. Determining which parts to make and which to buy to obtain maxi- 
mum profit margin 

3. Scheduling orders to machine centers at least cost consistent with 
delivery promises and schedules 

4. Establishing best location of warehouses to minimize transportation 
costs 

5. Selecting equipment and evaluating methods improvements that 
maximize profit margin 

6. Planning profits on a fiscal-year basis to maximize net return on 
an investment in plant, facilities, equipment, cash on hand, and inventory 

7. Supplying a fluctuating sales demand at least inventory cost con- 
sidering a fixed level of production and stabilized employment 

8. Allocating production releases among several plants so as to maxi- 
mize profit margin, considering manufacturing and distribution costs 

9. Determining equitable sales and incentive compensation 

10. Determining the feed mix that satisfies nutritional requirements 
and minimizes the cost of raising livestock 
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11. Programming a chemical-distilling-type operation, including the 
processing of purchased material, to obtain the highest manufacturing 
margin with limits of sales demand 

12. Planning the most profitable combinations of sales requirements 
and plant capacity that obtain a fair share of the market 

These cases in no way describe the full potential of the technique. 
There are many other fields in which LP has been and will be used 
effectively. The available literature indicates that, in addition to manu- 
facturing, applications have been made in the areas of transportation, 
mining, personnel, and agriculture. In the last case, excellent ideas have 
developed for allocating land to crops and developing feed mixes. We 
can expect to see additional applications in all these areas in the future. 

Because LP is particularly effective where problems are large and 
data are difficult to organize into a pattern, governments may find use 
for it in deciding how to allocate a part or all of the nation’s productive 
resources. It seems possible that LP can be used not only to decide how 
to allocate present resources effectively, but also to indicate what ele- 
ments should be expanded to provide greatest gain. For example, it may 
be possible to develop a program of exports and imports. Those exports 
could be selected that were worth more to some other nation than they 
were to the exporting nation. Likewise, the technique could be used to 
select the imports that can contribute the most to the economy of the 
nation. 

1. Selecting the first LP application 

The problem selected as a place to start LP application will have 
considerable influence on the over-all success. Care should be exercised 
in selecting the problem because it will demonstrate the practicality and 
usefulness of the technique, provide a training ground for learning, and 
demonstrate methods of gathering data. 

Some of the characteristics of the right starting problem are as follows: 

1. It must be generally recognized as a problem that needs to be 
solved. This recognition should be gained before the work of gathering 
data and solving the problem begins. It will be difficult to gain ac- 
ceptance of the solution of a problem that only a few people recognize 
as a problem. 

2. The probable benefits arising from the solution of the problem 
should be easily recognized and understood. 

3. The methods used in gathering and organizing information should 
establish a pattern that can be followed in similar work on other prob- 
lems. In other words, the work on the first problem should be an example 
of the methods that can be used in the solution of other problems. 

4. The problem should be sufficiently complex to make it unreasonable 



308 Section Three: Application 

to expect that the best solution of the problem can be found by intuitive 
reasoning. 

These characteristics of the first problem are in addition to rules for 
recognizing LP problems given in Chapter 8, “Recognizing Problems 
Which Can Be Solved by Linear-programming Methods.” Giving special 
attention to the first problem will do much to get the linear-programming 
work under way with a maximum of acceptance and understanding. The 
possible difference in the long-range results, if any, far more than justi- 
fies the extra time and care required for a careful selection of the first 
problem and application. 

PREDICTIONS: THE FUTURE OF LP 

Simply stated from the standpoint of the firm, LP is one of the man- 
agement tools that aid in improving the performance of the functions 
of a business. The competitive situation makes it necessary for a nation 
or a firm to do everything possible to maintain and improve competitive 
position. On this basis, it would appear that linear programming will 
move forward as a part of the increased use of scientific and mathematical 
tools rather than as a particular technique. It will, in due course, be 
recognized and aceepted as a tool of scientific management. 

1. The increased use of OR will increase the use of LP 

The past few decades have seen an increasing use of tools devel- 
oped by science in government and Kusincss activities. This trend has 
contributed much to our higher standard of living. Since World War 11. 
some companies have applied the combined power of several sciences to 
problems through the use of operations-research groups. Such a group 
might consist of a metallurgist, a psychologist, an operating man, and a 
financial man. These men seek the aid of physicists, chemists, engineers, 
mathematicians, and other specialists whenever it seems that they might 
aid in solving the problem at hand. The accomplishments of OR groups 
indicate that this method of combining the power of several disciplines 
to solve one problem is effective and will see wider use in the future. As 
the number of such groups increases, we can expect to see the use of 
LP increase. 

2. The use of LP for solving operating problems will increase 

The possibilities are good that there will also be an increase in the 
use of linear programming in .solving specific operating problems. Man- 
agement people will learn of uses for solving such problems as schedul- 
ing orders to machines, planning the transportation of material from a 
number of origins to a number of destinations, or solving the make-or- 
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buy problem. As the management of competitive firms learn of the 
economies that have been eflFected, they will begin to use linear pro- 
gramming in their firms also. 

3. Educational institutions will expand the fields of LP 

Quite likely there will be an increase in the number of linear-pro- 
gramming courses offered in schools and colleges. Educators will learn 
more concerning the principles and applications of LP methods and 
techniques. Investigations in the programming field should bring further 
advances. For example, the broad field in nonlinear programming that 
has only been partially explored is a subject for academic research. 

As more and better tiaining in the use of linear programming beeomes 
available more trained people will be available. These people will see 
problems that linear programming can solve, and they will point out 
the advantages of using LP and lecoinmend its use for solving these 
problems. 

4. Electronic computers will expand the use of LP 

The increasing use and availability of electronic ppmputers should 
also tend to expand the use of lineai programming. These computers 
provide a way of solving large simplex matiiccs that it would be im- 
practical to solve in any other way. Although the development of sim- 
plified methods, such as the modi, ratio-analysis, and index-number 
methods, provides for solving a wide range of problems with desk cal- 
culators, there are applications of linear programming where an elec- 
tronic computer is the only practical way of solving the problem. 

The number of electronic computers in use is increasing rapidly. It is 
logical to expect this increase to bring about an increase in the number 
of problems that can and will be solved by the use of linear programming. 

CONCLUSiON 

The record for LP is reasonably clear. 

On the basis of results, it is proving to be a useful and valuable aid 
to management people. Its value, as we have said, lies in two areas: 
assisting executives and managers to be more effective in using resources 
under their direction and providing a quicker insight into business prob- 
lems for the younger management man, thereby assisting him to develop. 

We know there are aieas and jjroblenis in which LP now has little 
or no value. We cannot define these areas explicitly because every day 
new developments and applications are pushing back the frontiers and 
increasing its use. The development of nonlinear programming and game 
theory are cases in point. We do know that certain requirements must 
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be met for proper application of LP methods at the present state of 
development. That is why particular attention and emphasis was given 
in Section 11, “Methods,** to the requirements for using each of the 
methods. 

Tlie fact that some problems do not yield to LP does not lessoi its 
importance in the areas where it can be applied. As management people, 
we are obligated to use our time, talents, money, machines, material, 
man power, and other resources as effectively as we possibly can. The 
objective of this book is to provide information to assist in accomplishing 
that goal. 
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SECTION FOUR 


Technical Appendixes 


The purpose of these appendixes is to present some of the mathematical 
concepts and developments which underlie the computations used in the 
preceding sections. 

There arc two appendixes Appendix A is entitled “Mathematical 
Explanation of the Simplex Method for Solving Linear-programming 
Problems ” Appendix B is entitled “C’omparison of the Simplex Method 
and the Modi Method.” We believe that each of these sections will add to 
the completeness vith which we have presented linear programming, 
although they are not essential to a use of the technique. Appendix A, 
particularly, will have special appeal for those readers and students inter- 
ested in knowing more about why the computations produce the best 
answer. By presenting additional information about the relationship of 
the two most important computational methods, Appendix B will add to 
their understanding and increased use. 

As a suggestion, we recommend that the management-oriented man read 
the preceding sections before investigating this section. The technical man 
and the student will perhaps find it to their advantage to read this section 
before proceeding with the first three sections. 

We make no claim of authorship for thi material presented in this section, 
which has been collected and summar.ied from the various references 
mentioned throughout the book. The material in Appendix A has been re- 
produced with the permission of Mr Kurt Eiscinann, Research Mathema- 
tician, IBM Corporation. For additional information the reader is referred 
to: 

1. “Linear Programming,” Quarterly of Ai.}f!ied Maihematics, vol. 13, no. 3, 

October, 1955, page 209. 

2. “Linear Programming,” a paper prepared for internal distribution tP the 

IBM Staff. 

It is to the authors of the cited references that the credit must go for the 
other material and information contained in this section. 
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APPENDIX A 


Mathematical Description of the Simplex Method 
for Solving Linear-programming Problems 


The general linear-programming problem is one of determining, out of an 
infinite number of possible solutions, that unique solution which makes a 
certain function (profit margin, cost, utilization, or time) a maximum or a 
minimum. The computed programs provide the best possible planning 
information on which operations may be based under the specified restric- 
tions, limitations, and conditions as set forth in the problem. 

Restrictions or constraints which limit results generally take the form 
of inequalities with nonnegative variables. Whenever the inequalities 
encountered are linear in the variables, the problem is said to be a “linear- 
programming problem.” 

The correct formulation of problems expressible in linear-programming 
form is fundamental to obtaining a useful and valid answer. The solution 
can be calculated fairly easily in a routine fashion once the problem has been 
formulated correctly. Elaborate care is essential to ensure that none of the 
restrictions, limitations, and conditions are overlooked. 

The derivation of the simplex method, which is the prime computational 
method of linear programming, will be developed in this section. To make 
the derivation easier to follow, a small example problem will be solved step 
by step as we progress through the derivation. 

Because we want the derivation to proceed in an orderly way, it will be 
discussed in turn under the following headings: 

1. Expressing the problem in the required mathematical form (expressing 
the desired objective in equation form and expressing the restrictions, con- 
ditions, and limitations as equations and inequalities) 

2. Converting inequalities to equivalent equalities 

3. Setting up a unit basis 

4. Changing the basis 

5. Transforming to a new basis 

6. Restoring the basis to unit 4orm 

7. Calculating subsequent iterations 
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Cach of these steps will be discussed in turn in the pages which follow. In 
addition, a brief discussion of degeneracy, convergence and duality is in- 
cluded at the end of this section. 


1. Expressing the problem in the required mothematicol form 

The mathematical formulation of a linear-programming problem is as 
follows: 

Find values for Xi, X2, ... x^ which satisfy the conditions 

+ 012X2 + • • • ainX% g bi 

021X1 4- 022X2 + • • • 025X15 ^ 62 (A- 1 ) 

OmlXi -f- 0^2X2 4 OmnXn ^ i'm 

Xj ^ 0 for all values of , (A-2) 

such that 

/ = ciXi 4 - C2X2 4 cjiXn = a maximum (A- 3 ) 

where 0,7, 6,-, and c, are given constants 

When we express the inequalities of Equation (A-1) ift a more general 
form we obtain the expression 

n 

^aijXj ^ 6„ t = 1 . . . m (A-4) 

When we express the functional Equation (A- 3 ) in a more general form 
we obtain the expression 

/ = 'ZcjXj = maximum (A- 5 ) 

When we express the inequalities of Equation (A-1) as a coefiicients 
matrix, denoting scalars by lower case letters and denoting the columns by 
Ai, A2, . . . Ah, B, we obtain the expro.-sion 

AiXi 4 - A2X2 4 A5X5 ^ B (A-6) 


The expressions shown under Equation (A- 1 ) are inequalities in which the 
right side of the expression is cither greater than or equal to the left side. 
Equation (A- 1 ) may include inequalities of the form 


+ fl32®2 H —^3 

(A- 7 ) 

n 

^ hi 

(A-8) 



or may include equations of the form 


041^:1 + ^42^2 + • • • = 

(A- 9 ) 

JS 

II 

(A- 10 ) 



316 Section Four: Technical Appendixes 

wfaere the general notation has the following meanings: 

X = variable whose value is to be determined by the calculations 
xji — general notation representing the last of a group of variables 
Xj <= general notation representing an individual variable 
a = constant which is given and which multiplies a variable 
Oij = general notation representing a constant which multiplies a variable 
in the ith row and jth column 
b = constant which is given 

bi general notation representing an individual constant 
m = number of rows in a coefficients matrix which is an orderly arrange- 
ment of numbers 

n = number of columns in a coefficients matrix 

/ = general notation representing the objective or functional equation 
c = coefficients which are given and which multiply the various x’s in the 
functional eciuation 

Cn = general notation representing the constant by which the last Xj(xn) 
is multiplied 

A = matrix or orderly arrangement of coefficients 
Aj = jth column of a coefficients matrix 

B — general notation for right-hand-side constants in a coefficients matrix 
If we are to solve for a minimum instead of a maximum, the requirtiments 
<i» — 'ZdjXj = a minimum can be converted by substituting dj = — c,- in the 
functional Equation (A- 5 ) / = 'LcjXj. When this is done we obtain the 
expression / 

f = —(f, =z ' 2 i(—dj)xj = ^CjX) = maximum (A-11) 

At this point it will be helpful to express the general notation in specific 
terms by referring to an example problem. The problem, which will be 
brought into the derivation as it proceeds, is a problem of determining the 
product mix of highest profit margin under the conditions, restrictions, 
and limitations given in Table A-1. 

Applying this general formulation and notation to the conditions and 
restrictions of the probl(*m, we obtain the following arrangement: 


2xi 

+ 

4X2 

CO 

CO 

+ 


48 

4xi 

+ 

2X2 

+ 

00 


60 



3x 

1 + *3 


36 




X2 

= 

0 




Xi 


0 




X 3 


0 


« 


/ = 6a:i -1- 4x2 + 8x3 = maximum profit mar^ 
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Table A-1. Production and Profit Information 


Machine 

Hours per piece 

Machine 

time 

centers 

A 

B 

c 

available 
(in hours) 

I 

2 

4 

3 

Up to 48 

II 

4 

2 

3 

Up to 60 

III 

3 

0 

1 

Up to 36 

Profit mar- 
gin per 
piece (in 
dollars) 

6 

4 

3 



Assumptions: 

It is possible to sell everything that 
is made. 

It is necessary to produce exactly 
five pieces of B to satisfy a good cus- 
tomer. 


2. Converting inequalities to equivalent equalities 

The inequalities of Equation (A-1) must be converted into equalities with 
nonnegative right-hand numbers by use of the following rules: 

1. Multiply by — 1 when necessary to make all 6,- ^ 0 (A-12) 

2. Multiply by — 1 when bi = 0 and when it is desirable to con- 
vert inequalities 2oiyx,- ^ 0 into the form So^yxy ^ 0 (A-13) 

this will provide a place for natural unit vectors to enter. 

3. Replace inequalities of the form o,iXi 0 , 2 X 2 H oaxs ^ 6i 

with equivalent equalities of the form 

a,iXi + ai2X2 H o,jrXs + x^+j = bi (A-14) 

4. Replace inequalities of the form c,iXi + 0 , 2 X 2 + • • • OaTrXw ^ 6,- with 
equivalent equalities of the form 

®»lXl H" 0 , 12 X 2 “!■■■■ OitiXn Xn^i — hi (A- 15) 

The variables Xb-|-i are termed slack variables because they take up the 
slack by which the inequality is permiJtM to differ from the equivalent 
equality. 

Slack variables have the following characteristics: 

1. Must be nonnegative: 

Xjr+,’ ^ 0 (A-16) 

2. May appear in the final solution but do not make a positive contri> 
bution to it — i.e., do not contribute to the value of the functional 

3. Are not used when the original expression is an equation 
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With the inclusion of slack variables, the general formulation of the 
problem is as follows: 


•AiXi -j- A 2 X 2 “b * ' * An'Xfi> B (A-17) 

where 6,- ^ 0 

Xj ^ 0 for all j (A-18) 

/ = ciXi + C 2 X 2 H C 5 r»x»» = maximum (A-19) 

Underlying definitions and theorems 

Before proceeding further to describe the mathematical derivation of the 
simplex we must establish certain definitions, theorems, and considerations 
that underlie the method. The following definitions apply: 

1. A feasible solution contains a set of Xj which satisfy Equations (A-17) 
and (A-18) but not necessarily (A-19) (a solution does not have to be maxi- 
mal to be feasible). 

2. A basic feasible solution is a feasible solution with not more than m 
nonzero values of Xj. 

3. A maximal solution must satisfy Equations (A-17), (A-18), and (A-19). 

4. A basic maximal solution is a maximal solution with not more than m 
nonzero values of Xj. 

Based on these definitions, the following mathematical theorem^ apply : 

Theorem 1 : Whenever a feasible solution exists, a basic feasible solution 
also exists. 

Theorem 2: If the functional expr 98 sion remains finite for all possible 
feasible solutions, there exists a basic maximal solution. 

By means of the foregoing definitions and theorems, the solution to a 
linear-programming problem by the simplex procedure is obtained as 
follows: 

1. Construct a basic feasible solution. 

2. Replace the first basic feasible solution by another basic feasible 
solution which is an improvement in / (or at least equal to) to the previous 
solution (/). 

3. Continue the replacement process until certain criteria indicate that 
no further increase in /is possible, or certain characteristics in the compu- 
tational procedure indicate that fm«x. = Each solution replacement by 
a new solution is called an iteration. In the simplex procedure there is 
always a finite number of iterations. 

3. Setting up a unit basis 

If the first m column vectors Aj are linearly independent, they provide a 
basis in terms of which all columns of the coefficient matrix can be expressed 
as: 


~ dljAi -|- d2f A2 H dmjAm 


(A-20) 
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Further, if we can arrange it that Ai, A 2 , . . . Am are the m colunms /,• of 
the mth-order identity matrix (unit columns forming a unit basis), we obtain 
a basic feasible solution as follows: 



(A-21) 


where da = o,j as given 

^ 0 (* = 1 to m) We arbitrarily set Xj = 0 for j > m 


(A-22) 


In setting up a unit basis we are in effect setting up a square dinjrnnf^ l of 
ones. Some of the ones may come from the original Aj columns which may 
be unit columns. Each slack variable xn+i supplied by ^ introduces a unit 
column containing a one. Any inequality of the type ^ introduces a 
slack vector — /,• into the matrix of coefficients and therefore will require the 
introduction of an artificial vector The artificial variable which has 
the general form Xn'^i also contributes to the unit basis so that the coef- 
ficients matrix A contains all possible m unit columns /,-. 

We stated that Equations (A-1) permit a certain amount of slack which 
may appear in the final solution. Because they make no contribution to the 
profit margin function /, the cy profit coefficients corresponding to slack are 
assigned a value of zero. 

The artificial variables, however, are introduced only for convenience in 
getting started (we need a square unit b''.sis) and liave no place in the final 
solution. To make certain that these v-triables do not appear in the solu- 
tion, we attach an unduly large penalty to them. By assigning a large 
penalty — Af (a very large negative number) to the coefficients Cy, we shall 
ensure that / cannot possibly reach its maximum as long as any feasible 
solution contains any of the artificial variables. These variables are elimi- 
nated by meeting the requirements of the computational procedure, which 
states that a maximum has not been readied as long as there are negative 
values in the base row of an iteration. 

Once the columns of the unit basis have been established, we rearrange 
the A columns so as to place the identity submatrix on the left. It is 
necessary to keep the values in each column intact in this rearrangement. 
The purpose of the rearrangement is to simplify the calculations and display 
the program at each iteration. 

Under the rearrangement the general formulation of a linear-program- 
ming problem for solution by the simplex method is as follows: 
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Ai*i + A 2*2 H b An*n B 

(A-23) 

Ay = Ij for j ^ m 


hi^O 

i = 1 . . . m 

(A-24) 

0 

All 

j = 1 . . . n 


f = ci*i + C 2*2 H b Cn*n = maximum 

(A-25) 


We can obtain an initial basic feasihle solution from Equation (A-23) in 
which Xi — 0 for i greater than m and in which Xi — &«■ for which 

satisfies 

1. Ai®! + ^42*2 H h = B (A-26) 

where Ay = 7y for all j 

2. / = CiXi + 02*2 H H CmXm (A-27) 

which is not necessarily a maximum. 

Wlien we convert the inequalities of the example problem to equivalent 
equalities, we obtain the following relationships: 

2*1 4*2 ”1“ 3*3 -}■ *4 = 48 

where *4 = slack variable permitting an equivalent equality 

4*1 + 2*2 + 3*3 + *5 = 60 

where *5 = slack variable permitting an equivalent equality 

3*1 H" *3 “H *6 36 

where *3 = slack variable permitting an equivalent equality 

*3 "b == 5 

where x^ = artificial variable required by the computations 
When we establish a unit basis and rearrange columns, we obtain the 
following arrangement and initial basic feasible solution: 

Ai A2 A3 A4 A5 A5 A7 

I 0 0 0 2 4 3 

0 1 0 0 4 2 3 

0 0 1 0 3 0 1 

.0 0 0 1 ‘ 0 0 1 . 





xi 

Xi 


’ 48 ' 

60 

xi 

xi 


36 

xi 


. 5 . 

.XL. 
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in which we establish the following relationship: 

I4 = ®7 le = *2 

^2 = X5 Xg = Xi av = X3 

x-i = Xe 

The resulting functional or profit-margin equation is as follows: 

/ = Oxi 0x2 + 0x3 — ilfx4 -|- 6x5 -f 4x6 4- 8x7 = maximum 

The initial basic feasible solution is as follows: 

Xi = 48 X 3 = 36 Xs = 0 X 7 = 0 

X 2 = 60 X 4 = 5 Xe = 0 

4. Changing the basis 

The initial basic feasible solution involves nonzero variables x,- for i = 1 
to TO. The next step is to improve /. This is done by establi^liing x, 
(r ^ to) and some value x* ^ 0 (/r > m) such that replacement of the term 
j4;.Xr in Equation (A-23) by tlie term (A a, is given) will leave all con- 
ditions satisfied and at the same time will result in an improvement in /. 

Under this procedure the new solution will have the following char- 
acteristics: 

1. Involve only to variables Xi 

2. Be a basic feasible solution 

3. Represent an improvement in / 

We can express the same process and relationship in terms of the given 
vectors Aj instead of the variables x, as follows: 

1. Replace Ar (r ^ to) one of the unit base vectors by At (h > m) with 
one of the matrix columns not in the basis. 

2. Determine the corresponding rat^ik such that Equations (A-23) and 
fA-24) will be satisfied and / will increase. 

This replacement process is called “introducing vector Ak into the basis” 
and proceeds as follows : 

Referring to Equation (A-21) for j = fc we obtain 

Ak — (Aiai* 4 f- AmOmk) — 0 (A-28) 

Introducing Ak into the basis we add 0 times identity Equation (A-28) to 
Equation (A-26), obtaining 

AkO + Ai(xi — 0aik) 4" * • ’ 4" Ar(Xr — ^Ork) 4" • • • 4* Am(Xm ~ ^Omfc) — R 

(A-29) 

For i = k, restriction Xf ^ 0 applied to Equation (A-29) requires that 

6^0 (A-30) 
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Ck>nstructing a new/ corresponding to Equation (A-29), we obtain 

fj = CiOiy H h Cmdmj 0’ = 1 tO ») (A-31) 

Substituting j = ft, subtracting Equation (A-31) from Equation (A-27), 
and adding the term cifi to each side of the expression we obtain 

f'=f — B(Jk - Ck) = + ciixi - eaik) H 1- Cmixm - Oomk) (A-32) 

The right-hand side is the new / for Equation (A-29), and for 5 > 0 we can 
make f > f only if ft is so chosen that 

fk-Ck<0 (A-33) 

When, after a finite number of iterations, a stage is reached such that 
no negative fk — c* remains, no further increase in / is possible, and the 
best or maximal sohition has been reached in the calculations. 

Choosing k 

Theoretically, the largest increase in / for one iteration is obtained when 
~-6(Jk — Ck) is as large as possible, but it is more convenient to use the fol- 
lowing selection procedure. 

If we substitute the expression 

(/} “ fj Cj — CjOiy “t” * • * "^Cfnfimi Cj (j — 1 to w) (A-34) 
for Equation (A-31), we can examine 6nly the negative 

Oj = fj Cj (A-35) 

select the most negative one, and use that j as ft. 

Choosing r 

For all i ^ m requirement a:,- ^ 0 applied to the coeflficients of A in 
Equation (A-29) becomes the following: 

Xi — 6aik ^ 0 (A-36) 

For an aa ^ 0, this requirement is automatically satisfied for any 0^0 
because 

Xi ^ 0 (A-37) 

Xi 

For an aa > 0, we must make 0 ^ — for all 

<Hk 

i ^ m (A-38) 

a 

Elimination of Ar requires Xr — 0ark = 0. For some r, (? = — 

drk 



Mathematical Description of the Simplex Method 323 

For the chosen k, select only those a,* which are > 0 to form the quotients 


Xi 

9* = — (^0) 

Select r = the i corresponding to the smallest q,. Therefore 


a min * 

ark ^ ^ dik 


When we change the basis, choose an r and k using our example problem, 
and rearrange the matrix for ease of computation, we obtain the following: 


Ci of 
basis 

Cj vector 

Basis Xw 

D 

0 

0 

0 

-M 

6 

4 

3 

B Aq 






B 

At 

0 

Ai 

48 

■ 

0 

0 

b 


1 

3 

0 

A2 

60 

0 

1 

0 

0 



3 

0 

A3 

36 

0 

0 

1 

0 


0 

1 

-M 

A, 

5 

0 

0 

0 

1 

0 

(D 

0 









■I 


93 = 

(StCt'flty Cj) 

-53/ 

0 

0 

0 

0 

-6 


-3 


The table gives the following infonnahon : 

/ = -bM k = (iUe) 

r = t B = = b 

5. Transforming to a new basis 

Changes to the basis consisted in introducing Ak into the basis and 
removing Ar- Each Aj expressed in terms of the old basis must now be 
converted into a new form Aj, which similarly refers to the new basis. 
From Equation (A-21) for any J we obtain 

Aj — Oif-Ai + • ’ • + OrjAr + • • • + (hnjAm (A-39) 

For j = k, we obtain 

Ak = OlfcAi H OkrkAr + ' • • + dvikAm (A-40) 

Solving for A, we obtain 

At = — (A-41) 

Or* \ ' 
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where the term « = r must be excluded under the summation. 

This expresses Ar in terms of the new basis and when substituted into 
Equation (A-39) for the one term containing Ar will express any Aj- in 
terms of the new basis as follows: 

A", = — - Ak + ^ (oij Ai (A-42) 

Ort t=^r \ Or* / 

This transformation also applies to the vector B = Aq. 

For j = kin Equation (A-42) we obtain 

a; = 1-A + S0-A,- (A-43) 

6. Restoring the basis to unit form 

The new basis is no longer a unit basis but instead contains 


Ak = 


^mk J 

A notational device, however, will restore the basis to unit form as follows: 

1. In Equation (A-21) the rth component of any vector indicated the 
coefficient of Ar, which henceforth is zero. 

2. We must adjoin to Equation (A-21) an additional term dkjAk and 
utilize the vacancy of the rth component of Orj of each vector to indicate 

Oirj 

Okj = • 

Ork 

3. This new notation becomes 



(A-44) 
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For the other unit vectors Aj remaining in the basis (j ^ m, j ^ r) we 
have a,y = 0 when i ^ j and Oij = 1 when i =* j. 

Their new form is 

= 0 + S,(oij — 0)4,- = Aj = Ij (J ^ m,j ^ r) (A-45) 

They are thus completely unchanged by the transformation. The former 
unit-base vector Ar (j = r), however, becomes 

= — Afc -f Z (- — ) (A-46) 

^rk is^r > ^rk' 

which is no longer in unit form. 

With our notation Equation (A-42) becomes the following: 


and therefore for any j, 
an — for i = r and for i 9^ r (A-48) 

0>rk 0,rk 

Transforming gj and f 

If we treat the table of = to. the Aj, and the row of gj (including j = 0) 
as one matrix, we can use the transformation of Equation (A-48) as follows : 

1. Divide row r by the pivotal elements ark giving a new row r. 

2. Replace each remaining a,j of the matrix, including the gj row and 
including the column y = 0 by Oij = atj — Orjaik- A* then becomes Ir, gk 
becomes 0, basis vectors other than Ar remain unaltered. 

3. Replace c, by Ck and Ar by A* in the basis identification columns to the 
left of the matrix. 

The results of these computations can be seen in Iteration 2 of the table 
titled “Simplex Solution” on page 328. The presence of negative numbers 
in the Base Row of Iterations 2 and 3 indicate that further improvement is 
possible, and the process of developing a new basis is repeated. In Iteration 
4 all gj are now ^ 0, indicating that the maximum, or best, solution has 
been reached for the conditions and restrictions of the problem. 

7. Calculating subsequent iterations 

After any iteration is completed there is no need to rearrange columns in 
order to bring the identity submatrbc to the left side of coefficients matrix 


--/.+ E(a.,-^^)/, (A.47) 

^rk t=^r V ^rk\ 
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A. The entire theory developed thus far holds for the columns as they 
stand by identification of with the appropriate Aj. Therefore, further 
iterations can be carried by application of the given rules to successive 
iterations without rearranging columns. 

8. Handling degeneracy 

Whenever the smallest qi occurs for several i, then more than one Xi term 
can become zero. This condition is termed “degeneracy.” The function 
/ will show no increase at this stage in the computations which may result 
in cycling. Cycling is the process of introducing and eliminating vectors 
until the calculations arrive at a previous basis from which point the cycle 
repeats indefinitely in the same way, getting nowhere. 

There is a method for handling situations in which the computational 
process degenerates or breaks down. Suppose at any stage the sequence of 
matrix columns is Pi, ... P„. The unit basis Ai, ... longer coincides 
with Pi, ... Pm, but rather is distributed irregularly throughout the matrix 
sothatilf = Ij = P,fory = 1, .. . m but generally with j 9 ^ iand 1 ^ ^ 

n. 

Letting t equal a small positive number, consider B replaced by B* = 

n 

B 4* 53 where d is the jth power of «. This modified version will 
/ •= 1 

include the original problem by the specialization e — > 0. Using Equation 
^A-21) for the Pj, we shall replace ^ 1 X 1 + A 2 X 2 H 1- AmXm = B by 

Ai(xi + epii + «®pi2 H H «”Pln) 

+ A2(Xj. + tpai + i^P22 + • • • «"P2n) 

H 1- AmiXm + fPml + «^Pto 2 H + e"P»»») 

= B + ePi + e"P2 + • • • + e^Pn (A-49) 

Using { = x< + tpii + «Vt 2 H h e"p»n and substituting in Equation 

(4-4), we obtain the following: 

/ —Clil + ^ 2^2 4 Crn^m 

= (ciii H c„xm) 4- e/i 4- €^2 4 €”/„ (A-50) 

As in the derivation of Equation (A-29) the addition of the product of 6 

and the identity A* — (AiOi* 4 H AmOmk) = 0 to Equation (A-49) 

gives the following expression: 

Ak‘9 4* Ai(fi — Oaik) 4 f- Ar(fr — ^Or*) 4-* • *4" Am(im ~ ^Omk) — B' 

(A-51) 

The subtraction of the product of 9 and Equation (A-31) from Equation 
(A-51) gives the following expression: 
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f - e(/fc - Cfc) =» c*0 + citt, - eaik) + • • • + c„(i„ - eon^k) (A-52) 

Suppose the,! in choosing r there is a tie for the i — values, t’l < t2 < • • • 
if < • • • are applied to Equation (A-51). 

For those i which gave 


^ij ^i2 
^i\k ^iik 

we now compare 




Xit 

+ 

p.ii 

+ 

0 Pti2 



qii 

— = 

= 

« — 

6^ 



^i\k 



^i\k 




Otifc 




+ 

‘ Pt2l 

+ 

2 P*22 


_ Viin 

qii 

= = 

=r 

€ 


• t” 


^iik 







^itk 


(A-53) 


These ratios involve the tied rows and the columns Pi, P2, . . P» in this 
order for the powers e, e^, ... e”. For a sufficiently small e, Pi will make 
some of the factors in Equation (A-52) larger than others and, thereby, 
eliminate the corresponding rows from further competition involving higher 
powers of €. 

For the remaining tied rows, P2 will then make some of the factors of 
larger than others and in so doing eliminate corresponding rows from 
further competition. The same holds true for P3, P4, ... P„. 

At no time can all the remaining (more than one) tied rows be eliminated 
from competition. On reaching comparison for factors of ^ (whenever Py 
is one of the unit columns with its nonzero element in one of the tied rows) 
for example Py = 7,-^ whci’C p. j = I for i = and p,y = 0 for i 7^ i„ will 
eliminate iv if it has not already been eliminated. Because all (for ail 
tied rows *) are present among the Py, the process will break all ties. As a 
result there will be a uniquely determined smallest g,- giving the following: 


e = \ {xu -I- -I- €^p,-, 2 H «”7’i,n) (A-54) 

» = 1, 2, . . o,-,fc 

Among the coefficients - doi^k, all of which had previously been equal 
to zero, there will now be one smallest equal to zero with all others being 
greater than zero. In Equation (A-51^ only one of the basis vectors 
will be eliminated and degeneracy is avoided. 

In the event that ties are encountered again in a later iteration, they can 
be broken by repeating the same process, taking Pi, ... Pn in identical 
order from left to right. No difficulties will be encountered with this pro- 
cedure if the original unit basis Ai, ... Am is written at the left-hand side of 
the coefficients matrix A through which the sequence of Py will begin its 
progression in the event of degeneracy. 

The preceding analysis can be summarized into a rule as follows: 



388 Section Four: Technical Appendixes 

the case of ties for r, consider Pt and Jt* starting with < ■» 1. For 
those i which are tied form quotients Qt = F »// Ott and take r equal to 
the * corresponding to the algebraically smallest (negative pu may 
make negative). If ties remain consider i for the remaining ties. In- 
crease i by 1 and repeat. After r is determined proceed with the trans- 
formation. 

The presence of m unit vectors guarantees that any ties must be broken 
before t reaches the value n 


Simplex Solution 

Detennining Product Mix of Highest Profit Margin 




Pi 

0 

Pi 

0 

Pi 

0 

Pi 

-M 

Pi 

6 

Pi 

4 

P2 

3 

Pi 


0 

Pi 

48 

1 

0 

0 

0 

2 

4 

3 

Iteration 1 

Iteration 2 

Iterations 

Iteration 4 

0 

Pi 

60 

0 

1 

0 

0 

4 

2 

3 

0 

Pi 

36 

0 

0 

1 

0 

3 

0 

1 

-JIf 

Pi 

5 

0 

0 

0 

1 

0 

© 

0 



-5M 

0 

0 

0 

0 

-6 


-3 

3 

0 

Pi 

28 

1 

0 

0 

0 

2 

0 

0 

Pi 

50 

0 

1 

0 ' 

0 

4 

0 

3 

0 

Pi 

36 

0 

0 

1 

0 

@ 

0 

1 

-► 4 

Pi 

5 

0 

0 

0 

1 

0 

1 

0 



20 

0 

0 

0 

+Af + 4 

-6 

0 

0 

-3 . 

0 

Pi 

4 

1 

0 


0 

0 

% 

^ 0 

Pi 

2 

0 

1 


0 

0 

0 

@ 

6 

Pi 

12 

0 

0 


0 

1 

0 


4 

Pi 

5 

0 

0 

0 

1 

0 

1 

0 



92 

0 

0 

+2 

+M + 4 

0 

1 

0 

-1 

0 

Pi 

1.2 

1 


+H 

0 

0 

0 

0 ^ 

3 

Pi 

12 

0 

H 


0 

0 

0 

1 

6 

Pi 

11.6 

0 

-H 

n 

0 

1 

0 

0 

4 

Pt 

5 

0 

0 

0 

1 

0 

1 

0 



03.20 

0 

+0 6 

*+12 

+Af+4 

0 

0 

1 

0 


Iteration 4 
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9 . Convergence 

At each iteration, / increases progressively so that the same solution can- 
not appear at a later iteration. Further, the n-column vectors admit at 
most (m) different bases, and any solution for any one basis must be 
unique Therefore there can exist at most (”) different basic feasible' 
soil Mons, and since none can reappear the procedure will terminate in a 
finite number of steps. Although no previous solution can appear, it does 
happen that individual vectors are removed from the basis and later are 
brought back in or that a vector is introduced and then removed later. It 
is not the presence of any particular basis vector but the total number of 
basis vectors that is nonrepetitive. Expeiience indicates that the best or 
maximal solution is reached generally in m to 2m iterations 

10. Duality 

Whenever a linear progiamining problem is solved for a maximum 
answer by the simplex mc^thod, there exists a specific minimum answer 
involving the same data as the original problem. As a matter of fact, a 
finite maximum solution exists only if a specific solutfon to the minimum 
problem exists. This relationship is tenned symmetnc, and one problem 
is said to be the dual of the other. 

In niatiix form the maximum and minimum problems can be set 


foith as follows: 

Maxinimn 

f = =- maximuiii 

(A-5) 

wheie 

AiXi f A 2 X 2 +• An^n S B 

(A-G) 


^ 0 for all values ot j 

(A-2) 

Vi here 

Mint mm 

0 = = minimum 

(A-55) 

AiVi + A 22/2 + • • • Aj^yi^ ^ C 

(A-56) 


yj > ^ for all values of j 

(A-57) 


It is possible to dcinonstiate and prove mailicmatically that finite solu- 
tions exist either for both problems Oi ^•»r neither. The solution of (A-5) 
simultaneously provides the solution for (A-55). 

Whenever most inequalities are of the form 

or whenever the number of restrictions greatly exceeds the numb^ of 
variables, the matrices involved in, the calculations may be materially 
reduced by replacing such a problem by its dual, possibly making use of 

/ = = :Si-d,)yi - '2,0, Xj maximum 



APPENDIX B 


Comparison of the Simplex Method and the Modi 

Method 


This section compares the simplex method with the modi method, which is 
a specialized form of the transportation method. 

A mathematical discussion and analysis of the relationship of the simplex 
method to the general transportation method may be found in the appendix 
to “The Stepping Stone Method of Explaining Linear Programming Cal- 
culations in Transportation Problems,” by A. Charnes and W. W. Cooper. ‘ 

The simplex method is the basic computational method of LP. The 
modi method is a special transportation-type method derived from the 
simplex method. 

The modi can be used only if the following conditions are met: ^ 

1. All pertinent problem information must be expressed in the same units. 

2. The outputs must equal inputs (amounts available must equal 
amounts demanded). 

Differences between the two computational methods can be seen by 
solving the same problem by both methods and then comparing the arrange- 
ment of the problem information as set up for computation, the various 
programs, and the final solutions. 

1. The problem 

As a part of a highway-construction program it is necessary to fill in 
certain low spots to level out the roadbed. It is also necessary in some 
spots to “cut off” some of the high spots to obtain a level roadbed. The 
problem therefore is to fill in low spots, each of which requires a specific 
number of standard truckloads of dirt taken from the high spots. In total, 
the high spots, or cuts, have a supply of truckloads of dirt equal to that 
required by the fills. Assuming that all trucks haul the same load per trip 
and the same number of tons per trip and that the operating cost per mile 
is the same for each truck, the problem is to determine how the fills can be 
filled in from the cuts with the least number of truckload miles traveled 
(minimum cost). 
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2. Prpblem information 


Mileage Chart 


From 

To 

Total miles 

A 

I 

1 

1 

A 

11 

2 

A 

III 

3 

B 

I 

2 

B 

II 

1 

B 

III 

3 

C 

I 

1 

C 

II 

2 

C 

III 

4 


Supply of Dirt 


Cut 

Truckloads 

available 

A 

ICO 

B 

50 

C 

90 

Total 

300 




Demand for Dirt 


Fill 

Truckloads 

required 

1 

100 

II 

140 

III 

60 

Total 

300 
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3. Setup of the problem information for modi solution 

Program 1 




I 

II 

III 


I 

II 

III 


X 

-1 

-2 

-4 

Truckloads 
available A 

Pi 

Pi 

Pj 

B 

Pi 

P5 

Pi 

A 

0 


-1 


2- 


-3 

C 

Pi 


Pi 


( 


-4 


160 

Number of 
ruckload Milp.s 

00 X 1 = 160 

60 X 2 = 120 

50 X 1 = 50 

30 X 2 = 60 

60 X 4 = 240 

Total 570 

B 

1 

( 

-2 

) 

( 


-3 

-3 

T: 

50 1 

C 

0 

-] 

-1 

1 

( 

g) 

1 

-4 1 
^ 1 

^ 00 

Truckloads 

required 

100 

140 

60 

300 


Program 1 is the first modi program. The requirement at each fill has been met and 
the capacity of each cut has not been exceeded. It is a feasible program. 


















Program 2 




I 

II 

III 

Truck- 

loads 

avail- 

able 



-1 

-2 

.*-3 

A 

0 

1 

(» 

-1 

■ ( 



-3 

160 

B 

1 


-2 

0 

( 


-2 

-3 

50 

C 

0 

-1 

-1 

alt. 

( 

Ei 

-3 

L± 

90 

Truckloads 

required 

100 

140 

CO 

300 


Alternate Be^t l^ioKiain 


Program 2 is the second and also 
the best program. The requirement 
at each fill has been met, and the 
capacity of each cut has not been 
exceeded. 

An alternate best program can 
be obtained by assigning part of 
the capacity of C to I — ^indicated 
by **alt.” 

Number of Truckload Miles 

100 X 1 * 100 
60 X 3 - 180 
50 X 1 « 50 
90 X 2 * 180 

Total 510 




I 

II 

III 

Truck- 

loads 

avail- 

able 


\ ^ 
\r \ 

-1 

-2 

-3 

A 

0 

( 

£ 


-2 

(; 

^ 1 
eo 

160 

B 

1 

0 

Ei 

1 

w) 

< 

-3 

2 

50 

c 

1 

0 

( 

E 


Li 

2 


3 

1 

90 

Tru 

n 

ickloads 

equired 

100 

140 

60 

. 300 
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The alternate best program pro- 
vides a different way of meeting 
the requirements but at the same 
number of truckload miles as Pro- 
gram 2. 

Number of Truckload Miles 

10 X 1 « 10 
90 X 2 s 180 
60 X 3 » 180 
50 X 1 * 50 
90 X 1 = 90 

Total 510 
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4. Setup of problem information for simplex solution 

Functional or objective equation: 

Minimum truckload miles = — l(lPi + 2P2 + SPg + 2P4 + IPs 

+ SPe + l-P? + SPs + 4P9 
+ OPio + OPii + OP12 + MPis 
+ MPx 4 + MPjs) 

Capacity equations: 

A 160 = Pi + P 2 + .Pa + Pio 

B 50 =» P 4 + Ps + Ps + Pn 

C 90 = P 7 + Pg + P 9 + P 12 

I II III 


A Pi P 2 Pa 160 

Requirements equations; B P4 P5 Pa 60 

C P 7 Pg Pa 90 

100 140 60 


I = 100 = Pi 4" P 4 ■}■ P 7 + Pi3 
II = 140 = P 2 + Ps + Ps + Pu 
III= 60 = P3 + P6 + P9 + Pi 6 

See the simplex matrix on page 336 for setup of the problem. 

5. Comparison of final programs and matrices of each method 

A study of values in the final program under each method of solution 
permits the following comparisons; 

1. The value of any vacant square P„ in the final modi matrix, which is 
obtained by comparing R + C with the corresponding subsquare value is 
identical to the final simplex matrix Base Row value for the same Pn. 

Modi vacant square values Simplex base row values 

Pj 0 - 2 - -2 - (-2) - -2 + 2 - 0 0 

Pi 1 - 1 - 0 - (-2) -0 + 2 = 2 2 

Pg 1 - 3 - -2 - (-3) =-2+3 = 1 1 

Pi 0 -3 - -3 - (-4) » -3 + 4 = 1 1 

2. The path followed in filling a vacant square Pn in the modi will have 
numerical entries in the corresponding Pn Column in the simplex matrix. 
The P designations in the Stub corresponding to these entries in the Pn 
Colvimn are the same as the P designations of the squares in the modi path. 
The “load” value for each P in the stub is identical to the “load” value for 
the correq}onding P in the modi matrix. 
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To fill Po in the modi, it is necessary to trace a path from +Pb - P» 
-f- P3. In the simplex the Pj Column, neglecting the Base Row, shows 
entries of —1, 1, and 1. The entries in the Stub which correspond to the 
entries in the Pe Column are P2, Ps, and P3, which are the same as the 
modi. The corresponding circled values in the modi path, 50 , 0, and 60 , 
are the same as those in the Stub that have entries in the P# Column. They 
are 0, 50 , and 60 . This relationship holds for the other vacant squares in 
the modi. 

3 . For each unit of P4 brought into solution after the best solution hnw 
been calculated, there will result a $2 loss (0 — 2 = ~ 2 ). By multiplying 
the entries in Column P4 in final solution of simplex by the Stub value and 
subtracting the Cap value, the same value of $2 is obtained. This relation- 
ship holds for Pe and Pg in the modi and the simplex. 

Modi vacant square Simplex base row 

P« -2 - (-3) - 1 1 

Pt -3 - (-4) - 1 1 

It does not hold for P7 because P7 is an alternate and a loss does not 
result by loading the square. 

4. Values in subsquares of the modi are the Cap values of the simplex 
without the slack variables. Under the conditions the modi Cap values 
and entries correspond to the functional equation of the simplex, and each 
modi square corresponds to a simplex column. 

5 . Modi has no slack variables. The process of loading eliminates all 
slack or unused capacity because of the equality of supply and demand. 

6. An alternate best answer is indicated in the modi when the sum of the 
R and C values equals the si;' 'square value (the difference is zero). In the 
simplex, an alternate best answer is indicated by a zero in the Base Row 
except for slack variable columns, columns having entries in the Stub, and 
columns that were in solution in previous programs. P7 is the only alternate 
under modi or simplex that meets the necessary requirements. 
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Comparison of the prograins under both methods shows that the best answer is obtained in two 'Iterations'* by the modi method and six iterations by the Mm plgr, Both methods prodoee the aame 
xignun of alloeatioa^ dirt from cuts to fills and the same number of truckload miles traveled. 
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Highest profit margin of Drawrod Com- 
pany, 97-116 

with highest material turnover, 107- 
109 

with least idle time, 105-107 
meeting exact sales, 110-112 
meeting minimum sales, 112-116 
without sales restrictions, 100-105 
Homogeneity, 41 
Horizontal partitioning, 171, 172 
Hypcrplanes, 74 

Ideal machine, 150 
Identification of LP problems, 43—47 
Identity, 81, 83 
Index method, 149-159 
basic concepts, 150-152 
Index number, in index method, 150 
in Walcab Company problem, 224 
Inequalities, 314, 315, 317 
conversion of, 317, 318 
Information, check list of, 173, 174 
Initial row, 91-94 

Interrelationships (interdependence), 43, 
46, 168 

Inventory, accumulation, 258, 260 
carrying cost, 263, 268-277, 279-287 
penalty, 293 
Iterations, 322, 325 
Iterative process, 88 

Key column, in ratio analysis, 137-139 
in simplex, 90-93 * 

Key number, in ratio analysis, 135, 136 
in simplex, 90^3 


Key row, in ratio analysis, 136-139 
in simplex, 90-93 

Least cost, 66 
Least idle time, 105-107 
Least squares, 169 
Least time, 153 

Least transportation costs, 25-38, 118- 
127 

LeontieflF, Wassily W., 7 
Lewis, Robert E., 14 
Limiting conditions, 166 
Linear programming, advantages of, 10, 
11, 14-18 

for analyzing facts, 2, 3 
areas of use for, 10, 11 
compared with algebra, 5 
as decision-making tool, 2-18 
definition of, 3, 8, 9 
fundamentals for using, 8 
as integration procedure, 202, 205 
introduction into organization, 304 
as management technique, 2, 3, 14, 303 
as mathematical technique, 4, 5 
place in organization, 303 ^ 

problems, basic kinds of, 163, 164 
identification of, 43-47 
recognition of, 163-174 
^ types of, 163, 164 
rules for ( see Rules ) 
underlying concepts of, 8, 9 
Linearity, 9, 46, 79, 169 

-Af, 58-60, 62-69, 278 
Machine loading, for least cost, 66, 67, 
156, 157 

for least time, 153-156 
for most profit in ASM Company, 43- 
57 

using index method, 153 
Manufacturing information check list, 
173, 174 

Mathand Company, 129-145 
Matrix, ratio-analysis, unitized, 133 
equalized, 134, 135 
simplex, 80-83, 94 
Model, 161, 175-205 
uses of, 186-195 
Modi method, 39-70 
advantages, 67, 68, 70 
basic concepts, 40-42 
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Modi method, compared with simplex, 
330-338 

self-correcting features, 67, 68 
MoflFett, D. W., 61 
Morse, R. M., 74 

Most profitable product mix, Bi-Product 
Company, 72-89 

Mathand Company, 140, 141, 145 
use of model for determining, 180-186 
Multiple machine assignment, 61, 65 

n dimensional space, 74 
Nicholas, H. R., 256 
Nonlinear programming, 170 
Northwest Comer Rule, in modi method, 
48, 66 

in ratio-analysis method, 143, 144 
in transportation method, 27-34 

Objective (or goal), 165, 166 

alternative ways of obtaining, 167, 168 
matliematical expression of, 168, 169 
restrictions to attaining, 166, 167 
Objective equation, 80, 81 
Objective factors, 81, 82 
Operations research, 7, 8, 308 
Overload, 151 

Overtime evaluation, 186, 187 
P, 245 

Pq column, 90, 91, 94, 181 
Partitioning, horizontal, 171 
vertical, 170 

Production planning, Camtor Company , 
257-300 

Drawrod Company, 97—116 
Profit advantage, 263 
negative, 278 

Profit planning, definition of, 239 
model for, 176-202 
Walcab Company, 206-238 
Programming, definition of, 9 
( See also Linear programming) 
Purchase-make, 259, 260, 267, 288-292 

Quadratic programming, 170 

R + C - 1, 52, 334 
Ratio-analysis matrix, imitized, 133 
equalized, 134, 135 
Ratio-analysis method, 128-148 
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Ratio-analysis method, compared with 
simplex, 146, 147 

Recognition of LP problems, 163-174 
Resources, allocation of, 19, 20, 163 
Row and column values, 49-56 
Rules, for determining necessary informa- 
tion, 173, 174 

for testing programs, in modi method, 
49-52 

in simplex method, 93 
in transportation method, 30-33 

Sales planning, Textile Mills Company, 
239-256 

Sales restrictions, evaluation of, 194, 195 
Schedule card, 152 
Schlaifer, R., 39 
Sebus, G. M. W., 139 
Self -correcting fcatmes of modi, 67, 68 
Short cuts in simplex computations, 93 
Simplex matrix, cv^mpared, with modi, 
330-338 

with ratio analysi:,, 146, 147 
parts and description of, 80-83, 94 
Simplex mt'thod, Part I, 71-95 
Part II, 96-118 
Slack variables, 85, 317 
Stabilizing production and employment, 
257-300 

Standard conveyor hour, 224—234 
Standard machine, 48 
Standard machine hour, 44, 45, 48 
Standard unit of measure, 41, 42, 82 
Stepping stone method, 39 
Stub, 81, 85 

SUB ( supplemental unemployment bene- 
fits), 257 

Subsquare values, 48, 50 

Sum of row and column values, 49 

Textile Mills Company, 239-256 
rlieorems underlying simplex, 318 
Transportation at least cost, Coalco Cor- 
poration, 25-38 
Dishomatic Company, 118-127 
Transportation or distribution method, 

22, 24-38 
Trunk, 83 

, Unit, of demand, 128 

of measure, 41, 83, 84, 171, 224, 246 
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Unit basis (see Basis) 

Vectors, 321 

Unitized matrix, 133 

Vertical partitioning, 170, 172 

equalized, 134, 135 

Utilization of equipment, 105-107 

W values, 181, 182, 194 

Variables, 168 

Walcab Company, 206-238 
Walras, Leon, 6 

artificial, 319, 320 

Waugh, F. V., 128 




